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Abstract

This work investigates theoretically the interplay between interpolation and aggregation in
regression. We establish that the y-graph dimension characterizes learnability for a broad class
of natural aggregation procedures. Furthermore, we prove that an extremely simple aggregation
procedure, combining three interpolating hypotheses via the median, is optimal among all these
aggregation procedures, and is strictly more powerful than proper learning. Finally, we show
that some hypothesis classes are learnable only by aggregating infinitely many hypotheses or by
using non-interpolating aggregation rules (which may predict outside the range of their inputs),
and any finite interpolating aggregation fails to achieve even trivial performance.

1 Introduction

Interpolation of training data (or near-interpolation) is a recurring phenomenon in both classical
machine learning and modern deep learning. At the same time, aggregation procedures, including
bagging, random forests, mixture-of-experts, and voting schemes, are among the most successful
practical tools for improving prediction. In this paper, we investigate theoretically the interplay of
these two features in the regression setting, addressing the following questions: when the hypothesis
class is rich enough to interpolate the training data, can aggregation provably reduce error compared
to a single predictor; if so, which complexity measure governs learnability for natural aggregation
rules, and how do these procedures compare to general improper learning?

To answer these questions formally, we adopt the realizable regression framework of (Attias
et al., 2023). Given a hypothesis class H C [0, 1], this framework considers distributions D over
X x [0,1] for which a training sequence S ~ D" can be labeled by a hypothesis from #, modelling
settings in which the class can interpolate the training data. In the following we call a learning
algorithm an interpolator if it always returns a hypothesis in H that matches all training labels
(i.e., a proper learner)ﬂ (Attias et al., 2023) introduces and studies performance measured by the
cutoff loss with parameter v € (0,1):

£hh) = P lIh() ~ vl >, (1)

which quantifies the probability of making an error larger than . Bounds on the cutoff loss control
tail behavior of the predictor’s deviation from the true label and therefore imply bounds on the L,

1(Attias et al., [2023) call such an algorithm an ERM-algorithm; however, we choose to use the word interpolator
to avoid confusion with an algorithm minimizing the empirical cutoff loss Equation , which does not necessarily
interpolate the data



loss by integration:

~L/P
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Henceforth, we use the cutoff loss, to measure performance.

Building on the realizable-regression framework of (Attias et al., 2023, we show that the y-graph
dimension d,, (Definition governs the worst-case sample complexity of a broad class of natural
aggregation methods, and that aggregation can strictly outperform any single proper learner. At
the same time, we prove that these aggregation procedures remain weaker than general learners,
whose learnability is characterized by the v-OIG dimension (Definition in (Attias et al., [2023)).
Below we briefly state our main results.

Sample complexity lower bound for interpolator-based aggregation with proper rules.
We first consider interpolator-based aggregation algorithms that partition the training data into
possibly overlapping parts, apply an interpolator to each part, and combine the resulting hypotheses
via a proper aggregation rule, one that always outputs a value equal to one of its inputs (e.g.,
any order statistic such as the median when the number of inputs is odd). We prove that for any
hypothesis class with «y-graph dimension d, there exist an interpolator and a realizable distribution
such that any such interpolator-based algorithm requires sample complexity €(d,/c) to achieve
expected cutoff loss €. This strengthens Theorem 1 of (Attias et al., [2023) in the following sense:
their lower bound applies to a single interpolator, while ours shows that the same Q(d,/¢e) barrier
persists even when the learner may train arbitrarily many interpolators on possibly overlapping
subsamples and combine their predictions through any proper aggregation rule.

Sample complexity lower bound for finite aggregation with interpolating rules. We
then consider a (broader) class: finite aggregation algorithms that select finitely many hypotheses
from H (not necessarily via an interpolator) and combine them using an interpolating aggregation
rule, one whose output lies between the minimum and maximum of its inputs (e.g., the mean or any
convex combination). We construct hypothesis classes with v-graph dimension d for which any such
algorithm requires sample complexity €(d,/¢), showing that the worst-case sample complexity of
these algorithms is also governed by d,. Furthermore, the constructed classes have v-OIG dimension
3, and are therefore learnable in O(1/¢) samples by a one-inclusion-graph-based algorithm of (Attias
et al., [2023)). This establishes an arbitrarily large gap between finite interpolating aggregation and
general learning algorithms sample complexity.

Finite interpolating aggregation cannot learn some learnable classes. The previous lower
bound shows how the sample complexity explicitly scales with the y-graph dimension when finite.
The next result exhibit a hypothesis class with infinite y-graph dimension and y-OIG dimension
3 (hence learnable) for which any finite aggregation algorithm with an interpolating aggregation
rule cannot achieve cutoff loss better than 1 — ¢, regardless of sample size, which for ¢ = o(7),
implies strictly worse performance than random guessing, which achieves cutoff loss 1 — ©(~). This
provides an example of a strict separation between learnability and learnability by finite interpolating
aggregation: to achieve even mon trivial performance on these classes, learning algorithms must
either aggregate infinitely many hypotheses or employ non-interpolating aggregation rules.

Sample complexity upper bound for median-of-three interpolators is optimal. While
the learner of (Attias et al. 2023) is almost information-theoretically optimal, it is not efficiently
implementable. However, we show that a remarkably simple algorithm, median-of-three interpolators,



taking the pointwise median of just three interpolators trained on independent samples, achieves
expected cutoff loss O(d,,/n) with sample size n, implying a sample complexity of O(d, /), matching
the above lower bounds up to constants and establishing optimality among such methods.

Sample complexity lower bound for proper learning requires more samples than
aggregation. We prove that there exist hypothesis classes with «-graph dimension d, for which
any proper learning algorithm, one that outputs a hypothesis from H, requires sample complexity
Q((dy/e)In(1/e)) to achieve expected cutoff loss e. Combined with our O(d, /) upper bound for
median-of-three interpolators, this demonstrates that aggregation, even of just three interpolators,
can be strictly more powerful than any proper learner.

2 Related Work

Foundational results on regression include (Bartlett et al., |1994; Kearns & Schapire, [1994; [Simon),
11997; |Alon et all |1997; Bartlett & Long, 2024). In particular, (Simon) |1997) showed that finiteness
of the scaled Natarajan dimension is necessary for PAC learnability in realizable regression. (Bartlett]
showed that finite fat-shattering dimension (introduced by (Kearns & Schapirel [1994)))
characterizes learnability when labels are corrupted by noise, and (Alon et al., [1997)) proved that
finiteness of the fat-shattering dimension characterizes agnostic PAC learnability. (Bartlett & Long]
adapted the one-inclusion-graph algorithm (see (Haussler et all, [1994))) to regression and
obtained expected error bounds for it.

More recently, (Attias et al., 2023) characterized learnability of realizable regression in both the
batch and online model. Concurrently, (Aden-Ali et al., 2023) derived high-probability guarantees
using one-inclusion-graph aggregation. (Daskalakis & Golowich, |2022)) examined realizable regression
in the online setting.

Selected works demonstrating that aggregation can strictly outperform a single predictor include
results in binary classification (Hanneke, 2016; [Larsen| |2023; Aden-Ali et al., 2023; [Hanneke et al.
2024} [Hogsgaard), 2025} [Asilis et al 2025a)), multiclass classification (Daniely et al., [2011} [Daniely]
& Shalev-Shwartz), 2014; [Brukhim et al., 2022; [Aden-Ali et all, [2023; [Asilis et all [2025Db)), and
regression in settings different from those studied here (Audibert], [2007; [Lecué & Mendelson, [2009;
Mourtada et al.| [2022).

A large literature studies generalization of interpolating models in the overparameterized regime,
motivated by deep learning; representative works include (Belkin et al., 2018} Jacot et all 2018;
[Soudry et all 2018} Belkin et al., 2019a;b; Liang & Rakhlin| [2020; Bartlett et al., 2020; Belkin, 2021}
Hastie et al., 2022).

3 Summary of Results

In this section, we summarize our main results on aggregation of (interpolating) predictors under
the cutoff loss in the realizable regression setting. Before stating our first result, we define the
v-graph dimension, a complexity measure introduced by (Attias et al., [2023). As we will see, it
governs learnability for the aggregation methods we consider.

Definition 3.1 (y-graph shattering). A sequence (z1,...,24) € X% is vy-graph shattered by a
hypothesis class H C [0,1]* with witness h € H if for any b € {0,1}% there exists a hypothesis
hy € H such that:

o for all i € [d] with b; = 0: hy(x;) = h(z;), and



o for all i € [d] with b; = 1: |hy(z;) — h(z)] > 7.

Definition 3.2 (vy-graph dimension). The 7-graph dimension of a hypothesis class H C [0,1]%,
denoted d., is the largest integer d such that there exists a sequence (z1,...,24) € X 4 that is
~-graph shattered by H with some witness h € H .

In words, the ~-graph dimension is the largest number of points on which the class can realize
all patterns of either matching the witness or being ~-far from it.

With the y-graph dimension defined, we begin by examining the natural approach of aggregating
interpolators via proper aggregation rules. Concretely, we study algorithms that partition a training
sequence into subsequences, apply an interpolator to each part, and combine the resulting hypotheses
via a proper aggregation rule, i.e., a rule that always outputs one of its inputs. Formally that is,

Definition 3.3 (Interpolator-Based Aggregation Algorithm). An interpolator-based aggregation
algorithm A’ is a mapping that takes as input an interpolator A (see Definition and a training
sequence S to produce a predictor, i.e., A": (X x [0,1])* — [0,1]%) x (X x [0,1])* — [0,1]*.
Specifically, given S and A, the algorithm A'(S,.A) proceeds as follows:

1. Construct sub-training sequences S, ..., S, from S, where m may depend on S and each
(x,y) € S; satisfies (z,y) € S. The sub-sequences need not be disjoint.

2. Apply A to each sub-sequence to obtain hypotheses hq, ..., hp,.

3. Return the predictor  — r(h1(z), ..., hm(z), z), where r: [0,1]* x X — [0, 1] is an aggregation
rule.

When A is clear from context, we write A'(S) = A'(S, A).

Definition 3.4 (Proper Aggregation Rule). An aggregation rule r: [0, 1]* x X — [0, 1] is proper if
for every sequence z1,...,zy, € [0,1] and every x € X' |, we have r(21,...,2m,z) € {z1,...,2Zm }

Examples of proper aggregation rules include selecting the minimum, maximum, or any other
order statistic. In particular, the median is proper when m is odd.

Our first main result shows that any interpolator-based aggregation algorithm using a proper
aggregation rule has worst-case sample complexity (worst case over choices of the interpolator and
the realizable distribution) governed by the -graph dimension of the hypothesis class.

Theorem 3.5. For any hypothesis class H C [0,1]% with v-graph dimension dy > 2 and any
0 < e < 1/4, there exist an interpolator A and a realizable distribution D such that the following
holds. Let A" be any interpolator-based aggregation algorithm using A and a proper aggregation rule,
and let S ~ D" withn < d.,/(32¢). Then,

E [LH(A(8))] >e. (2)
S~Dn

Theorem [3.5] establishes that no interpolator-based aggregation algorithm using a proper ag-
gregation rule can achieve sample complexity better than §2(d,/e) in the worst case, where d is
the y-graph dimension of the hypothesis class. We remark that the interpolator-based aggregation
algorithm is allowed to aggregate any number of hypotheses. This strengthens Theorem 1 of
(Attias et al., 2023)), which established a similar lower bound for a single interpolator (i.e., without

aggregation).



Proper aggregation of interpolators has also been studied in the realizable multiclass classification
setting by (Asilis et al., 2025b)). Their Theorem 10 roughly shows that for a specific family of
multiclass hypothesis classes with graph dimension d, any proper aggregation of an interpolator has
worst-case sample complexity at least 2(d/e). Our result is stronger in that it applies to arbitrary
hypothesis classes in the regression setting.

We now provide a short overview of the proof of Theorem with the full proof given in
Section

Proof overview Theorem The proof constructs a hard distribution D concentrated on a -
graph-shattered set of size d, with witness h, with one point having mass 1 — ©(e) and the remaining
points each having mass ©(e/(d, — 1)); all points are labeled by h. A worst-case interpolator A is
defined such that on a training sequence S, A returns a hypothesis from #H that is y-far from h on
all points not present in the training sequence S. This is possible because the point set is v-graph
shattered.

For a training sequence of size n < d-/(32¢), we bound the number of low-probability points
observed in S. Using Markov’s inequality, we show that with constant probability, ©(d,) such points
are missing from S. Since each subsequence S; contains only points from S, the same points are
also missing from each .S;, implying, by construction of the interpolator A, that each corresponding
hypothesis h; is y-far from h on those points. Because the aggregation rule is proper, the final
predictor must agree with one of the hypotheses produced by A and therefore is also y-far from h
on the d, missing points, yielding loss ©(d,) - O(e/(dy — 1)) = ©(¢), establishing Theorem

The distribution construction, with 1 — ©(¢) mass on one point and the remaining spread over
the shattered set, is standard in learning theory and dates back to (Ehrenfeucht et al., [1989)) and
is also used in (Attias et al., 2023). The key novelty lies in observing that when aggregated via
a proper aggregation rule, the interpolator can be chosen in a worst-case manner so that errors
align, even without knowing in advance which points will be missing from the data. The size of the
resulting error region is controlled by the v-graph dimension, showing that the lower bound scales
with this complexity measure.

In the above lower bound, the aggregation rule is required to be proper, which is also a key
property for the proof, as it ensures that the final predictor’s errors align with those of the individual
hypotheses. This raises the question of whether "improper" aggregation rules can circumvent this
lower bound.

To address this question, we consider a natural relaxation: interpolating aggregation rules, which
output a value within the range of the input predictions rather than exactly one of them. We also
generalize from interpolator-based aggregation algorithms to finite aggregation algorithms, which
select a finite number of hypotheses from the hypothesis class (not necessarily interpolators) and
combine them using an aggregation rule. Formally that is:

Definition 3.6 (Finite Aggregation Algorithm). Let H C [0,1]" be a hypothesis class. A finite
aggregation algorithm A’ : (X x [0,1])* + [0,1]¥ for H is defined as follows: Given a training
sequence S, of size n € N it selects at most m < m(n) < oo hypotheses hy,...,h, from a
hypothesis class H, and combines them with an aggregation rule r : [0, 1]* x X — [0, 1] and returns

= r(hi(x),..., p(z), x).

Definition 3.7 (Interpolating Aggregation Rule). An aggregation rule r : [0, 1]* x X — [0, 1] is called
interpolating if for any sequence z1,...,2, € [0,1] and any = € X, it satisfies r(z1,...,2m,x) €
[min; z;, max; z;].



Interpolating aggregation rules capture a broad variety of ways to aggregate outputs, including
natural choices such as the mean, the median, or any convex combination of the inputs. We note
that every proper aggregation rule is interpolating, but the converse need not hold.

Furthermore, every interpolator-based aggregation algorithm (Definition , which always
combines a finite number of hypotheses, is a finite aggregation algorithm, since the hypotheses
h1,..., hy produced by applying an interpolator to subsequences of the training data are elements of
‘H. Thus, finite aggregation algorithms strictly generalize interpolator-based aggregation algorithms.

Perhaps surprisingly, our next result shows that even this more flexible class of algorithms cannot
escape the y-graph dimension lower bound. Specifically, there exist hypothesis classes for which any
finite aggregation algorithm using an interpolating aggregation rule still requires sample complexity
governed by the y-graph dimension.

Theorem 3.8. For any~y € (0,1) and d, > 2, there exists a hypothesis class H C [0, 1] with v-graph
dimension d~ and ~v-OIG-dimension at most 3, such that for any finite aggregation algorithm A’
using an interpolating aggregation rule r and any 0 < & < 1/32, there exists a realizable distribution
D over X x [0,1] such that when A’ is given a training sequence S ~ D" of size n < d.,/(128¢),

JE [LH(A(8))] > e (3)

Theorem [3.8]shows that even when allowing for improper aggregation rules and finite aggregation
algorithms, there exist hypothesis classes for which the sample complexity is still lower bounded by
Q(d,/e), so the sample complexity is governed by the v-graph dimension. Thus, the lower bound
of Theorem extends beyond interpolator-based aggregation with proper rules to a significantly
broader class of algorithms. However, unlike Theorem this lower bound does not hold for all
hypothesis classes.

The hypothesis classes constructed in Theorem [3.8 have low -OIG dimension (at most 3), which
by Theorem 2 of (Attias et al., 2023) implies that the hypothesis class is learnable with sample
complexity O(1/¢) using an algorithm that is not a finite aggregation algorithm. Since Theorem
holds for any d, € N, this separates the sample complexity of finite aggregation algorithms with
interpolating aggregation rules from that of general learning algorithms in terms of the v-graph
dimension.

To be able to provide the proof overview of Theorem [3.8] we will now define the 4-OIG dimension,
first introduced by (Attias et al., |2023). The definition of the v-OIG dimension is clearly motivated
by the out-degree of the one-inclusion graph governing the number of errors the one-inclusion graph
algorithm makes.

Definition 3.9 (7-OIG dimension). Let # C [0, 1] be a hypothesis class and let S = {x1,...,2z,} C
X be a finite set. The one-inclusion graph induced by S and H is the hypergraph with vertex set
Vo =H|s = {(h(x1),...,h(zy)) : h € H} and hyperedge set E, where a hyperedge (f,7) contains
veVifu(z;) = f(z;) for all j € [n]\ {i}.

The v-OIG dimension of H is the largest integer k such that there exists a finite set S C X* with
|S| = k, such that there exists a finite subgraph (V| E) of the one-inclusion graph (V;,, E;,) induced
by S, for which any orientation o : E,, — V;,, has out-degree max,cy [{i € [n] : |o(€yi) — vi| > 7}
strictly more than n/3.

We now provide a brief overview of the proof of Theorem with the full proof given in
Section



Proof overview Theorem The proof constructs a hypothesis class H with y-graph dimension
d, and 7-OIG dimension at most 3. The hypothesis class consists of hypotheses on the natural
numbers, indexed by sets A C N with |A| = d,: each hypothesis h 4 satisfies ha(x) =0 if v € A and
ha(x) = ~va € (v, 1] otherwise, where v4 is a unique value associated with each hypothesis.

To see that the y-graph dimension is exactly d,, observe first that any set A of size d, can
be «-graph shattered by taking h4 as the witness hypothesis (all zeros on A) and including or
excluding points from A when shattering the set A. Conversely, for any set of size d- 41, any witness
hypothesis h4 must output its unique value v4 on at least one point, call it 2/ . This uniqueness
prevents the existence of a hypothesis i’ that agrees with h4 on the point z’ while being y-far on
another point, as the former condition y4 = h4(2’) = h/(2’) implies ' = h4 by uniqueness of 4.

To bound the v-OIG dimension, we analyze the structure of edges in the OIG graph. Since a
hypothesis in an edge (f,7) must agree with f outside coordinate i, we have: a hypothesis with more
than two non-zero values appears only in singleton edges, giving it out-degree zero; a hypothesis
with one non-zero value appears in at most one non-singleton edge, giving it out-degree at most
one. The only hypothesis that could appear in many non-singleton edges is the all-zeros hypothesis.
However, by orienting each edge toward the hypothesis with the smallest value in the direction of
the edge, the all-zeros hypothesis has out-degree zero. This implies the v-OIG dimension is at most
3.

To construct the hard distribution D, we draw a random vector A = (Ay,..., Ay ) by setting
A =1 and sampling the remaining d, — 1 entries without replacement from {2,...,k,}, where k, is
chosen sufficiently large. For each realization of A, the distribution D4 assigns mass 1 — 0(g) to A,
and mass ©(e/(dy—1)) to each of Ag, ..., Ay , with all labels equal to 0; this distribution is realizable
by hyay. We use the following equivalent way to generate a sample from Da: draw an index t € [d,],
with t = 1 having probability 1 — ©(e) and every other index having probability ©(e/(d, — 1)),
and output (As,0). Thus an n-sample can be written as S(A[t) = ((A¢,,0),. .., (At,,0)), where

the index sequence t = (t1,...,t,) is drawn independently of A. In this view, conditioning on the
sample reveals only the entries of A indexed by {t}; the unrevealed entries of A remain random over
the unused part of {2,...,k,}. This separation between the randomness of A and the randomness

of the sampled indices is what lets us analyze the missing points from A and the predictions of
the finite aggregation algorithm A" on them. We use the same coupling between a random support
vector and an independent sequence of sampled indices in the proof sketches of Theorem and
Theorem B.12

More formally, by Markov’s inequality, with constant probability, ©(d,) points from A \ {1} are
missing from the training sequence S. Since k, is chosen sufficiently large, conditioned on S, these
missing points are effectively distributed uniformly at random over {2, ..., k,}. Now, since A’ selects
at most max,<q /(128¢) m(n) hypotheses and each hypothesis outputs 0 on only d., points, there
are at most d, - max, <4 /(128¢) m(n) points where any selected hypothesis outputs 0. On all other
points, every selected hypothesis outputs a value strictly larger than v, and by the interpolating
property of r, so does the final predictor.

By choosing k,, sufficiently large relative to d-max,<q /(128¢) m(n), we ensure that with constant
probability, almost all of the ©(d,) missing points from A are misclassified by the final predictor.
This yields a loss of at least ©(dy) - ©(¢/(dy — 1)) = O(e).

The hypothesis set construction is inspired by the first Cantor Class construction in (Daniely]
et all 2011; |Daniely & Shalev-Shwartz, 2014), used to show lower bounds for proper learners in
the multiclass setting. However, our construction differs in that the hypotheses “share” the same
input space and what corresponds to the zeros in our setting is a unique value in theirs. The latter
distinction is key: it allows us to establish lower bounds not just for proper learners (which output
a single hypothesis in ), but for the much larger family of finite aggregation algorithms using



interpolating aggregation rules.

Theorem shows that for any 7-graph dimension d,, there exist hypothesis classes with
~v-0OIG dimension at most 3 for which finite aggregation algorithms with interpolating aggregation
rules require sample complexity Q(d,/e). This creates an arbitrarily large gap between the sample
complexity of such algorithms and that of general improper learning algorithms, which can achieve
sample complexity O(1/¢) for these classes.

Theorem [3.8]shows how the sample complexity of finite aggregation algorithms with interpolating
aggregation rule scales with the «-graph dimension when finite. This raises the question: what
happens as the y-graph dimension grows to infinity while the y-OIG dimension remains constant?
Can finite aggregation algorithms at least achieve some non-trivial loss bound, even if suboptimal?

Our next result answers this question in the negative. We show that there exists a hypothesis
class with v-OIG dimension 3 for which any finite aggregation algorithm with an interpolating
aggregation rule cannot achieve cutoff loss better than 1 — ¢, regardless of the sample size. In other
words, for such hypothesis classes, finite aggregation algorithms with interpolating aggregation rules
fail to achieve even non-trivial expected cutoff loss.

Theorem 3.10. For any 0 < v < 1 and 0 < € < 1, there exists a hypothesis class H with -
OIG dimension 3 such that for any finite aggregation learning algorithm A’ with an interpolating
aggregation rule and any n' € N, there exists a realizable distribution D such that if A’ receives
n <n' i.i.d. samples S ~ D", it holds that

E [Lp(A(S)]>1—e. (4)
S~Dr

Theorem [3.10] establishes that there exist hypothesis classes with constant v-OIG dimension, and
hence learnable with O(1/¢) samples by the algorithm of Theorem 2 in (Attias et al., 2023), for which
any finite aggregation algorithm with an interpolating aggregation rule fails to achieve non-trivial
expected cutoff loss, regardless of sample size. Furthermore for € = o() this is strictly worse than
random guessing (choose a random point in {2@'7}}4(12“’)) which is 1 — ©(y). This demonstrates
a fundamental limitation of such algorithms: to achieve even non trivial performance on these
classes, learning algorithms must either aggregate an infinite number of hypotheses or employ
non-interpolating aggregation rules.

Results of a similar flavor have been established in the realizable multiclass classification setting
by (Asilis et al., 2025b)). Their Theorem 13 uses a construction inspired by the first Cantor class of
(Daniely et al., 2011; |Daniely & Shalev-Shwartz, [2014). Our proof technique is inspired by theirs
but differs in two ways: it is adapted to the regression setting with cutoff loss, and it applies to
interpolating (rather than proper) aggregation rules. We note that interpolating aggregation rules
are not well-defined in the multiclass setting, while they are natural in regression. Furthermore in
their setting, since the label space is infinite, random guessing can yield arbitrarily low error, so
their lower bound does not imply failure to achieve non-trivial error.

We now provide a brief overview of the proof of Theorem [3.10, with the full proof given in
Section

Proof overview Theorem We construct a hypothesis class H with y-OIG dimension 3 over
a “split” input space X = Ujen{(k, ) : k = i%,x < k}. For any k = i with i € N and each A C [k]
with |A| = vk, we define the hypothesis hi. . be 0 on points (k,z) with z € A and a unique value
Y4 € (7,1] elsewhere. We let the hypothesis class be H = U2 {hy a : k = i%, A C [k],|A| = Vk}.

The 7-OIG dimension is at most 3 by similar reasoning as in the proof of Theorem [3.8] Given any
point set, each hypothesis with two or more non-zero values appears only in singleton edges, giving



it out-degree zero. Each hypothesis with one non-zero value appears in at most one non-singleton
edge, giving it out-degree at most one. The only hypothesis that could appear in many non-singleton
edges is the all-zeros hypothesis. However, by orienting each edge toward the hypothesis with the
smallest value in that direction, which is the all-zeros hypothesis when present, its out-degree is
zero. This implies the 4-OIG dimension is at most 3.

We now choose k,, which determines the effective support size for our hard distribution,
sufficiently large relative to n’ and max,<, m(n). For each A C [k,] with |A| = V/k,, we define
a realizable distribution D4 that assigns uniform mass to points in {(ky,?) : i € A} and zero
mass elsewhere, with all these points labeled 0. This distribution is realizable by hy, 4. The hard
distribution Dy is then obtained by drawing A uniformly at random from all such sets. As in the
proof overview of Theorem we may equivalently draw a random vector enumerating A and then
draw an independent sequence of indices whose entries select the points observed in the training
sample.

By choosing k, = w(n'?), the training sequence S observes only o(y/k,) points from A. Condi-
tioned on S, the remaining points in A are effectively uniformly distributed over [k,]. Since the finite
aggregation algorithm A’ selects at most max,<,’ m(n) hypotheses, and each selected hypothesis
outputs 0 on only /k, points, there are at most \/k,,-max, <.’ m(n) points among (ky, 1), ..., (ku, ku)
where any selected hypothesis outputs 0. On all other points, every selected hypothesis outputs
a value strictly larger than +, and by the interpolating property of r, so does the final predictor.
Therefore, on the remaining points in A, the error rate is roughly (ky, — v/ky max, <,y m(n))/ky,
which for k, sufficiently large is at least 1 — ¢.

In light of these lower bounds, and especially Theorem [3.10] it may seem that the right approach
to realizable regression is to run the algorithm of Theorem 2 in (Attias et al. 2023). This algorithm
achieves sample complexity O~(d%01(; /€) for classes with 7-OIG dimension d, o1, and (Attias et al.,
2023) showed that this complexity measure characterizes learnability in realizable regression: a class
is learnable if and only if its v-OIG dimension is finite. Moreover, they showed that this sample
complexity is nearly optimal. However, while the algorithm is information-theoretically close to
optimal, it relies on an extension of the one-inclusion graph to regression and is inherently not
efficiently implementable, and far from what is done in practice.

In contrast, finite aggregation, for instance, aggregating empirical risk minimizers/interpolators,
is a workhorse of practical machine learning. Theorem [3.5 and Theorem [3.8 establish that the sample
complexity of such aggregation techniques, whether through proper or interpolating aggregation of
finitely many hypotheses, is governed by the y-graph dimension rather than the v-OIG dimension.
This raises a natural question: does there exist a simple and practical aggregation algorithm that
achieves sample complexity O(d,/e), matching the lower bounds of Theorem and Theorem
up to constant factors? Such an algorithm would witness the tightness of the lower bounds and
establish optimality among all such aggregation procedures.

Our next result answers this question affirmatively. We show that a remarkably simple algorithm,
taking the pointwise median of just three interpolators trained on independent samples, achieves
optimality among all such aggregation procedures.

Theorem 3.11. Let v € (0,1), let H be a hypothesis class with y-graph dimension d~, and let D be
a distribution over X x [0,1] realizable by H. Let A be any interpolator, and let S1,S2,S3 ~ D" be
three independent samples. Define the median-of-three interpolator aggregation algorithm M as

M (z) = median(A(S1)(x), A(S2)(z), A(S3)(z)).
Then

S1,Sz,1g3~Dn [Lp(M)] = O(dy/n).



Theorem [3.11] shows that the simple median-of-three interpolator aggregation algorithm achieves
expected cutoff loss scaling as O(d,/n). Setting this equal to € and solving for n yields a sample
complexity of O(d,/e) to achieve expected cutoff loss €. This matches the lower bounds of
Theorem and Theorem up to constant factors, establishing optimality of this algorithm and
the tightness of the lower bounds.

A result similar to Theorem was first established by (Aden-Ali et al., 2024) in the context
of realizable binary classification. They showed that taking the pointwise majority vote of three
interpolators achieves expected 0-1 loss O(d/n), where d is the VC dimension of the hypothesis
class. This result was later extended to the weak-to-strong learning setting (Hogsgaard et al., 2024}
Hggsgaard & Larsen, [2025) and the multiclass classification setting (Asilis et al., 2025Db).

The proof of Theorem [3.11]is provided in Section [Bl We now provide a brief overview of the
proof of Theorem [3.17]

Proof overview Theorem [3.11f The proof analyzes the error of the median-of-three interpolator
aggregation algorithm by considering the event that the median prediction at a random point x
differs from the true label y by more than ~. This can happen only if at least two of the three
interpolators make predictions that differ from the true label by more than . By a union bound,
the expected y-cutoff loss £ (M) is at most 3 times the probability that two specific interpolators
are both ~-far from the true label:

3g B LB IABE) ~ 3> 7. JAS) ) — y] > ]l

where we have used that Si,Ss9, and Sz are identically distributed. Using the independence
of S; and So, and exchanging the order of expectation and probability, we can rewrite this
as 3Exy[Pspn[lA(S)(x) — y| > 7]%]. Partitioning X x [0,1] into sets R; eqaul to {(z,y) :
Pspn[|A(S)(z) — y| > 7] € (27%,271]} we can upper bound the above expectation by

337 Puyl(x,y) € Ri] - 27242,

We show that p; := Pxy[(x,y) € R;] is O(i*2'd, /n), which is sufficiently fast to ensure that the
sum converges to O(d,/n). To bound p;, let Dp, denote the distribution over X' x [0, 1] conditioned
on (x,y) € R;. By definition of R;,

< BB IAS)N) -yl >l

Exchanging the order of expectation, this equals

(LD, (A(S))]

E
S~Dn i

Using an upper bound on the interpolator cutoff loss in terms of the y-graph dimension, we can
bound this quantity by O(d, In((np;)/d,)/(np;)), yielding the relation

27" = O(d, In((np;) /dy) / (npy).
Solving for p; gives the upper bound
pi = O(i*2'd, /n).

The main novelty in this proof lies in a new error bound on the cutoff loss for the interpolator in
terms of the y-graph dimension, which is sharp enough to yield the desired bound on p;. Specifically,
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we show that: for any hypothesis class with 7-graph dimension d., interpolator .4, and distribution
D, with probability at least 1 — § over S ~ D",

LH(A(S)) = O((dy n*(n/dy) + In(1/5))/n).

This is a strict improvement over the previous best-known bound of Theorem 1 in (Attias et al.,
2023)), which established the same guarantee but with In?(n) instead of In*(n/d,). The difference
may seem minor, but it is crucial for obtaining the desired bound on p; in the proof of Theorem [3.11
and obtaining optimality of the algorithm. Had we used the previous bound from Theorem 1 of
(Attias et al.l [2023)P] we would have obtained

27" = O(dyIn*(np;) / (np7)),

implying the weaker bound p; = O(2d,,(In?(d,) + %) /n), resulting in a superfluous In? (d)-factor
in the bound, so being insufficient to ensure the optimal O(d,/n) bound on the expected cutoff loss.

Improving the interpolator upper bound to depend on In*(n/d,) rather than In?(n) is therefore
a key technical contribution of this work. This improvement requires refining a key step in the
proof of (Attias et al., 2023)), which uses a bound on the disambiguation size of a partial concept
class from Theorem 12 of (Alon et al., |2021]). We observe that an improved disambiguation size
bound yields the improved interpolator bound stated above, and we provide such an improvement
to Theorem 12 of (Alon et al., 2021)).

Theorem [3.11} combined with Theorem and Theorem shows optimality of the median-of-
three interpolator aggregation algorithm up to constant factors among a broad class of aggregation
procedure, and tightness of the lower bounds. With the median-of-three interpolator algorithm
being "close" to proper, a natural question arises: can proper learning algorithms, those that output
a hypothesis from H, also achieve this optimal sample complexity, or are aggregation algorithms
(even simple) inherently more powerful?

Our final result answers this question by establishing a lower bound on the sample complexity
of any proper learner in terms of the ~«-graph dimension that is strictly larger than both the
lower bounds in Theorem [3.5] and Theorem [3.8 and the matching upper bound in Theorem [3.11]
Together, these bounds demonstrate that aggregation, even when combining only three interpolating
hypotheses, can achieve strictly better sample complexity than any proper learning algorithm in the
realizable regression setting.

Theorem 3.12. For any 0 <~y <1, and dy > 2, there exists a hypothesis class H with vy-graph
dimension d~ such that for any proper learning algorithm A, and for any 0 < e < Gfie, there exists a

realizable distribution D such that if A receives n < KEA (=) i.i.d. samples S ~ D™ from D, it

32e 64ee
holds that

G [LD(A(S))] = 4e/3. (5)

Theorem @ shows that for any -graph dimension d.,, there exist hypothesis classes for which
any proper learning algorithm requires sample complexity at least €2(d,log(1/e)/e) to achieve
expected cutoff loss . This lower bound is strictly larger than both the lower bounds in Theorem [3.5]
and Theorem which are Q(d,/¢), and the matching upper bound in Theorem [3.11, which is
O(d,/e). Thus, aggregation, even when combining only three interpolating hypotheses, can achieve

2Theorem 1 in (Attias et al) 2023) has a small typo in the statement from reading the proof carefully, the error
decays as O((d In*(n) + In(1/8))/n), which is what we stated above.
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strictly better sample complexity than any proper learning algorithm in the realizable regression
setting.

We now provide a brief overview of the proof of Theorem [3.12] with the full proof given in
Section

Proof overview Theorem [3.12f The proof constructs a hypothesis class H with ~-graph
dimension d,, over a “split” input space X' = U2, 1 X), where each &) = {(k,z) : @ < k}
for k > dy — 1. For each k and A C [k] with |A| = d, — 1, the hypothesis hj 4 is defined to
output 0 on points (k,z), z € [k]\A and a unique value v, 4 € (7,1] elsewhere. The overall
hypothesis class is H = U2y _1{hk,a : A C [k],|A] = dy — 1}. To see that the y-graph dimension
is exactly d-, we first observe that the point set {(2d,,1),...,(2d,,d,)} with witness hypothesis
had, {d,+2,..24,} (Which is all zero on the point set) is y-graph shattered. This can be seen by for
any subset B C {(2d,,1),...,(2d,,d,)} of size at most d, — 1 there exists a hypothesis hi pup’,
with B" C {(2d,,d, +1),...,(2d,,2d,)} such that |BU B'| = d, — 1, such that if (k,z) € B then
b, pup (k, ©) = Yk, pup’ > 7 so strictly more than v away from hog (4. 41.... 24,3 and else 0 implying
that it is equal to hog, (4. 11,...24,} outside B. Furthermore any hypothesis hy 4 with k # 2d., would
be more than v away from haa, {d,+1,...2a,} on the whole point set. Concluding that the point
set can be y-graph shattered. Conversely, for any set of size d, + 1, any witness hypothesis hj 4
outputting a unique value v 4 on one of these points, call it =’ , is preventing the existence of
another hypothesis b’ that agrees with hy 4 on this point 2’ while being ~-far on another point,
as the condition h'(z') = hi a(2’) = i, implies A’ = hy 4 by uniqueness of value i 4 for the
hypothesis hj 4. Thus, the only other possible witness hypotheses hj 4 are all zero on the d, + 1
points, which implies that all the points (k1,21),..., (ka,+1,%d,+1) satisfy k = k1 = ... = kg 11.
However, for this witness it is not possible to find a hypothesis that differs on d., points and agrees
on the last one, since any hypothesis hy a4 with & = k is strictly larger than v on only |A’| =d, —1
points in (k,1),..., (k, k), so it can differ from hy 4 on at most dy — 1 points, and hys a» with k' # k
is strictly larger than « for all points in (k,1),..., (k, k). Thus, we conclude that no set of d + 1
points can be y-graph shattered, and hence the y-graph dimension is exactly d, as claimed.

To construct the hard distribution D, we first carefully choose k,, the effective universe size,
sufficiently large relative to €, namely k, = O(d,/e). For any A C [k,] with |A| =k, —d, + 1,
we define a realizable distribution D4 that assigns uniform mass ©(1/k,) = ©(¢/d,) to points in
{(ky,?) : i € A} and zero mass elsewhere, with the points being labelled 0. That is, the distribution
only reveals zeros to the learner and is realizable by hy, 4c, where A¢ = [k,]\ A. The hard distribution
Dy is then obtained by drawing A uniformly at random from all such sets. Again, as in the proof
overview of Theorem we may view the sample as generated from a random vector enumerating
A together with an independent sequence of sampled indices. The first observation is that by a
coupon collector argument, after drawing O(d, In (1/¢)/e) samples from the distribution Da, with
constant probability at least Q(d,) points from {(k,,i) : ¢ € A} are missing from the training
sequence S. Conditioned on S, these points can “intuitively" be thought of as distributed uniformly
at random over the points not in S. Furthermore, given S, the proper learning algorithm A has
selected a hypothesis hy, 4 for some A" C [k,] with |A"| = dy — 1. Since at least Q(d,) points are
missing from S, we can show that with constant probability, at least 2(d,) of these missing points
lie in A’, meaning that the hypothesis h, 4r outputs a value strictly larger than v on these points
and thus misclassifies them. Since each of these points has mass ©(e/d,) under Da, this yields a
total loss of at least (d,) - ©(g/d,) = (e) as claimed.

The idea in this proof, using a coupon collector argument to show that proper learners incur
an extra In(1/e) factor in their sample complexity, originates from (Auer & Ortner, 2007) in the
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context of binary classification. However, their result applied only to a specific worst case proper
learning algorithm, whereas our proof establishes the lower bound for any proper learning algorithm.
The latter was also achieved for binary classification by (Bousquet et al., [2020).
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A Definitions

In this section we collect the definitions used throughout the paper.

We define the truncated natural logarithm as Ln(z) := max{2,In(x)}.

For any set X we let X* = U2, X, denote all finite sequences over X.

For a vector or sequence © = (z1,...,x,) we write {x} = {z1,...,2,} for the set of the elements
in the vector or sequence .

We say that a training sequence S = ((z1,¥1), ... (Tn,yn)) is realizable by a hypothesis class H,
if there exists a hypothesis h € H such that h(z;) =y; foralli=1,... n.

A distribution D over X x [0,1] is realizable by a hypothesis class H C [0, 1] if there exists a
hypothesis h* € H such that h*(x) =y for all (z,y) in the support of D.

For any v € (0,1), distribution D over X x [0, 1], and hypothesis h : X — [0, 1], the cutoff loss
(or y-cutoff loss) of h with respect to D is defined as

Lp(h)= P [[h(z)—y|l > ]
(z,y)~D
For three numbers z1, 29, 23 we define median(z, 22, z3) as the middle value among the three,
with ties broken arbitrarily.

Definition A.1 (Interpolator). An interpolator A : (X x [0, 1])* — H for a hypothesis class H is a
learning algorithm that, given a realizable training sequence S = ((z1,91),. .., (Zn,Yn)), returns a
hypothesis A(S) € H such that A(S)(z;) = y; for all (z;,v;) € S.

Definition A.2 (Proper Learning Algorithm). A proper learning algorithm A : (X x [0,1])* — H
for a hypothesis class H C [0,1]? is a learning algorithm that, given a training sequence S =
((x1,91),- -+, (Tn,yn)), returns a hypothesis A(S) € H.

Definition 3.1 (y-graph shattering). A sequence (z1,...,24) € X% is vy-graph shattered by a
hypothesis class H C [0, 1] with witness h € H if for any b € {0,1}¢ there exists a hypothesis
hy € H such that:

o for all i € [d] with b; = 0: hy(x;) = h(x;), and
o for all ¢ € [d] with b; = 1: |hy(x;) — h(x;)| > 7.

Definition 3.2 (vy-graph dimension). The 7-graph dimension of a hypothesis class H C [0,1]%,
denoted d., is the largest integer d such that there exists a sequence (z1,...,z4) € X 4 that is
~-graph shattered by H with some witness h € H .

Definition 3.3 (Interpolator-Based Aggregation Algorithm). An interpolator-based aggregation
algorithm A’ is a mapping that takes as input an interpolator A (see Definition and a training
sequence S to produce a predictor, i.e., A': (X x [0,1])* — [0,1]%) x (X x [0,1])* — [0,1]*.
Specifically, given S and A, the algorithm A’(S, .A) proceeds as follows:

1. Construct sub-training sequences S, ..., S, from S, where m may depend on S and each
(x,y) € S; satisfies (z,y) € S. The sub-sequences need not be disjoint.

2. Apply A to each sub-sequence to obtain hypotheses hq1, ..., hy,.

3. Return the predictor  — r(hi(z), ..., hn(z),x), where r: [0,1]* x X — [0, 1] is an aggregation
rule.
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When A is clear from context, we write A'(S) = A'(S, A).

Definition 3.4 (Proper Aggregation Rule). An aggregation rule r: [0,1]* x X — [0, 1] is proper if
for every sequence z1,..., 2z, € [0,1] and every x € X' |, we have 7(z1,...,2m,z) € {z1,..., Zm }

Definition 3.6 (Finite Aggregation Algorithm). Let H C [0, 1] be a hypothesis class. A finite
aggregation algorithm A’ : (X x [0,1])* + [0,1]¥ for H is defined as follows: Given a training
sequence S, of size n € N it selects at most m < m(n) < oo hypotheses hy,...,h, from a
hypothesis class H, and combines them with an aggregation rule r : [0, 1]* x X — [0, 1] and returns

= r(hi(x),... p(z), x).

Definition 3.7 (Interpolating Aggregation Rule). An aggregation rule r : [0, 1]* x X' — [0, 1] is called
interpolating if for any sequence zi,...,z, € [0,1] and any x € X, it satisfies r(z1,...,zm,x) €
[min; z;, max; z;].

Definition 3.9 (7-OIG dimension). Let £ C [0, 1]* be a hypothesis class and let S = {x1,...,7,} C
X be a finite set. The one-inclusion graph induced by S and H is the hypergraph with vertex set
Vi =H|s = {(h(z1),...,h(zy)) : h € H} and hyperedge set E,, where a hyperedge (f,i) contains
ve Vifu(z;) = f(z;) for all j € [n]\ {i}.

The v-OIG dimension of H is the largest integer k such that there exists a finite set S C X* with
|S| = k, such that there exists a finite subgraph (V| E) of the one-inclusion graph (V;,, E;,) induced
by S, for which any orientation o : E,, — V,, has out-degree max,cy [{i € [n] : |o(eyi) — vi| > 7}
strictly more than n/3.

Definition A.3 (Partial Concept Class). A partial concept class over a domain X is a set H C
{0,1, *}X , where * represents an undefined label. Its VC-dimension is defined as the largest integer
d such that there exists a set of d points in X that is shattered by H, where a set {x1,...,24} is
shattered by a partial concept class if for every by,...,by € {0,1}, there exists h € H such that
h(z;) =0b; foralli=1,...,d.

Definition A.4 (Disambiguation). Let H C {0, 1, +}% be a partial concept class. A total concept
class H C {0,1}% is called a disambiguation of H if for every h € H there exists h € H such that

h(z) = h(z) for all z € X with h(z) # *.
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B Upper Bounds
B.1 Proof of Theorem [3.11]

In this section, we present the proof of Theorem [3.11] which provides an upper bound on the sample
complexity of the median-of-three algorithm in the expectation regime. The argument adapted ideas
to the regression setting from the work of (Aden-Ali et al., 2024)), which showed how combining three
empirical risk minimizers in realizable binary classification to get optimal sample complexity (in
expectation). To the end of using the ideas of (Aden-Ali et al. |2024)), it is important, as described
in the Section [3] to have a sufficiently strong bound on the cutoff loss of a single interpolator. The
previous bounds on the cutoff loss for a single interpolator by (Attias et all, 2023) is not sufficient
for our prove, and thus it is also crucial that we in this section improve the upper bound for the
cutoff loss for a single interpolator in the realizable regression setting, stated in Lemma Now
we restate Theorem [B.11] for convenience.

Theorem 3.11. Let v € (0,1), let H be a hypothesis class with y-graph dimension d., and let D be
a distribution over X x [0, 1] realizable by H. Let A be any interpolator, and let Sy, S2,S3 ~ D" be
three independent samples. Define the median-of-three interpolator aggregation algorithm M as

M (z) = median(A(S1)(x), A(S2)(z), A(S3)(z)).

Then

51752%3~D“[£%(M)] = O(d’Y/n)

To prove Theorem we first assume the following lemma, which we later prove.
Lemma B.1. Let v € (0,1), let H be a hypothesis class with vy-graph dimension d, and let D
be a distribution over X x [0,1] realizable by H. Let A be any interpolator, and let S ~ D" be a

sample of size n. Let R be a subset of X x [0, 1] with Py y[(x,y) € R] # 0. Let Dg be the conditional
distribution of D over R. Then

dyLn*(en Py y[(x,y) € R]/d,)
nPxy[(x,y) € R] ’

JE LD, (A(S))] < 42

where Ln(z) = max{2,In(z)}.
We now prove Theorem [3.11] using Lemma

Proof of Theorem [3.11. We observe that the median-of-three aggregator M makes an error on a
point (x,y) only if at least two of the three hypotheses A(S1), A(S2), and A(S3) make an error on
(x,y). Besides, the three samples S1, So, and S3 are independent and identically distributed, which
implies that for any pair S;,S; with ¢ < j, the probability that both hypotheses make an error on
(x,y) is the same. Therefore, we have

A/ =5 —
31,52%3~D" [ED(M)] B 81782%3'\/1)” |:xI€Dy HM(X) Y| > 7]:|
= Z S; SIE:NDTL [X]P)y HA(SZMX) - y‘ > ’“A(SJ)(X) - y, > 7]:|
1<i<j<3 g )

2 X,y

< (3> 5 | B (A6 ¥ > 2, | AGS2) ) - ] > )
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Next, we change the order of expectation and use the independence between S; and Sy to obtain

CHO<3E [ P 1AS)6) ~ 3] > 7. IS~ 3] > 1

E
S1,82,83~D"™ S1,So~Dn

=35 [ B [4S)6) 31>

S~Dn

For any (z,y) € X x [0, 1], define p, , = Pspn [ A(S)(x) — y| > 7]. Then we partition X' x [0, 1]
into sets L
Ry = {(z,y) € X x [0,1] 1 puy € (27,2771},

where ¢ € N. By the law of total probability, we have

Y < 2
6,8 o [LHM] <3 E 2]

<3 Z 922 X]P’y[(x, y) € R;]

_1222 2 IP’[(X y) € R/]

di22! 2 . .
—, where C'j > e” is a universal

Suppose for any integer i > 1, Py y[(x,y) € R;] < Cy -
constant. Then,

291
712

7 < 21
51,52%3N9n [LH(M)] <12 Z 92 . .

which would complete the proof. What remains is to prove that there exists a universal constant
C1 > e? such that for any i > 1,

d 221
P[(x,y) € R < C;- 22
X,y n

We prove this by contradiction. Suppose that there exists some i such that Py yl(xy) e R >

- d”l 2 . Now, let Dg, be the conditional distribution of D over R;. By the definition of R;, we

have
E o [GB IAS)X) —yl>2l = E  [pey]>27" 6
(%7 D, [ B IAS)(x) —y| > 1] (x’y)NDRi[p ¥l (6)

On the other hand, exchanging the order of the expectation yields

[P IAS)x) -yl > =_E | JABS)(x) =yl >l = JE [£3, (A(S))].

(x,y)~Dr, S~Dn S~Dn (xy)N'DR S~Dn i
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Now we can apply Lemma What’s more, using the fact that the function z — Ln?(ex)/x is
decreasing for > 0 together with the bound nPxy[(x,y) € R;]/d, > C1i*2", we obtain

42d7Ln2 (enPxy((x,y) € Ril/d,) < 42Ln? (Crei?2t) o
nPxy((x,y) € Ri] = o2

E L3, (AS)] <

Combining the lower bound @ and the upper bound , we obtain

42Ln?(Cyei?2?)
- C1122¢

—1

Multiplying by 2 on both sides, using that Ln(C1ei?2%) = In(C1ei?2?) = Ln(C1ei?) + iIn(2), as
C1 > €? and i > 1, and that for a,b > 0 we have (a + b)? < 2(a® + b?) we get

267\ 2 2 2 2
< 42(Ln(CC1§z 29)) “ s (Ln (C1ei?) LI (2)> |
12

As x + Ln?(ex)/x is decreasing for > 0 and Cyi% > Cy, we have

Ln?(Cre) 1n%(2)
1<84.

where the right-hand side is strictly less than 1 for C sufficiently large, yielding a contradiction. [J

What remains is to prove Lemma To this end, we provide the following lemma which
presents a tighter bound on the cutoff loss for a single interpolator compared to Theorem 1 of
(Attias et al., 2023).

Lemma B.2. Let v € (0,1). Let H be a hypothesis class with vy-graph dimension d~. Let D be a
distribution over X x [0,1] that is realizable by H. Let S be a sample of size n drawn i.i.d. from D.
Then for any interpolator A and any 0 < § < 1 it holds with probability at least 1 — § over S that
2
L3AS)) < 8dVLn (2en/dy) +1n (2/5).
n

We defer the proof of Lemma to Section and now prove Lemma For convenience,

we restate Lemma [B.1] here.

Lemma B.1. Let v € (0,1), let H be a hypothesis class with vy-graph dimension d, and let D
be a distribution over X x [0, 1] realizable by H. Let A be any interpolator, and let S ~ D" be a
sample of size n. Let R be a subset of X x [0,1] with Px y[(x,y) € R] # 0. Let Dg be the conditional
distribution of D over R. Then

d,Ln*(en Py y[(x,y) € R]/d,)

[‘C%R (‘A(S))] <42 ’I’LPx,y[(X?y) € R] )

E
S~Dn
where Ln(z) = max{2,In(x)}.

Proof of Lemma[B.1]. First, consider the case nPxy[(x,y) € R| < 4d,. In this case, the claim
follows immediately since £, (A(S)) <1, and by the definition of Ln(-),

42d,Ln?(en Py y[(x,y) € R]/d,) 168d,,

Py [(x.y) € ] 2 Peyly) B "

21



In the following, we assume that nPx y[(x,y) € R] > 4d,. For any m € N, define the event
Epn = {l{i €[n]: (xi,yi) € R} = m},

where (x;,y;) is the i-th point of S. And let

E = U E,,.
m>nPx y[(x,y)ER]/2

Define X; = I{(x;,y;) € R} for i € [n] and X =}, X;. Then Eg[X] = nPxy[(x,y) € R] and
Ps[E] = P[X > E[X]/2]. By a Chernoff bound, we obtain

_ nPxy((X, B 5
BLE] = BLX < B{X]/2] < exp (-2 ER) < o P

where the last inequality uses the fact that e™* < % for any x > 0. By the law of total probability,

Elch, (AN = X E[Lh,(AS) | Bn| BB+ E L], (AS)) | E] -BIE]
m2nPxy[(x,y)ER]/2
8
< E £, (A(S) | Em| - PlEn] + : (8)
m>an,3%(,Y)eR]/2 S [ o } S nPxyl(x,y) € R]
By the above, it suffices to show that for any m > nPy [(x,y) € R]/2,
34d,Ln?(en Py y[(x,y) € R]/d,)
v < 2%y x,y (X, g
B[Ch AN | En] < = R e R ¥
We now prove Inequality @ By the non-negativity of E%R (A(S)),
E[£h,(AGS) | Bu] = [ "B [£3,(A(8) > @ | Eu] da
16d.,Ln%(em/d.) 1
< 4 V+/ P (£}, (A(S) >z | By|dz. (10
< = it o & [CBa(AGS)) > @ | B d (10)

Conditioned on E,,, if we consider only these m samples, A(S) can be viewed as the returned
hypothesis of an interpolator trained on m i.i.d. samples from Dg. Thus, we can apply Lemma [B.2]
to control its error with respect to Dg. For simplicity, we use the following weaker bound: with
probability at least 1 — 9,

£3,,(A(8)) < 16 max { ;Lo (2em/dy) Tn(2/9) }

m m

For any x > 16d,Ln%(2em/d.)/m, setting §(z) = 2e~™*/16 we have In(2/§(z)) = mz/16 > 2,
16Ln(2/6(z)) __ 161n(2/4(x))

which implies that =z, and thus

B [ch, (As)) > PR | g

Ig [E%R(A(S)) > 16 max {dWLHQ(Qem/dV) Ln(2/(5(a:))} ‘ Em]

B [£h,,(A(S)) > @ | B

)

m m
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where the last equality uses our choice of x. This is bounded by the weaker error bound stated
above, and hence the probability is at most d(x). Therefore,
1

/11 P (£}, (AS)) > x| By do < / 5(x)da

6d,Ln?(2em/d~)/m S 16d,Ln%(em/d~)/m
1
= / 2e~ M/ 16
16d,Ln%(2em/d.)/m
3267d4,Ln2 (2em/d~)

m
- dﬂ,LnQ(Qem/dw)'
o m

Here, the last inequality uses the fact that d,Ln?*(2em/d,) > 4. Substituting this into Inequality
and using that the function 2 + Ln?(ex)/x is decreasing for x > 0, together with m >
nPyy[(x,y) € R]/2 > 0, we conclude that

17d,In?(2em/d.) _ 34d,Ln?(en Py y[(x,y) € R]/d,)
m n]P)XQ’[(Xay) € R] ’

E [, (A(S)) | En| <

as claimed.

B.2 Proof of Lemma [B.2l

The best known upper bound of the cutoff loss for single interpolator is given by Theorem 1E| in
(Attias et al., [2023). Informally speaking, it yields that: for any hypothesis class H with y-graph
dimension d, and any distribution D over X' x [0, 1] realized by , let S be an i.i.d. sample of size
n drawn from D, then with probability at least 1 — 4, the cutoff loss of the hypothesis returned by
interpolator A satisfies

LL(A(S) <0 <d71n2n+ln(1/6)> |

n

In Lemma we improve the above bound by replacing the dependence on In? n with Ln?(n/ d).
For convenience, we restate the lemma here.

Lemma B.2. Let v € (0,1). Let H be a hypothesis class with vy-graph dimension d~. Let D be a
distribution over X x [0,1] that is realizable by H. Let S be a sample of size n drawn i.i.d. from D.
Then for any interpolator A and any 0 < § < 1 it holds with probability at least 1 — § over S that

LHA®S)) < SdWLn2(26n/dW) +1n (2/8)

n

Our proof of Lemma follows the same structure as that of Theorem 1 in (Attias et al., 2023),
which consists of three steps: symmetrization, permutation, and reduction to a finite class. Similar
results are also established in the proof of Theorem 4.3 in (Anthony & Bartlett], 2009). The novelty
of these steps is due to (Attias et al., [2023) and (Anthony & Bartlett, |2009)). Our insight to the
improvement comes from showing a tighter bound on the size of the finite hypothesis class reduced
to. Specifically, we provide a tighter bound on the size of a disambiguation of a partial concept
class (see Definition and Definition , which controls the size of the finite hypothesis class
reduced to. We, now state and prove the lemma regarding the size of a disambiguation.

3Theorem 1 in (Attias et all [2023) has a small typo in the statement from reading the proof carefully, the error
decays as O((d In*(n) + In(1/8))/n), which is what we stated above.
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Lemma B.3. Let H C {0,1,*}¥ be a partial concept class of VC-dimension d > 1, where X is a
finite domain with |X| =n > 1. Then there exists a disambiguation H of H such that

In [H| < 2d Ln? (ez;) .

Lemma strengthens Theorem 12 in (Alon et al., 2021), which proves that In|#| is bounded

by O(dln2 n). Our proof follows the original proof technique. However, through a more careful
analysis, we use a sharper bound on the binomial sum, which leads to the improved result.

Proof of Lemma[B.3. In the case that n < d, we can simply take the disambiguation H as the set
of all total concepts on X, which gives |H| < 2". Since n < d, we have In|H| < nln2 < dln2 <
2dLn?(en/d), concluding the proof in this case.

In the case that d < n < 6d, we still bound the size of disambiguation trivially as 2. Notice
that for 1 < 2 < 6, it holds that 2In?(ex) > xIn2. Setting x = n/d, we have In|H| < nln2 <
2d1n?(en/d), concluding the proof in this case.

In the following, we assume that n > 6d. Let X = {z1,...,x,}. For any partial concept class
H' C H, define the shattering strength s(H’) as the number of subsets of X’ that are Shatteredlﬂ by
H, ie.,

s(H') = |{S C X : S is shattered by H'}|.

Since # has VC-dimension d, the VC-dimension of #’ is at most d, yielding s(#') < (). For
(xz,y) € X x {0,1}, define the restriction of H' on (z,y) as
Hl(xyy) ={n eH :I(z) =y}

Then, it holds that s(H') > s(H{, () + s(H{, ;). This is because, for any § C X, if S is shattered
by both H{, o and H{, ), then S and SU {x} are shattered by H' (and H{, ;) and H, ;) can not
shatter S U{z} so it is not double counted); if S is shattered by only one of HEx,O) and ’Hzx’l), then
S is also shattered by H'; if S isn’t shattered by H’(%O) or 7-[’(3:71), then it is still possible that H' can
shatter S.

Also, for H' C H and z € X, let My (x) € {0,1} be the label that maximizes the shattering

strength of the restriction, i.e.,

My () = argmax s(H(, ),
ye{0,1} ’

breaking ties always towards 1(or a arbitrarily way).

Now, we construct the disambiguation H of H. For each h € H, we write the entries of the
disambiguation h iteratively. We start with H' = H, for x moving from z1 to x,, if h(z) # * and
h(z) =1 — My (x), we set h(z) = h(x) and update H' = Hl(a;,h(z)ﬁ otherwise, we set h(z) = My (x)
and keep H' unchanged. We repeat the process until all entries are written.

Since S(H/(%MH/(@)) > S(Hl(;r,l—MH/(;r))) we have that

S(H/) 2 S(H/(I,D)) + S(H/(:c,l)) = S(/H/(I,MH/(QC))) + S(Hl(x71—MH/(x))) > 28(7_[/(x,1—MH/(x)))7

“We remark that the empty set is also considered shattered as long as the hypothesis class is not the empty set - this
implies that s() = 1, means any point in X is either labelled as something with in {0, x} or {*, 1} for all hypothesis in
‘H. This further means that given s(H) = 1, no more updates will be made by the following disambiguation algorithm.
When the hypothesis class H = @ is the empty set we define s(f) = 0.
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implying that each time we update H', the shattering strength is at least halved. Moreover, the
hypothesis A which we plan to disambiguate is always in H’, which implies ' is always non-empty.
Because the VC dimension of H is d, the initial shattering strength is at most (”, d). For each h € H,
define u(h) as the number of updates of H'. As the shattering strength was at least halved each time
an update is made we have u(h) < logy(s(H)) < logy ((,)). Instead of using the bound () < 2n¢

as in the original proof, we apply the sharper inequalit_y ( 2 d) < (%)d, which holds for all integers
n > d > 1. Thus, the number of updates u(h) satisﬁesﬂ

en

u(h) < log, <(§”d)> < dlog, (%) < 2d1n (D).

By the construction of the disambiguation process, update paths with updates in the same places
will give the same disambiguation of a hypothesis. Thus, the number of update paths bounds the
size of the disambiguation. The number of ways to place the updates, bounds the number of update
paths, and is at most

= () = (o) 1)

Because n > 6d, which implies n > 2dIn(%}), we can use the sharper bound on the binomial sum

again to obtain
— n en 2d1In(en/d)
< < (————
I < (g 2dIn (@g;)) - (2dln (%)) ’

which solves to

en en

[0 (5) ~In (2111(‘3;))] < 2dIn’(—).

=)

In |H| < 2d In( y

Combining the three cases concludes the proof. O

With Lemma at hand, we are now ready to prove Lemma before doing so we introduce
some notation. In the following, for a training sequence S = ((z1,v1), ..., (Zn,yn)) and a classifier
h € [0,1]%, let E?(h) = 15" 1{h(x;) # yi} and LL(R) = L 0 1{|h(z:) — yi| >~}

n n

Proof of Lemma[B.2 Let e(n,d,,d) = 8dVLn2(2€n/:f”)+ln (2/0) " We want to show that for any inter-
polator A, Pspn[L5(A(S)) > e(n,d,d)] < 6. If &(n,d,,d) > 1, the statement trivially holds since
the cutoff loss is always upper bounded by 1. In the following, we assume that (n,d,,d) < 1.

By the definition of interpolator, A(S) satisfies Eé(A(S)) = 0. The probability A returns a
bad hypothesis is thus upper bounded by the probability that there exists a hypothesis h € H that
interpolates the training set S and has cutoff loss more than e(n,d, 6), i.e.,

JB ICH(A(S) > e(ndy.d)] < (B [BheH: L4 (h) = 0, L] (h) > &(n, d., 8)]. (12)

*We take 0log, () = 0In(%) = 0 in the following dealing with the degenerated case d = 0, which implies that
|?:l| = 1, stopping the calculations at Equation .
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Symmetrization. To bound the right-hand side probability, we consider the probability of another
event: there exists a hypothesis that interpolates the first sample of size n while performing poorly
on an independent ghost sample of the same size, i.e.,

Y —
SO,S]?NDH[EIh € H: Ly (h)=0,L4 (k) >e(n,dy,0)/2],

where Sg and Sy are i.i.d. samples of size n drawn from D. We notice that for any realization Sy of

So such that there exists h' € H with L?O (') =0 and L) (') > e(n,dy,d), it holds that

P [3heH: LE (h) =0,L8 (h) > e(n,dy,0)/2] > o B IL (W) > e(n.dy,6)/2) - (13)

S{~Dn

where the inequality holds since the event on the left-hand side contains the event on the right-hand
side. Moreover, by the multiplicative Chernoff bound, we have

BIEL (W) < s,y 6)/21 < P L3, () < Lh(W)/2) < exp(-n LH(0)/3)  (14)

< exp (—ne(n,d,,0)/8)
<6/2<1)2, (15)

where the third inequality holds by the definition of €(n,d,, ). Now combining Equations
and , we have

JP Bhet: LG (h) =0,L8 (h) > e(n,dy,8)/2] > 1/2.
i~

for any realization Sy of Sy such that there exists i’ € H with Lg, (k') = 0 and L)L (R') > £(n, d, ).
This implies

1{3h € H : LL (h) = 0,Lh(h) > e(n,dy,6)}
<2 P [heH: LL (h) =0,L% (h) > e(n,dy, 8)/2]1{3h € H : LL (h) = 0,LH(h) > e(n, dy,8)}

Now using this relation and combining with Equation , we get that

B ICB(A(S)) > e(n,dy, 0)

< P [BheH: LL (h) = 0,Lh(h) > £(n, d, 5)]
o~ n

= E [{3neH: L£g, (h) = 0,L(h) > £(n,dy, 5)}]
o~ n

<E[2 P [3heH:Lh(h)=0,L3, () > e(ndy, 0)/200{3h € H: L5, (h) = 0.Lp(h) > (n,d,6)}]
0 1~Dm

CE (Y — 0. L]
< pum—
o QSO,S}FND”E}L €H: ESO(h) 0’ 'CS1 (h) > 6(n’ d’Ya 6)/2]

Thus, by this relation it suffices to bound the probability on the right-hand side by 6/2 as we will
do in the following.

Permutation. For Sy, S; defined above and any permutation o € {0,1}",let S; = (So;,1,---,Se,,n)
and 81— = (S1-61,15---,S1-4,,n). Observe that S,,S;_, are distributed as Sp, S;. This implies

E () —
o, . pe T € M L5 () = 0,£3,(h) > £(n,d, 0)/2]

= P [BheM:LL (h)=0,L% (h)>e(n,dy,3)/2.
SO,S1NDn o 1—0o
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Now let o = (o1, ...,0,) be i.i.d. Bernoulli random variables independent of Sy, Sy, i.e. Plo; =
0] = Plo; = 1] = 1/2 for all i € [n]. We then have that

CE ) —
o, Fpn 31 € M L5, (h) = 0,3, (h) > e(n, dy,6) /2]

_E [ P [BheH:LE (h)=0,C3 (h)> a(n,dv,é)/ﬂ
o |Sy,S1~Dm o l-0o

_ . _ ol
= &b [zg[ah e H: LE (h)=0.LY (k) >e(n,dy,0) /2]}

< sup  P[IheH:Lh (h)=0,Ly (k) >e(n,dy,0)/2
So,51€(xx[0,1])» 7

where the first equality holds by the distributional equivalence of (Sg, S1) and (S, S1-,) for any
o € {0,1}", the second equality holds by independence of o, Sy and S; and shifting order of
expectation, and the last inequality holds by the definition of supremum. By the above, it suffices
to show that for any fixed (Sp,S1) € (X x [0,1])?" it holds that

P|3heH: L (h) =0,L8 (k) >e(n,dy,0)/2] <5/2.

Reduction to a finite class. Let Sy = ((20,1,%0,1)s-- -, (Zon,Y0,n)), 51 = (1,1,91,1), -+ -+ (T1,0:Y1,0))
€ (X x [0,1])™ be fixed from now on. And for any o = (01,...,0,) € {0,1}", let S, =
((xal,la yal,l)a ceey (xan,ny yan,n)) and Sl—a = ((xl—al,la yl—al,l)a ceey (xl—an,na yl—an,n))-

Now for any h € H, define a partial concept A’ : Sy U S; — {0,1,x} on SpU.S; as follows: for
any j € {0,1} and ¢ € [n]

0 if h(zji) = yj
W (xji,yj0) = ¢ if 0 <|h(zj:) — yja] <
1 ify < |h(zj54) — )l

and let H' = Upex{h'}. We notice that by construction the VC-dimension of the partial concept
class H' is at most the y-graph dimension of #, i.e., d,. Observing that H’ is over a finite domain
So U 51 of size m < 2n, we use Lemma to construct a disambiguation H’ of H’, which satisfies

_ 2en
In|H'| <2 ’L2(em)<2dL2 i
n|H'| <2VC(H')Ln Vo)) = ¥ n 7

where, we have used the fact that function 2zLn?(ey/ x) is non-decreasing with respect to both
z>1and y>1.

We notice that for any h € H, if h interpolates S, and is off by more than « on at least ne/2 of
the points in S7_,, the corresponding partial concept A’ € H’ is 0 on the points in S, and is 1 on
the same ne/2 of the points in S;_,. Moreover, the corresponding disambiguated concept b’/ € H’
is 0 on the first n points and is 1 on those same ne/2 of the remaining points. This implies that the
event {3h € H : L%i(h) =0,L4 _(h)>e(n,d,,d)/2} is contained in the event

{3V e H : Z]I{W(:L‘Ui,i,yam) =1} = O,Z]l{ﬁ(:nl,am,yl,am) =1} > ne(n,d,, 8)/2}.
i=1 1=1
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Using this we have that

P [ah e H: L (h)=0,LY _(h)>e(n,dy, 5)/2}

< ]g [Elh, eH : Zﬂ{ﬁ(xai,iyya’i,z) = 1} = O7ZH{W(x1—ai,i;yl—a'i,i) = 1} > ng(n7d775)/2]
i=1 i=1

S Z ]}TD [Zﬂ{w(xdi7i7ydi,i) = 1} = 07 Zﬂ{ﬁ<x1—di,iayl—ﬂi,i) = 1} Z ng(n7d775)/2]

wew L=l i=1

where the last inequality follows from the union bound. Now, fix any A’ € H/, we bound the
probability inside the summation, i.e.,

]};D [Zﬂ{w(mai,iaydi,i) = 1} = 07 Z ]l{ﬁ(xl—a'i,%yl—a'i,i) = 1} > na(n, d’Y: 5)/2] .
=1 i=1

For this probability to be non zero, it must be the case that among the n pairs ((zo4,v0.,i), (1,4, Y1.i)),
there exists at least ne(n, d,, d)/2 indices ¢ such that one of W (20,05 Y0,), W (21,i,y1.4) is equal to 0
and the other is equal to 1. Assume this condition holds. Under this assumption, for the event
inside the probability to occur, it must be the case that all of these pairs has the 0 entry mapped to
S, and the 1 entry mapped to S;_,. Since each pair is swapped with probability 1/2 independently,
we have that the probability of this event is at most 27 "€(7dy:0)/2,

Combining this with the bound on the size of H’, we obtain

P [ah e H: LG (h)=0,LY _(h)>e(n,dy,0) /2] < 3 grneln )2
heH’
< eQdVLHQ(Qen/dW) . 2—n€(n,d7,5)/2

< eQdﬂ,LHQ (2en/dy)—ne(n,d~,0)/4

<

)

| s

where the second to last inequality follows from In (2) > 1/2 and the last inequality follows from
the definition of e(n, d,,d) = Sd”’LHQ(%n/g”)—Hn (2/9) This concludes the proof of the lemma.

O]
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C Lower Bounds

C.1 Proof of Theorem [3.5

In this section we present the proof of Theorem [C.1I] which contains both a constant probability
lower bound and an expectation lower bound, where the statement in Theorem follows from the
latter. We now state Theorem [C.I] and then give its proof.

Theorem C.1. For any hypothesis class H C [0,1]% with ~y-graph dimension dy > 2 and any
0 < e < 1/4, there exist an interpolator A and a realizable distribution D such that the following
holds. Let A" be any interpolator-based aggregation algorithm using A and a proper aggregation rule,
and let S ~ D" with n < d/(32¢). Then, with probability at least 1/2 over S,

LH(A'(S)) > 2e, (16)
and moreover,
E [CHA(S)]) > = (a7)

The distributions D witnessing Equation and Equation may differ.

Proof of Theorem[C 1]: Since H has y-graph dimension d, we know that there exists a set of size d
that is y-graph shattered by H. Let Xy = {z1,..., 24}, denote such a ~-graph shattered set of size d
and let h be a hypothesis witnessing the graph shattering. We now construct the hard distribution
D as follows: let D(z1,h(z1)) = 1 — 4e and D(z;, h(z;)) = 75 for i = 2,...,d. We notice this
distribution is realizable by h € H. We next construct a worst-case interpolator A for aggregation.
Let A be any interpolator algorithm that, given a training sequence S consisting of examples
from {(z1,h(x1)),..., (x4, h(xq))}, besides being an interpolator (see Definition [A.1]) - returns a
hypothesis A(S) € H that is consistent with S, satisfies the following: for any ¢ € {1,...,d}, if
(zi, h(x;)) ¢ S, then |A(S)(x;) — h(x;)| > 7. Since a hypothesis b’ € H with this property exists by
‘H ~v-graph shattering X; with h as witness, an interpolator with this property exists.

We are now ready to prove the theorem. Let S = ((s1,h(s1)),-.., (Sn,h(sy))) be a training
sequence of size n < d/(32¢) with the examples being sampled i.i.d from D. Let hq, ..., hy, be the
hypotheses produced by A" when calling A with sub-training sequences S, ..., S,,.

Consider the random variable X which counts the number of times points in {x9, ..., x4} appear
inS,ie, X=3"1{s; € {x2,...,24}}. We have that

n
4
EX] =Y Pls; € {z2,...,24}] = n(d — 1)761 = dne < 4d/32 = d/8,
j=1 B
where the inequality follows from the assumption that n < d/(32¢). By Markov’s inequality, we
then have that
E[X] d/8 1
PIX>d/4] < —7" <+ =—.
[ _/]_d/4_d/4 2
Let E be the event that X < d/4. By the above, P[E] > 1/2. Now consider any realization S of S
where the event F holds. Let Ig = {i € {2,...,d} : z; € S} be the indices of points observed in S.
Let Ipaq = {2,...,d} \ Is be the indices of the unobserved points. Under event F, the number of
observed points from {xa,...,z4} is less than d/4, i.e., |Is| < d/4, so |Ipeq| > (d — 1) — d/4.
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Furthermore, by the definition of an Itnerpolator-Based aggregation algorithm (see Definition
A’, each sub-training sequence S;, generated from S contains only points from S. Therefore, for
any ¢ € Ip,q, the point x; is not in any S;. This implies, by the definition of A, that for each
j € [K], and for all i € Iyeq, |hj(x;) — h(z;)| > 7. Since the aggregation rule r is proper, for any
xz, A(S)(z) = r(hi(z),..., hm(x),2) € {h1(x),...,hm(x)}. Therefore, for all i € Iy,4, we have
|A'(S) (i) — h(xi)| > 7.

So we conclude that the aggregation algorithm fails on the set {x; : i € Ip,q}. By the definition
of the distribution D, the loss of A’(S) is then lower bounded as:

VAR — / B | Tbadl < B d>
Lp(A(8)) = (x,£~D [[A'(S)(z) —yl >~] = de = > e (1 e > 2,

where the strict inequality follows from |Ijqq| > d — 1 — d/4 and the last inequality follows from
d > 2. Since E happens with probability at least 1/2 and implies the above lower bound on the
error the above gives that Equation holds with probability 1/2 as claimed. Furthermore we by
the above that

JE Lp(A(S)] = P [E]- E [L5(A(S))E] > %25 — e,

implying Equation completing the proof.

C.2 Proof of Theorem [3.8

In this section we present the proof of Theorem which contains both a constant probability
lower bound and an expectation lower bound, where the statement in Theorem [3.8] follows from the
latter. We now state Theorem

Theorem C.2. For any v € (0,1) and d, > 2, there exists a hypothesis class HY B C [0,1)F
with y-graph dimension d, and y-OIG-dimension at most 3, such that for any finite aggregation
algorithm A’ using an interpolating aggregation rule r and any 0 < € < 1/32, there exists a realizable
distribution D over X x [0,1] such that when A’ is given a training sequence S ~ D" of size
n < d,/(128¢), it holds with probability at least 1/16 that

LH(A(S)) > e. (18)
and

JE | [LHA(S)] > 2. (19)

where the distributions D in the two cases may be different.
To show Theorem we need the following anti-concentration inequality.

Lemma C.3. [Reverse Markov’s inequality see e.g. Lemma B.1 (Shalev-Shwartz € Ben-David,
2014)] Let X be a random variable that takes values in [0, 1]. Then, for any a € (0,1),

EX]—a

PIX >
(X >a] = 1—-a

> E[X] —a.
With the above lemma we are now ready to prove the theorem.
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Proof of Theorem [C.3: We first for any 0 < v < 1 and d € N construct a hypothesis class H7¢ with
~-graph dimension d and y-OIG-dimension at most 3. So let v and d be fixed.

For each A C N with |A| = d define a unique number 4 € (7, 1]. Since there is a countably
infinite number of such subsets (this can be seen by {A C N : |A| = d} being equal to the countable
union of finite sets Uxen{A C [k] : |A| = d}), we can always choose these numbers to be distinct, by
for instance setting y4 = y+(1—7)/l where [ is number of A in the enumeration of {A C N : |A| = d}.
For each such subset A, we then define a hypothesis on the input space X = N as follows:

. 0 ificd
ha(i) = {
v4 else

and let H" = Uygeqaronarj—arha.

y-graph dimension of #"%. We notice that this hypothesis class has y-graph dimension d, as
for any subset B C N with |B| = d, the hypothesis hp witnesses the graph shattering, as it is zero
on the whole set B, and we can find a hypothesis that is 0 on any subset B’ of B and strictly larger
than ~ else by choosing A’ = B’ U C where C C N\B such that |B’ U C| = d. Furthermore for a
subset S C N with |S| = d + 1, there is no hypothesis in %¢ that can witness the graph shattering
on S. To see this can not happen assume such an h4 exists. Since we have that |S| = d + 1, there
exists at least one point i € S such that h4(i) = v4, however in this case we can not have a hp
that satisfies y4 = ha(i) = hp(i) and |ha(j), hp(j)| > 7 for j # i, since the first condition, by the
uniqueness of 4, implies that B = A, so the second condition can not hold.

7-OIG dimension of H?%. We now argue that the v-OIG-dimension of H"¢ is at most 3. To see
this, consider any set of n > 3 points S = {z1,...x,}, and the 7 one inclusion graph induced by S
and H7? which has vertex set V = H4|g = {(h(xl), oy h(zn))|h € H%d}, and edge set FE where
each edge is a hyperedge (f,%), containing v € V if v(z;) = f(z;) for all j € [n]\i. Consider any
finite subgraph (V’, E’) of the one inclusion graph, we now show that we can orient the edges of
this subgraph such that each vertex has out-degree at most 1, which by n > 3 would imply that the
7-OIG-dimension is at most 3 by Definition 3.9 We claim that the orientation that given an edge
(f,1) orients it towards v € (f,4) such that v(i) < v'(¢) for all other v' € (f,i) gives an out-degree of
at most 1 for each vertex in the v - one inclusion graph.

To see this, we first notice that any vertex v € V/ with at least 2 non zero values is always the
only element in an edge (f,7) containing v, as the hypothesis v has 2 non zero values there exists a
J € [n]\i such that f(z;) = v(x;) # 0 and since the non zero values are uniquely defined by the
value 74, there can not be another hypothesis in %% that has the same value on j and a different
value on . Thus, such a vertex will always have the edge oriented towards it, and have outdegree at
most 0.

Now consider a vertex v € V/ with 1 non zero value, with the non zero value on z;. Similar to
above we have that the value v(x;) is unique for v so for any edge (f,7) with ¢ # j, and the edge
containing v, v € (f,1), we have that (f,7) only contains v, and thus the edge is oriented towards
v. Thus, the only place where the edge can be oriented away from v is when ¢ = j, implying an
outdegree of at most 1 for v.

Finally, if there exists a vertex v € V'’ with 0 non zero values, i.e. all zero, it will by the choice
of the edge orientation (we are orienting towards the vertex with the smallest value on 7). Thus,
such an vertex will have an outdegree of at most 0.
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Thus we have shown that the orientation gives an outdegree of at most 1 for each vertex in the
v - one inclusion graph, and thus for n > 3 the outdegree is at most 1 < n/3 implying that the
4-OIG-dimension of H7? is at most 3.

Lower bounds. We now define a family of hard distributions and prove the claimed lower bounds
on these distributions. Each distribution is indexed by a vector in the set

Q:{/Ye{ux k)1 | Vi j € [d],i #5 = /L-;ui’j},

where k, = [2d max, <q/(128:) m(n') + d/4 + 1] is the effective universe size for the distributions.
Let {A} = {A},...,A4}. For 0 <e < 1/32 and A € Q, we define the distribution D_ ; as follows:

1—-16e ifi=1
D, 4(i,0) = { 16 if i € {A}\ {1}
0 else

We notice that this distribution is realizable by HY?¢, by the hypothesis h (A} Furthermore, we

notice that for any Ae @ we have that sampling from D_ ; is equivalent to sampling first a number
t € [d] with

. 16¢
%Pl[t_l]_l—ms, g’t[t_z]_d_l

fori=2,...,d,

and then returning the sample (A, 0). For A € Qand t = (t1,...,t,) ~ D let Alt = (Ay,, ..., Ay,).
Let S(A|t) = ((44,,0),..., (A, ,0)) be a training sequence of size n sampled i.i.d from D_ 7 in the
equivalent way via the t;’s i.e. t; are i.i.d. from D;. From now on we will let n < d/(128¢).

Let now hy,...h,, be the hypothesis produced by A’ when given S(A[t) and let A'(S(A[t))

r(hy,...,h,,z) be the output of the aggregation rule (the number m might be random but
m < m(n) < max,<q/ise)m(n’) < oo ). We have by Definition that each hy,... h,, €

— -,

H4, implying that each hypothesis h; is 0 on at most d points. Thus if we let Ry(Alt)
1 € N|3j € [k] : h;(i) = 0} be the region where at least one hypothesis is zero, we have that
j
T 1 . . .. .
— — mn £ . )
|Ro(Alt)] < md < max,<4/(128:) m(n')d. Furthermore since the aggregation rule  is interpolating

we have that for all points outside this region i & Ro(A[t), it holds that A'(S(A[t))(i) > v, as all
hypotheses are larger than ~ on these points by construction of H7¢. Noticing this we have that

Lo, (ASUAD) = P (IASAD)) -y > 9] = B [A(SAR)(A) > 1]

> B[4 ¢ Ro(AlD)

where we have used in the second equality that y = 0 under the distribution D_ ; and the equivalent

way of sampling from D_ ; via t, and in the last inequality that A/(S(AJ©))(i) > ~ for all i & Ro(Alt).

Now let’s define the set of indices from from [d] \ {1} seen and not seen in t as
={icld\{1}:ic{t}} and L={ic[d\{1}:ig{E}}.

We then furthermore have that

Lo (A(SAD) 2 B [A ¢ Ro(A),t ¢ It #1] (20)
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where we have used that intersection with events only makes probabilities smaller. We will show
that there exists a choice of A such that the expectation of the right hand side of Equation
over the randomness of the training sequence S(A|t) is large,

E [P (A ¢ Ro(AlE).t ¢ Iy t#ﬂ]z%. (21)

SND” t~Dy

We notice that Equation (20)) and Equation (21)) combined gives the clalm about the expected loss
over the randomness of the training sequence S A]t) in Equation (19). Furthermore, we have by
the definition of D; that

oD, [At # Ro(Alt). t & [t # 1} < 16e.

Now by these two observations and the reverse Markov’s inequality Lemma |C.3| we have that

Es~or . {]P’tw)t {At ¢ Ro(Alt),t ¢ I, t # 1”

5 H[P [At?ZRo( ).t & Iy t#1}>5}2

S~D" t~Dy 16¢
£,

where we before applying Lemma [C.3] have normalized by 16e since the random variable inside the
probability is upper bounded by this value. This combined with the lower bound in Equation
and Equation implies that with probability at least 1/16, the loss Lp_ (A'(S (A[t))) > &, giving
the claim in Equation ((18]). ’

We now prove that there exists A € Q which satisfies Equation (21)). We first notice that Ro(f_l', 1?)
and Iy only depend on the randomness of the training sequence S(A]t) via t, so we have that

B, | B[4 ¢ Rt ¢ It £ 1] | =

SND"

A ¢ RAR). e ¢ e 1) (22

tNDn |:tNDt |:

so it suffices to bound the right hand side. We notice that

(1] < E [Z]l{t € {1}}] Z P [ti € [d]\{1}] = 16ne < d/8.

~D

t
where we in the first inequality have used that Iz = {i € [d]\{1} : 3j € [n] : t; = i}, so it is at most
the number of t; that are in [d]\{1}, and in the last inequality we have used the assumption that
n < d/(128¢). By Markov’s inequality we then have that

1
Pl > d/d) <
Let E(t) denote the event that [I;| < d/4, which happens with probability at least 1/2. Let A be

drawn uniformly at random from Q (we will denote this A ~ ~ @ ). By taking expectation over the
right hand side of Equation (22| with respect to A we get that

-,

E | E P’&¢%@MJWM¢Q}
A~Q |t~Dp [t~De L

= E | E E:M&g%@@HﬁWﬁ#um

-,

_ g |5 | {A¢ ¢ Ro(AJ)}| 1{t & It # 1}H

> E | E -qE 1{A, ¢ Ro(A[f)}] 1l{t§ZL;,t751}1 11{E<€)}1 (23)
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where the first equality follows from reordering expectations(which can be done since the random
variables are independent) and we have written the probability as an expectation over indicators, in
the second equality we have moved indicators not depending on A outside the expectation over A
and in the last inequality we have intersected with the event E(t ), which only makes the expectation
smaller. Now consider any realization  of t where the event E (‘E) holds, and a realization ¢ of t
such that t ¢ I and t # 1, given such realizations t and t, we will show that

. . . . 1
E [1{A, ¢ Ro(AD)}] = P [, ¢ Ro(AlR)] > 3
A~Q A~Q

which combined with Equation (23] implies that

1

E[E{P[&%%@@Jgt#Q} =r

A~Q [t~D}

E LB 67 Lt £ D).

By using that for any realization ¢ of t such that the event E(E) holds, it holds that

d d

P [tgIpnt#1]> Z%g% 1@¢1§_

~D.
t~Dt i=2 i=2

16¢ d
= —_ — - >
d—l(d 1 |Ig|)>165(1 4(d—1)>_8€’

where the last inequality follows from the event E(#) holding implies |I;{ < d/4 and the assumption
that d > 2 implying that d/(d — 1) < 2 . Combining this with us previously concluding that the
event F(t) holds with probability at least 1/2, we then have that

(85) 2e.

l\.')\r—t

END? t~D,

ElE[ [MM%%MHHHWM¢”M
AQ

which concludes the claim in Equation . Thus what remains is to show that for any realization
t of t where the event E(t) holds, and a realization ¢ of t such that t ¢ Iy and t # 1, it holds that

P [K, ¢ R(AD)] > <.

~

(24)

l\D\H

To see this, let A = (A( L)1 ,A( 1), H) be the subvector of A consisting of indices from [ and
t
let A1t7 = (A(Iy)l, .. ’A(I?)Utj) be the subvector of A consisting of indices from I Now by the law

of total expectation we have that

2[R oA = xe%f; 2[R BoADIA = 2] P o [

A=z, (%)
where Q. is the distribution over A 1, induced by A having the uniform distribution on Q. We
will show that for any fixed z € [k,]I#l, it holds that

P [&, ¢ Ro(All)|As, = 2] 2

~

(26)

N | =

which will give Equation , by plugging this back into Equation .
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Now for any fixed z € [k,]//, we have that Ry (A]) is fixed since Ro(A|t) only depends on the
values of A on the indices in I and Aifl1et Furthermore, since ¢t ¢ I and ¢t # 1, and that
the values of A 1, conditioned on A 1 is uniform over [k, ]\({values in 2} U {1}), we have that A, is
drawn uniformly at random from [k,]\({values in 2} U {1}), which has size k, — [I{ — 1. We thus
have that the probability that A, falls outside region RO(XH_} is at least

S S ky — |14 — 1 — |Ro(Af)] max,, <q/(128¢) m(n’)d
P |A; & Ro(Alt)|AL.=z| > : >1- —
K A # FoRIDIA, = | 22— P 2 1 -
o _ A% <d)(128c) m(n')d S 1
= ke —dji—1  “ 2

where we in the second inequality have used that the region RO(A]B has size at most md <
max,<q/(128c) M(n')d, the third inequality follows from that [I;{ < d/4, under the event E (t), and
the last inequality follows from the choice of ky, = [2max,/<q/(128:) m(n’)d + d/4 4 1], which show
Equation and concludes the proof.

O

C.3 Proof of Theorem [3.10]

In this section we present the proof of Theorem [C.4] which contains both a constant probability
lower bound and an expectation lower bound, where the statement in Theorem follows from
the latter. We now state Theorem

Theorem C.4. For any 0 < v <1 and 0 < e < 1, there exists a hypothesis class H with v-OIG
dimension at most 3 such that for any finite aggregation learning algorithm A’ with an interpolating
aggregation rule and any n’' € N, there exists a realizable distribution D such that if A" receives
n <n' ii.d. samples S ~ D", then with probability at least 1/2 over S, it holds that

LHA(S) =1, (27)
and

JE L [EHAS)] 2 1-¢/2, (28)

where the distributions D in the two cases may be different.

Proof of Theorem [CJ: We will consider the universe X = Ujen{(k,z) : k = i,z < k}. We now
construct the hypothesis class H as follows. To this end, we first notice that the set U;en{(k, A)|k =
i?, A C [k],|A| = VE} is countable, implying that for each pair (k, A) we can assign a unique real
number 7y, 4 € (7,1]. Now for each such pair (k, A) we define the hypothesis hy 4 : X — {0,1} as
follows:

0 ifr=kandye€ A,
Yr,A otherwise.

hra(z,y) = {

We define the hypothesis class H = Ujen{hi,a : k = i2, A C [k],|A| = VEk}.
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v-OIG dimension of H. We now show that H has y-OIG dimension at most 3. To see this,
consider any set of n > 3 points S = {(x1,91), ... (Zn,yn)}, and the v one inclusion graph induced
by S and H which has vertex set V = H|s = {(h(z1,91), ..., h(xn,yn))|h € H}, and edge set E
where an edge is a hyperedge (f,4), containing v € V' if v((x;,y;)) = f((x},y;)) for all j € [n]\i.
Consider any finite subgraph (V’, E’) of the one inclusion graph. We now show that we can orient
the edges of this subgraph such that each vertex has out-degree at most 1, which by n > 3 would
imply that the 4-OIG-dimension is at most 3 by Definition 3.9 We claim that the orientation where,
given an edge (f,7), we orient it towards v € (f,) such that v((z;,v;)) < v'((zi,v;)) for all other
v € (f,1), gives an out-degree of at most 1 for each vertex.

To see this, first consider any vertex v € V'’ with at least 2 non-zero values on S. Let v correspond
to hypothesis hj 4. Since v has at least 2 non-zero values, there exist distinct indices j,! € [n] such
that v(z;,y;) = k4 and v(z;, y;) = Yk 4. Consider any edge (f,?) containing v. If i # j, then any
neighbor u € (f,4) must satisfy u(z;,y;) = v(z;,y;) = Y&, a. Since v 4 is unique to the pair (k, A),
u must also be generated by hj 4, implying v = v. If i = j, then since n > 3, there is another index
I # i where v(z,y;) = Yk, 4. Similarly, any neighbor must agree on [, forcing the neighbor to have
value 7y 4 at [, and thus be hy 4. Thus, a vertex with at least 2 non-zero values forms a singleton
edge (self-loop) in any direction and has out-degree 0.

Now consider a vertex v € V' with exactly 1 non-zero value, say at index j. So v(z;,y;) = Vk,A
and 0 elsewhere. For any edge (f,4) with ¢ # j, any neighbor must agree on j, so must equal v 4,
implying the neighbor is v itself. The only direction where an edge can contain other vertices is
© = j. In this edge, v has value ;4 > 0. If there exists a neighbor v with value smaller than v;, 4 at
i, the edge is oriented towards w. If all neighbors have values larger than 7 4, it is oriented towards
v. Thus, v has out-degree at most 1.

Finally, consider a vertex v € V'’ with 0 non-zero values (i.e., the all-zero hypothesis). Since the
edge orientation directs edges towards the vertex with the smallest value on index i, and 0 is the
minimum possible value, any edge (f,7) containing v must be oriented towards v. Consequently,
such a vertex has an out-degree of 0.

Thus we have shown that the orientation gives an out-degree of at most 1 for each vertex in the
« - one inclusion graph, and thus for n > 3 the out-degree is at most 1 < n/3 implying that the
~v-OIG-dimension of H is at most 3.

Lower bounds. We now show that for any finite aggregation learning algorithm A’ there exists a
realizable distribution D such that if A’ receives S ~ D", n < n’ , then

E L [LHAE)] 2 1-¢/2 (20)

which implies Equation . By the reverse Markov inequality (Lemma |C.3]), this further implies

Es~pn [LH(A'(8)] - (1 —¢)

PLH(A(S) > 1—¢] > o

1
> o
-2
which implies Equation . Thus it suffices to prove the expected loss lower bound in Equation (29)).
To this end, let A’ be any finite aggregation learning algorithm given n < n’ training examples. We
construct a family of realizable distributions. We choose k,, which will be the effective universe size
for the distributions we will construct, as k, = i for i € N, with i large enough such that

n' Vky max, ey m(n)
(1 - JE> (1 _ x ) >1—c)2. (30)
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Each distribution is indexed by a vector in the set:
Q={Ae k)™ |VijelWVhklitj = A #A4}.

The distribution D ; for each Ace Q is defined as:

Di(z,y,2) = \/%Tu if v = kuvy:gi,«z:o, for some i € [k,
7 0 otherwise.

We notice that each distribution D ; is realizable by the hypothesis hku (4 € ‘H, where {ff} =
{ffl, LA m} We notice that sampling from D ; can be seen as first sampling t ~ Dy, where D,

is the uniform distribution over [\/k, ], and then returning (., fft, 0). Furthermore using this perspec-
tive the distribution of training sequence S ~ D% is the same as S(A, t) = ((ku, A¢,,0), .. ., (ku, A¢,,, 0))
where t; are i.i.d. from D;. Using this view of the sampling process we have that

£} (A(S)) = IA(S)(@,y) 2| > 7] = B [JA(S)(kys A) 0] > 1]

(z,y,2 )~D~
_ i LAY AS) (ki) > o}

wn

%

Taking expectation over S:

B () (A(S)]= E lHZG{A} AL >><ku,z‘>>fy}r]_

SN'DA. A €NDZL
Furthermore letting A~ Q@ denote a random vector sampled uniformly from @), we have that

E l|{ze{A} A/ (S(A, ) (kuy i) > 1} 1
t~Dp Vky
1 -

= 72:E. L&IEQ (i € (A : A(S(A, ) (b ) > v}ﬂ

E [ E [ﬁ%AM'(sm] - E

A~Q

and thus if we can lower bound the last expectation by v/k,(1 — &/2), then the above is lower
bounded by 1 — ¢/2. Hence, there exists a vector Ac @ such that when S ~ D™ the corresponding
loss is also lower bounded by 1 — £/2, 1mply1ng Equation (29)). We will show the claimed lower
bound by showing that for any realization ¢ of t, it holds that

[me{A} A (S(A, 1)) (kur i) > 7H] > VEa(1 —2/2). (31)

To this end, consider any realization ¢ of t. Let’s define the set of indices seen and not seen in ¢ as
G={jeWhk]:je{ft} and I={jeVk]: j¢{i}}.
and let A1t7 = (A(]y)l,...,A(I

1?)”&1)7
A= (Ag

PIERRE

be the subvector of A consisting of indices from Ig and let

,A( 1), 1_\) be the subvector of A consisting of indices from I;. By the law of total
t
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probability we have that

E |I{i € {A): A(S(A, D) (ku, i) > 1)
A~Q
:xG[kz‘LFI AEQ |:|{Z © {A} : A/(S(‘&7£§)(kU7Z) ~ 7}|‘A1F B x:l A; ]P)QIF [AI{ - SU} ’

where Q.. is the distribution over A 1 induced by A having the uniform distribution on Q.

We will now show that for any fixed = with distinct entries (the only ones that has non zero
mass in the above sum) the conditional expectation is lower bounded by v/k,(1 — £/2), which
implies Equation (31)). To this end, consider any ﬁxed € [ky]Ii with distinct entries. We notice
that for any fixed AIA = z, the vector S( A B =r ku,Atl, 0),..., (ku,ﬁtn,O),x) is fixed as it only
depends on the entries of A indexed by Ir, which are fixed to A 1 = z. This furthermore implies
that A'(S(A,1)) is fixed as well.

By the definition of finite aggregation learning algorithm using a interpolating aggregation rule,
we have that there exists a finite set of hypotheses {hx, 4, .., hk,,, A,, } in H such that A’'(S (A, 1) =
T(Pky Ay -+ o s Py A @), Where m < m(n) < max,epn m(n ) < oo. Furthermore, by constructlon of
H, each hypothesis h, 4, can output a zero value at most v/k, times on [k,] otherwise its output
is strictly larger than v . This implies combined with the aggregation rule being interpolating so
outputting a value between the mlnimum and the maximum of the aggregated values implies that
Ry={i € [k,): A(S (A, D)) (ky,i) >~} = {i € [kd] : T(hiy, Ay (Fus ), oo he,oay, (Buy ), @) > ) is at
least of size k, \/> maxne[n/] m( ). Using this we have that

[{i € {A}: A(S(A,))(kusi) > 7} = [{A} N Ryl = {A1} N Ryl

We furthermore notice that conditioned on A I =, the vector A I is uniformly distributed over

all vectors in ([ku]\{x})uﬁI with entries being distinct. This implies that

E |16 € (&Y AR D)kori) > &y =] = B 1(&s) 0By K, =]

~Q

73 ) B} YR — vk max e m(n)
=5 2 |Aug, € A=) = 2. TR = e

i= 1AN

where we in the last inequality used that |[k,)\{z}| > |[ku.]| — [{z}| = ku — |If| and that |Ry| >

ku = Vku maxpepnm(n). Since I < vy and I} = vy — |Iif > Vky — 1, we have that

ku — \/Emaxne[n’] m(n)
ku

= Vi (1 ) (1 Rt

which by the choice of k, in Equation is at least vk, (1 —¢/2), and as mentioned implies
Equation completes the proof.

B [I{i € (A} : AGSE D) (kuri) > M|Kr = 2| = (VR - )

~Q

O]
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C.4 Proof of Theorem [3.12]

In this section we present the proof of Theorem [C.5 which contains both a constant probability
lower bound and expectation lower bound, where the statement in Theorem follows from the
latter. We now state Theorem [C.5| and then give its proof.

Theorem C.5. For any 0 < v < 1, and d > 2, there exists a hypothesis class H with ~y-graph
dimension d~ such that for any proper learning algorithm A, and for any 0 < e < &’ there exists

a realizable distribution D such that if A receives n < :%5 In (MIEE) i.4.d. samples S ~ D" from D,

then with probability at least 1/48 over S, it holds that

Lp(A(S)) > e, (32)
and

LE ICB(A(S)) = 4¢3 (33)

where the distributions D in the two cases may be different.

Proof of Theorem[C.3. Let 0 < v < 1,d € N, and let the input space be X = ;2,1 {(k,z) : z < k}.
We start constructing the hypothesis class #7¢. To this end, we first notice that s>, ;{(k, A) :
A C [k],|A| = d — 1} is a countably infinite set. Thus, for each (k, A) in this set, we can define a
unique v, 4 € (7, 1], which we will do in the following. We will now map each of these tuples to
a hypothesis, where the union of these hypotheses will constitute our hypothesis class. Now for
integers k > d — 1 and A C [k], where |A| = d — 1, we define the hypothesis hy 4 : X — [0,1] as

0 if 2 = k,y € [k]\A,

Vk,A o else .

hi,a(z,y) = {

We then define the hypothesis class H% = (J32 ;1 {hr.a: A C [k],|A| =d — 1}

v-graph dimension of H??.  We now notice that the hypothesis class %% has y-graph dimension
at least d, since the set {(2d,) : 1 <y < d} is y-graph shattered by #7?, with the witness hypothesis
hod, (ds2,..2dy- To see why, we first notice that hyg (442,241 18 all 0 on {(2d,y) : 1 <y < d}, so
it suffices to show that for any B C [d] there is a hypothesis h € H?¢, such that h((2d,y)) > v
for y € B and h((2d,y)) = 0 for y € [d]\B. Thus if B = [d], then hyy 1 (1. 4—1} satisfies that
hodriq1,..,d-13((2d,¥)) = Y2a41.41,....d—1} > 7, for y € B as wanted. Otherwise, if |[B| < d — 1, the
hypothesis hog pup’, where B C {d+1,...,2d} with |B’| = d — 1 —|B], satisfies that for any y € B,
hoa,Bup (2d,y) = Y24.Bup’ > 7, and for any y € [d]\B, hag pup(2d,y) = 0, as wanted. Thus H
has ~-graph dimension at least d.

We now show that the hypothesis class H?*? has y-graph dimension at most d. Let S =
{(z1,11),- -, (®da+1,Ya+1)} C X be any set of size d + 1 and assume for the sake of contradiction
that H"¢ shatters S with hia € H74 as the witness hypothesis. We first observe that if there
exists an ¢ € [d + 1] with hp a((zi,¥i)) = Y4 > 0, then by uniqueness of 7 4, it must hold
that if hg ar((xi,vi)) = hea((zs,y5)), then (K, A") = (k, A), implying that for j € [d + 1] with
j # i we can not have hy a((zi,¥i)) = hia((zi,y:)) and |hi a (25, 95)) — hea((z5,95)) > v
simultaneously, contradicting that hy 4 is a witness hypothesis of the y-shattering. Now for the
case that hy a((z;,y;)) = 0 for all i € [d + 1], it must be the case that z = x; = ... = zg41,
furthermore implying that > d + 1, since otherwise the points in S could not be distinct, which is
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required for them to be shattered. We now claim that for B = {1,...,d}, there is no hypothesis
hy 4 € HY%, such that for any i € B, hi ar((w,v;)) > 7, and hyr_a((2,ya+1)) = 0. To see this we
first notice that any hy a4 with &’ # & would fail to comply with Ay ar((@,y441)) = 0, since in this
case hy a((2,ya+1)) = Y, 4 > 0. Furthermore in the case that k' = z, since |A’| = d — 1, there
exists at least one ¢ € B such that y; ¢ A’, implying that hy a((x,v;)) = 0, contradicting that
hir ar((x,y;)) > . Thus we have shown that H"?% has ~-graph dimension exactly d.

Lower bounds. We now define a family of distributions wherein we for any proper learning
algorithm A will find a hard distribution. To this end let

d
ky=|—
[165}

be the choice of effective universe size (the place where our distributions will have support inside).
We remark that this choice of k, implies the following inequalities, useful for the proof:

d d
ky—d+1)<el——-d+2) < — 4
ctha—d+ D) <e (1o —d+2) < o (31)
d
ky>—>2d+1 35
_166> * (35)

where in the first line we have used that [2] <2z 41 and d > 2 and in the second line we have used
that € < 1/(64e) and d > 2. Furthermore let

0= {A’e a4 Vi, € [ky — d+ 1],0 # j, A; # Aj}

where each of these vectors will be used to define a distribution D ; as follows. For any Ae Q, we
define the distribution D 7 over X x [0, 1] as

ifa;:ku,yeg,

-
Ds(((z,y),0)) = {3““”1 else .

We notice that D ; is realizable by HY?, since hku,{A'C}v where {A¢} = {i € [ky] | Vj € [ku —d + 1] :

i # /YJ} is constant zero on the support of D ;. We notice that sampling from D ; can also be
seen as sampling t ~ D, with Pp[t = i] = ﬁ for i € [k, — d + 1], and then returning the

sample ((ky, Ay),0). From now on we will identify samples from D 7 with samples from D; via this

mechanism. Thus we will let S(A|t) = (((ku, A, ),0), ..., ((ku, At, ), 0)) be the training sequence of
size n sampled i.i.d from D ; using the random vector t = (t1,...,t,). This perspective also implies
that for a learning algorithm A,

-, - =, -,

£h (ASAR) = B [JASAR)(x,y) — 2] > 7] = B [AS(A[))(ky, At) > 1]
((x,y),2)~D 3 t~D;

where the second equality follows from z = 0 given the definition of D ;. We will start by showing

Equation and then show Equation . Let from now on A be any proper learning algorithm.

Now using the above observation about how to rewrite the loss, and using the alternative sampling

procedure of S(/T, f), we have that for any A4 € Q,

—,

B, [Ch As) > ] = P [ B Sk, A) > ] > <.
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Using this and letting A being drawn uniformly from Q (denoted as A~Q ), we have that

. B - o
2. [Sgg;% £ (A®) > e]] - L,Nn;) (B A AR (s K0 > ) > <
- b | [ s £ ][
t~Dp | A~Q Lt~Dr

We will show that the last term in the above is lower bounded by 1/48, i.e.

- = 1
PP B ASED) (e A > > 2] | = 4o (7)

{;’Nplz ANQ t~Dy 48

implying that there exists a A € Q such that

P2 (A®) > <] 2

further implying the statement in Equation . Thus we now lower bound Equation . To this
end, let’s define the set of indices seen and not seen in t

[,;/:{je [ky —d + 1] ]&{’E}} and IE:{jE[ku_d+1] ije{g}}-
We then have that

We will show that for any realization ¢ of t with |It7l > d, it holds that

P [ B ASED) k) > 21 > ] > o (39
A~ Lt~D 24
implying that
e Lg;@ B AR 0 &) > 5] > €] | 2 57 2 (1= . (39)
Lastly we will show that
P [l >d] >1/2, (40)

t~Dy

implying Equation by combining the above two 1nequahties in Equation and Equatlon .
We first show Equation and then Equation (40). To this end let ¢ be any reahzatlon of t with

I} > d. We have that

X Y _ T{AS(A|D)) (ky,i) > 7}
g@ tNIP’Dt[A(S(A@)(ku,At) > 7] >s} —gQ ie%} ku_d+1 > e (41)
= P [/t € (&) : AGS(AD)(ku.i) > 7} > el —d+ 1)
(42)
d
> P [Ifi € (A} S (hori) > > §]
A~
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where the last inequality follows from Equation 1} Let th? = (A( I A ) y

subvector of A consisting of indices from I? and let Aj. = (A( JETIEN A 1), Ig|) be the subvector of

), be the

A consisting of indices from I;. By the law of total probability we have that

P It (&) - AS(AD) wi) >} > 5]

N

. > - . dl
- [|{z € (A} : ASAID) (husi) > 7} > S’AI{ _ m}
me[ku]ku7d+liud A
where (1. is the distribution over A 1 induced by A having the uniform distribution on ). We will
show that

P [Ifi € (A} s ASAI) (i) > 2} > &1 =] = o7

- 24 (43)

~Q

for any fixed z € [ku]kufdﬂfuﬁl, which by the above implies Equation . Now for any
fixed x € [k:u]k“_dﬂ_uf), we have that A'[f? € [k:u]ud is uniformly distributed on the vectors
of length |It7l with distinct entries from [ky]\{z}. Furthermore for a fixed x we have since

S(A, D) = (((ku, At,),0), ..., ((ku, Ay,),0))) only depends on A[ﬂ = z, that A(S(A[})) is fixed.
Since A is a proper learmng algorithm, the latter further implies that A(S A[f) = hp a € HY,
meaning that

R {A} if k' # ku,
{i € (A} ASAD) (k) > 7} = (5 € (KY : b ae(hnd) > 7} = {{A}M, i
where we in the last equality have used that by definition of hy 4/, it holds that his ar(ky,t) =
Y, AT > Y if &/ 75 k., and hk’,A’(kUat) =0if ¥ = k, and t € A/, and hk/7A/(ku,t) = Vg,A" > Y if
k' = k, and t € A’. For the first case in the above, k¥’ # k,,, the size of the set inside the probability of
Equation is [{A}| = ky —d+1 > d+2 by Equation , and the lower bound in Equation
follows. In the second case k' = k, and ‘{‘&ff} NA| = [{z} N A’| > d/2, the lower bound in
Equation also follows. In the last case k¥’ = k,, and ]{A]{}ﬂfﬂ = {z}NA'| <d/2, we have that
[([ku]\{z})NA = [([R]NAN{z}N AN = [((k]NA)| = |({z}NA))| 2 d—1—(d/2-1/2) = (d—1)/2,
where we have used in the last step that [{z}NA’| < d/2 implies |[{z}NA’| < d/2—1/2. Furthermore
we have that |k, \{z}| = ky — [{z}| = d — 1+ [Ij}. Using this we have that

E {|{¢e{.&}:A(S(§\£))(ku,i)>7}|‘AI{:x]:HE [|{A}mA'| A]{:x}
~Q A~Q
|13 /
Z~IEQ [!{A@}ﬁAﬂ‘l&[{:x}:AIEQ [;1{(1&19)2-614/} A= ] ut) [\{@;;A‘
d-1)/2 d-1 | d-1 d  d-1 d d
Z’I’jd—1+|ltj_ 2 d—1+|It7{Z > d—1+d 2 2d—1°6

where the second equality follows from the entries of A I being distinct, the third equality from

A I; € [l{:u]llﬁl being uniformly distributed on the vectors of length [I;} with distinct entries from
[ku]\{z}, the second to last inequality follows from [Ij} > d and ¥, > 57 fora >c¢>0and b > 0.
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Using this lower bound on the expectation and that [{A} N A/| < |A'| = d —1 < d we have by
Lemma that

P [l < (B ASEID) ki) > 2 > /5| =

~

= P [l (R ABED)(kuri) > )/ > 15[ &), =] = 5 -

~Q

cn\»—'
oo\r—l
[\
NG

which shows Equation .
We now show Equation . To this end let X; be the random variable counting number of
draws from D; before seeing a new element in [k, — d + 1] after having seen i — 1 different elements

in [k, —d+ 1], i.e. X; is geometrically distributed with parameter p; = %. We then have

that X = Y™ 2 X, is the number of draws needed to have seen k, — 2d different elements in
[ku — d + 1] meaning there are ky —d+ 1 — (ky — 2d) = d + 1 unseen elements, i.e. |[z| > d. Thus if
we can show that X > n with probability at least 1/2 we have that Equation follows, thus we
show that. We have that

ku—2d —d+
2 p—d+1 1 ko — d+2
BXI= ) e ¢ ; 52 (h—d+ (M52 )
> (ky —d+1)In (l‘;‘g;) (45)

where the first equality follows from the linearity of expectation and from the expectation of a
geometric random variable with parameter p being 1/p, in the second equahty we have shifted

the index of the sum, and in the inequality we have used that > 7, J > f”+1 1dr = In (%),
Furthermore we have that
ku—2d ky—d+2—i ku—d+1
u 1 - B—r U 1 0o 1 k _ d 1 2
Var[X] = Y ——f=l <k, —d+1)2 Y =< (ku—d+1)2/ —da < (ky —d+ 1)
—1 [ ku—dt2—i ) d+1 T 2
i=1 ( = ) j=d+2

(46)

where the first equality follows from the independence of the X;s and from the variance of a geometric
random variable with parameter p being 1_—’) in the first inequality we have used that 1 —p; <1, in

the second inequality we have used that Z = < [ 132 L dz, and in the last inequality we have
used that [° ;2 dex = CIL for a > 0. Using Chebyshev s inequality we have that

P|1X - EX]| > y2Var[X]] < 3,

implying that with probability at least 1/2, it holds that

kd _2d) —(ky —d+1) = (ky —d+1)In (M)-

(47)

X > E[X] — /2 Var [X] > (ku —d + 1) In (

where the second to last inequality follows from the bounds on E[X]| and Var[X] derived in
Equation and Equation . Now using that
{ d " d 3d d 3d
ky = > >

— - — > d
16¢ 65_645+6 _645+
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where the last inequality follows from ¢ < 1/64e. Now, we bound each term in the product of the
last expression in Equation by respectively

ky—d S ky —d 3

(d+2)e =~ 2de — 128ee
where we have used in the first inequality that d > 2, and

3d
ky—d+1>—
+ 64¢e

which implies that with probability at least 1/2, it holds that

3d 3
X > 2%
= 6ae (12865) >

which we concluded earlier would imply Equation .
Now for the expected loss bound in Equation , we notice that

A [sl%g by <A<S>>]] - B [ (E [ AGED) (. 4) > ] (18)
2 ENI%? [&INEQ [tE”Dt[A(S(A\f))(ku,x‘Tt) > v]} [Ty} > d}
= k—ld—i—ltNI%jn L~Q [HZ € {A}: AS(A]D))(ku, i) > ’y}]} 1{|15] > d}

where the first equality follows from smnlar arguments as in Equation (36]), the second inequality
from similar arguments as in Equation (41). Now letting ¢ be any reahzatlon of t with |1 ﬁ >d, we
have that

- E |[i e {A}: ASAD) (ki) > 1}]
:me[k1t]k“z:d+1ll7 Ag@ [‘{Z ) {A} | A(S(l&@)(kujl) ~ 7}“1&]? -7 XQEQI{ [1&]{ - w} :

In the proof of Equation we showed that for any fixed = € [k:u]k“_d+1_|lf7|, it holds that
. " | . d
E 147 € (A} : AR (k) > )] & =] = G,
which implies that
d
E [I{i € (A} s ASAID) (ki) > 1] = 7.
A~Q
Plugging this back into the expected loss bound, Equation , we get that

E l E [C%A(A(S))H .1 d g [1{115] > da}] > 12(I<:jld) > 4e/3

A~qQ |S~DL " ky—d+16 ¢wpyp
where the second to last inequality follows from Equation saying wapg [|It7{ > d] >1/2, and
the last inequality follows from k, < d/(16e) + 1 and d > 2 implying that k, — d + 1 < d/(16¢),

showing the existence of a Ae @ with the same expected loss bound over S ~ D} and completing
the proof of Equation in the theorem. O
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