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Abstract

We study the fine-grained uniform convergence behavior of halfspaces beyond worst-case VC bounds.
For inhomogeneous halfspaces in Rd with d ≥ 2, we show that standard first-order VC bounds are
essentially tight: even consistent hypotheses can incur population error Θ(d ln(n/d)/n), and in the
agnostic setting the deviation scales as

√
τ ln(1/τ) at true error τ . In contrast, homogeneous halfspaces

in R2 exhibit a markedly different behavior. In the realizable case, every hypothesis consistent with the
sample has error O(1/n). In the agnostic case, we prove a bandwise, log-free deviation bound on each
dyadic risk band via a critical-wedge localization argument. Unioning over bands incurs only a ln lnn
overhead, and we establish a matching lower bound showing this overhead is unavoidable. Together, these
results give a fine-grained and nearly complete picture of uniform convergence for halfspaces, revealing
sharp dimensional and structural thresholds.

1 Introduction

Linear models are arguably among the most fundamental learning models and understanding their capabilities
and limitations has inspired countless influential theoretical and practical ideas. One of the earliest examples
of a learning algorithm is indeed the Perceptron algorithm Mcculloch and Pitts [1943] for computing a linear
model for binary classification. For binary classification with labels {−1, 1}, a linear model is specified by a
halfspace hw,b(x) = sign(wTx+ b) where w ∈ Rd is a normal vector for the separating hyperplane and b ∈ R
is the bias.

Understanding the generalization performance of halfspaces in the PAC learning setup of Valiant [1984]
is a core research topic in learning theory. Here there is an unknown target halfspace h⋆ : Rd → {−1, 1}
and an unknown data distribution D over Rd. A training set S is obtained as n i.i.d. samples from D, each
labeled by h⋆, i.e. S = (x1, h

⋆(x1)), . . . , (xn, h
⋆(xn)) with xi ∼ D. The goal is to argue that the error on the

training set S for every halfspace h, defined as erS(h) = |{i : h(xi) ̸= h⋆(xi)}|/n, is close to the true error
under the distribution D given by erD(h) = Px∼D(h(x) ̸= h⋆(x)). If one can give such a guarantee, then this
justifies Empirical Risk Minimization where one uses the training data S to find a halfspace h with smallest
erS(h). Arguing that all halfspaces h have a small gap between erS(h) and erD(h) is often referred to as
uniform convergence, i.e. with enough training data, the performance of every halfspace on the training data
S approaches that under the full distribution D.

A classic approach to proving uniform convergence is to use the concept of VC-dimension Vapnik and
Červonenkis [1971]. The VC-dimension of a hypothesis set H ⊆ {−1, 1}X for an input domain X , is the
largest d, such that there exists d points X = {x1, . . . , xd} ⊂ X where every labeling y : X → {−1, 1} can
be realized by a hypothesis h ∈ H (h(xi) = y(xi) for all i). The VC-dimension of halfspaces in Rd is d+ 1.
This bound allows one to use general uniform convergence results for hypothesis sets of VC-dimension d+ 1.
Concretely, the following result gives a general upper bound on uniform convergence

Theorem 1.1 (Uniform Convergence for VC-Classes, derived from Li et al. [2001]). There is a constant
c > 0 such that for any input domain X , integer d ≥ 1, hypothesis set H of VC-dimension d, distribution D
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over X × {−1, 1} any 0 < δ < 1/2 and number of samples n ≥ c(d+ ln(1/δ)), it holds with probability at least
1− δ over a sample S ∼ Dn that every hypothesis h ∈ H satisfies

| erD(h)− erS(h)| ≤ c


√

erS(h)(d ln(
e

erS(h) ) + ln( 1δ ))

n
+

d ln(nd ) + ln( 1δ )

n

 .

Note that the result in Theorem 1.1 is more involved than the often quoted and classic | erD(h)−erS(h)| ≤
c
√

(d+ ln(1/δ))/n bound Blumer et al. [1989]. The key difference is that the result in Theorem 1.1 improves
for hypotheses h with small erS(h). In the extreme case where h perfectly classifies the training set S
(erS(h) = 0), the bound in Theorem 1.1 simplifies to c(d ln(n/d) + ln(1/δ))/n which is a near-quadratic
improvement over the vanilla c

√
(d+ ln(1/δ))/n bound. Bounds of the form in Theorem 1.1 are known as

first-order bounds.
Examining Theorem 1.1, we observe that it applies to any hypothesis set H of VC-dimension d. Halfspaces

in Rd−1 is one example of such a hypothesis set, but it is not a priori clear that the bound in Theorem 1.1 is
tight for halfspaces. The terms involving ln(1/δ) are known to be tight regardless of the hypothesis set H,
but what about the remaining terms?

Quite recently, Hanneke et al. [2024] showed that the bound in Theorem 1.1 is tight for some hypothesis
sets of VC-dimension d. Concretely they proved tightness of Theorem 1.1 for the hypothesis set over a finite
domain X consisting of, for every S ⊆ X with |S| ≤ d, the hypothesis hS assigning labels −1 to points in S and
+1 elsewhere. It does not seem possible to choose a finite subset X of Rd−1 such that halfspaces can generate
all labelings with up to d points labeled −1 (when |X | is large enough). So we cannot immediately replicate
that result. Moreover, the strongest lower bound that holds for all hypothesis sets of VC-dimension d states
that with constant probability, there is a hypothesis h with | erD(h)−erS(h)| ≥ c(

√
erS(h)d/n+d/n) Devroye

et al. [1996] [Chapter 14]. That is, the ln(1/ erS(h)) does not appear in the lower bound and neither does the
ln(n/d) term.

In this work, we study precisely this question for halfspaces, i.e. what are the exact uniform convergence
guarantees for halfspaces? It turns out that the answer is not so simple and an interesting picture emerges
with several surprising theoretical insights.

1.1 Our Contributions

Our first main contribution is to show that Theorem 1.1 indeed gives a tight characterization of uniform
convergence for halfspaces. However, this comes with a small caveat. In more detail, a halfspace sign(wTx+ b)
is referred to as homogeneous if b = 0 and otherwise inhomogeneous. We now have that for inhomogeneous
halfspaces in d ≥ 2 dimensions, we get a tight characterization from Theorem 1.1 as demonstrated by the
following two theorems.

Theorem 1.2. There is a constant c > 0 such that for any d ≥ 2 and any n > d, there is a distribution D
over Rd and an inhomogeneous halfspace h⋆ such that with probability at least c over a training set S ∼ Dn

labeled by h⋆, it holds that there is an inhomogeneous halfspace h that is consistent on the training set, i.e.

h(x) = h⋆(x) for all x ∈ S, but with erD(h) ≥ cd ln(n/d)
n .

Theorem 1.3. There is a constant c > 0 such that for any d ≥ 2, any c−1d ln(n/d)/n < τ < c and any
n > c−1d, there is a distribution D over Rd and an inhomogeneous halfspace h⋆ such that with probability
at least c over a training set S ∼ Dn labeled by h⋆, it holds that there is an inhomogeneous halfspace h with
erD(h) = τ, τ/2 ≤ erS(h) ≤ 2τ , but with

erD(h)− erS(h) ≥ c

√
erS(h)d ln(e/ erS(h))

n
.

Observe how Theorem 1.2 matches the upper bound in Theorem 1.1 for erS(h) = 0, i.e. when h is
consistent on the training set. The bound in Theorem 1.3 handles hypotheses with larger error and completely
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matches the guarantee in Theorem 1.1. Notice also that for τ < c−1d ln(n/d)/n, the lower bound from
Theorem 1.2 matches Theorem 1.1. We remark that the proof of Theorem 1.2 uses a construction very similar
to prior work by Zhivotovskiy and Hanneke [2018] (see the proof of their Proposition 19).

A natural question is now whether the restriction to inhomogeneous halfspaces in d ≥ 2 dimensions is
necessary or just an artifact of our proof. It is easily seen that homogeneous halfspaces in Rd are at least as
expressive as inhomogeneous halfspaces in Rd−1 using the classic trick of hard-coding the bias into a special
feature of value 1 on all data points. But what happens for homogeneous halfspaces in R2? To our surprise,
it turns out that the behavior deviates from the higher-dimensional cases.

Theorem 1.4. For any distribution D over R2, any homogeneous halfspace h⋆ and any 0 < δ < 1, it holds
with probability at least 1− δ over a training set S ∼ Dn labeled by h⋆ that every halfspace h that is consistent

on the training set, i.e. h(x) = h⋆(x) for all x ∈ S, satisfies erD(h) ≤ ln(2/δ)
n .

Notice how this is an improvement of a lnn factor over Theorem 1.1 with d = 2 (homogeneous halfspaces in
Rd have VC-dimension d). Next, for hypotheses with a non-zero erS(h), we prove the following generalization
upper bound

Theorem 1.5. There is a constant c > 0 such that for any distribution D over R2 × {−1, 1}, any dyadic
risk band (2−i, 2−i+1] with integer i ≥ 1 and any 0 < δ < 1/2, it holds with probability at least 1− δ over a
training set S ∼ Dn that every halfspace h with erD(h) ∈ (2−i, 2−i+1], satisfies

erD(h)− erS(h) ≤ c ·

(√
erS(h) ln(1/δ)

n
+

ln(1/δ)

n

)
.

Note that in Theorem 1.5, we focus on the general agnostic case where the distribution D is over a
point x ∈ R2 and a label y ∈ {−1, 1} and erD(h) := P(x,y)∼D(h(x) ̸= y). This is an improvement of a√
ln(e/ erS(h)) over the general upper bound provided by Theorem 1.1.
Exploiting that the additive ln(1/δ)/n term dominates when 2−i ≤ 1/n. A union bound over the log2 n

relevant dyadic intervals (i ≥ log2 n) allows us to derive the following corollary

Corollary 1.6. There is a constant c > 0 such that for any distribution D over R2 × {−1, 1} and any
0 < δ < 1/2, it holds with probability at least 1− δ over a training set S ∼ Dn that every halfspace h satisfies

erD(h)− erS(h) ≤ c

(√
erS(h)(ln(1/δ) + ln lnn)

n
+

ln(1/δ) + ln lnn

n

)
.

The additive ln lnn terms look superfluous at first sight and could easily be suspected of resulting from
a sub-optimal union bound. Indeed for Theorem 1.1, the authors prove Theorem 1.1 only for erD(h) in a
dyadic interval (2−i, 2−i+1] (with the right interpretation of their proof). However, in their case, they can
union bound over all dyadic intervals using failure probabilities δi ≈ δ/(i+ 1)2 since for erD(h) ∈ (2−i, 2−i+1]
and erS(h) ≈ erD(h) we see that√

2−i(d ln(2i) + ln(1/δi))

n
=

√
2−i(d ln(2i) + ln(1/δ) + 2 ln(i+ 1))

n
.

They key point is that 2 ln(i + 1) is dominated by the ln(2i) term and thus can be ignored. This gives
the union bound for free. However, for our Theorem 1.5 we do not have an additive ln(1/ erS(h)) term to
dominate the additive terms arising from the smaller choice of δ necessary for a union bound.

In our last contribution, we ask whether the additive ln lnn from the union bound is strictly necessary. It
turns out it is

Theorem 1.7. There is a constant c > 0 such that for n > c−1, there is a distribution D over R2 and a
homogeneous halfspace h⋆ such that with probability at least c over a training set S ∼ Dn labeled by h⋆, it
holds that there is a homogeneous halfspace h with erD(h) ≥ c ln ln(n)/n and

erD(h)− erS(h) ≥ c

√
erS(h) ln lnn

n
.
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To the best of our knowledge, this is the first time it has been shown that a simultaneous generalization
guarantee over the different risk levels (values of erD(h)) provably is more expensive than a guarantee over
just a single risk level.

1.2 Related Work

PAC learning algorithms, VC theory, and first-order uniform convergence. While uniform
convergence gives a very strong for all guarantee, i.e. it bounds | erD(h) − erS(h)| for every hypothesis
h ∈ H, it is conceivable that concrete learning algorithms may generalize better than what is promised
from uniform convergence. If we let A(S) denote the hypothesis produced by a learning algorithm A on
training set S, and we let h⋆ ∈ H have smallest erD(h) among all h ∈ D, then known lower bounds on
the gap | erD(h⋆) − erD(A(S))| only scale as (d + ln(1/δ))/n and

√
erD(h⋆)(d+ ln(1/δ))/n, i.e. without a

ln(n/d) and a
√

ln(1/ erD(h⋆)) factor Blumer et al. [1989], Ehrenfeucht et al. [1989], Devroye et al. [1996].
Work by Simon [1997] and a subsequent improvement by Hanneke [2016] gave the first optimal learning
algorithm for realizable PAC learning (erD(h

⋆) = 0) whose error scales as (d + ln(1/δ))/n. This was
later matched by several simpler and more natural algorithms Larsen [2023], Aden-Ali et al. [2023, 2024],
Høgsgaard [2025]. In the agnostic case (general erD(h

⋆)), the recent algorithm by Hanneke et al. [2024]
gives the first optimal

√
erD(h⋆)(d+ ln(1/δ))/n bound provided that erD(h

⋆) ≥ d ln9(n/d)/n. Subsequent
work by Asilis et al. [2025] gave optimal bounds in the erD(h

⋆) ≤ d/n regime, leaving only the small range
d/n ≤ erD(h

⋆) ≤ d ln9(n/d)/n unresolved.

Support vector machines and margin-based generalization. Support Vector Machines (SVMs)
implement the maximum-margin principle for linear separation, originating with the max-margin classifier
Boser et al. [1992] and the soft-margin formulation of Cortes and Vapnik [1995] (see also the monographs
Vapnik [1998], Schölkopf and Smola [2002]). A large literature studies generalization in terms of margins,
typically via scale-sensitive complexity measures (fat-shattering, covering numbers, Rademacher complexity)
and resulting dimension-free or dimension-light bounds; early influential treatments include [Bartlett and
Shawe-Taylor, 1999]. Recent work has substantially tightened our understanding of optimal margin-based
guarantees for SVMs, including analyses via geometric Helly-type arguments and stable sample compression,
leading to essentially optimal sample complexity bounds for the SVM [Bousquet et al., 2020, Hanneke and
Kontorovich, 2021, 2019]. In parallel, Grønlund et al. [2020] revisited classic margin bounds for SVMs,
proving improved (near-tight) upper bounds together with nearly matching lower bounds that almost settle
SVM generalization in terms of margins . Very recently, Larsen and Schalburg [2025] obtained asymptotically
tight generalization bounds for large-margin halfspaces, sharpening the classical γ−2-type dependence in the
large-margin regime. These margin-based results are complementary to ours: they provide strong guarantees
for specific large-margin predictors (often the maximum-margin solution), whereas our focus is on uniform
convergence over the full halfspace class without margin restrictions, including consistent hypotheses that
may have arbitrarily small margin.

2 Homogeneous Halfspaces in the Plane

In this section we prove the upper bounds for homogeneous halfspaces in R2: Theorem 1.4 (realizable case),
Theorem 1.5 (bandwise deviation), and Corollary 1.6 (dyadic union bound). Consider the hypothesis set

H = {x → sign(w⊺x) : w ∈ R2}

consisting of homogeneous halfspaces in R2.

2.1 Realizable Case (proof of Theorem 1.4)

A homogeneous halfspace is hu(x) = sign(u⊤x) for some u ∈ R2. Since sign(u⊤x) = sign(u⊤(x/∥x∥)) for
x ≠ 0, the label depends only on the direction of x. Thus we may push forward D by x 7→ x/∥x∥ and assume
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the data lie on the unit circle. Parameterize a point by its angle θ ∈ [0, 2π). We now think of the data
distribution D as sampling an angle θ ∈ [0, 2π).

Under this identification, every homogeneous halfspace corresponds to a semicircle. To make boundary
effects explicit (and to support distributions with atoms), we fix the convention

Iα := (α, α+ π] (mod 2π),

and the classifier outputs +1 on Iα and −1 on its complement. Assume (w.l.o.g. by rotation) that the target
is I0 = (0, π].

For t ∈ (0, π], define the two disagreement sets corresponding to shifts by +t and −t:

Gt := (0, t] ∪ (π, π + t], Ht := (π − t, π] ∪ (2π − t, 2π].

Note that It disagrees with I0 exactly on Gt, and I2π−t disagrees with I0 exactly on Ht. Also, the families
{Gt}t∈(0,π] and {Ht}t∈(0,π] are nested: if 0 < s ≤ t then Gs ⊆ Gt and Hs ⊆ Ht.

Proof of Theorem 1.4. After pushing forward D to angles, let µ denote the induced distribution on [0, 2π).
Assume the target is I0 = (0, π] as above.

Fix any ε ∈ (0, 1). We upper bound the probability that there exists a consistent hypothesis with true
error > ε.

Case 1: shifts by +t (i.e., α ∈ [0, π]). Let

tε := inf{t ∈ (0, π] : µ(Gt) ≥ ε}.

By definition and monotonicity, µ(Gtε) ≥ ε, and for any t with µ(Gt) > ε we have Gtε ⊆ Gt. Therefore, if
there exists t with µ(Gt) > ε and S ∩Gt = ∅, then necessarily S ∩Gtε = ∅. Thus

P
(
∃ t : µ(Gt) > ε ∧ S ∩Gt = ∅

)
≤

P(S ∩Gtε = ∅) =
(1− µ(Gtε))

n ≤
(1− ε)n.

Case 2: shifts by −t (i.e., α ∈ [π, 2π)). The same argument with the nested family {Ht} yields

P
(
∃ t : µ(Ht) > ε ∧ S ∩Ht = ∅

)
≤ (1− ε)n.

By a union bound over the two directions,

P
(
∃ consistent h : P(h ̸= h⋆) > ε

)
≤ 2(1− ε)n ≤ 2e−nε.

Setting ε = 1
n ln 2

δ gives

sup
h∈V (S)

Px∼D
(
h(x) ̸= h⋆(x)

)
≤ min

{
1,

1

n
ln

2

δ

}
,

where V (S) is the version space, i.e., the set of those h ∈ H that are consistent with the labeled sample. This
implies the stated bound ln(2/δ)/n.

Remark 2.1. The same tail bound implies the expected worst-case version-space error is O(1/n): if X =
suph∈V (S) P(h ̸= h⋆) ∈ [0, 1], then

E[X] ≤
∫ 1

0

2(1− ε)n dε =
2

n+ 1
.
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2.2 Agnostic Case

We now generalize the arguments above to the agnostic case. Here D is a distribution over an angle θ ∈ [0, 2π)
and a label y ∈ {−1, 1} and erD(h) := P(x,y)∼D(h(x) ̸= y).

For an integer i ≥ 1, define the dyadic risk band

Hi :=
{
h ∈ H : erD(h) ∈ (2−i, 2−i+1]

}
.

Assume Hi ̸= ∅ and fix an arbitrary reference h′ ∈ Hi. By rotation, assume h′ = h0 with I0 = (0, π].
For a measurable A ⊂ [0, 2π) and training set S = (θ1, y1), . . . , (θn, yn) write

µ(A) := P(x,y)∼D(θ ∈ A), µ̂(A) :=
1

n

n∑
j=1

1{θj ∈ A}.

Lemma 2.2 (Critical-wedge localization on a band). Let h′ = h0 and let ε ∈ (0, 1). Define the critical radii

t+(ε) := inf{t ∈ (0, π] : µ(Gt) ≥ ε},
t−(ε) := inf{t ∈ (0, π] : µ(Ht) ≥ ε},

and the corresponding open wedges

G◦
ε := (0, t+(ε)) ∪ (π, π + t+(ε)),

H◦
ε := (π − t−(ε), π) ∪ (2π − t−(ε), 2π).

Then µ(G◦
ε) ≤ ε and µ(H◦

ε ) ≤ ε. Moreover, if hα is a shift with α ∈ [0, π] and α ≥ t+(ε), then

erD(hα) ≥ ε− erD(h0).

The analogous statement holds for shifts in [π, 2π) using H◦
ε .

Proof. If α ≥ t+(ε) then by nesting Gt+(ε) ⊆ Gα. On Gt+(ε) the classifiers hα and h0 always output opposite
labels, hence 1{hα(θ) ̸= y} = 1− 1{h0(θ) ̸= y} on that set. Therefore

erD(hα) ≥ P(θ ∈ Gt+(ε))− P(h0(θ) ̸= y) ≥ ε− erD(h0),

using µ(Gt+(ε)) ≥ ε by definition.

Lemma 2.3 (Bandwise log-free uniform deviation). Fix i ≥ 1, assume Hi ̸= ∅, and fix h′ ∈ Hi. Then for
any δ ∈ (0, 1), with probability at least 1− δ over S ∼ Dn, simultaneously for all h ∈ Hi,

∣∣erS(h)− erD(h)
∣∣ ≤ C

(√2−i ln(1/δ)

n
+

ln(1/δ)

n

)
,

for a universal constant C > 0 (independent of i, n, δ).

Proof. Rotate so h′ = h0. We treat the subfamily

H+
i := {hα ∈ Hi : α ∈ [0, π]},

and note the [π, 2π) case is identical (we union bound over the two cases at the end).

Step 1: localize all h ∈ H+
i to one wedge. Set ε := 2−i+3 and let E := G◦

ε. Since erD(h0) = erD(h
′) ≤

2−i+1, Lemma 2.2 implies that any hα ∈ H+
i must satisfy α < t+(ε), hence

hα(θ) = h0(θ) for all θ /∈ E.
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In particular, for every h ∈ H+
i we have h = h0 on Ec.

Let p := P(θ ∈ E) = µ(E) ≤ ε and let

NE := |S ∩ E| =
n∑

j=1

1{θj ∈ E}.

Step 2: decompose the error inside/outside E. Write conditional (true) errors as

erD(h |E) := P(h(θ) ̸= y | θ ∈ E),

erD(h0 |Ec) := P(h0(θ) ̸= y | θ /∈ E),

and empirical conditional errors analogously on S ∩ E and S \ E. Since h = h0 on Ec, we have

erD(h) = p erD(h |E) + (1− p) erD(h0 |Ec),

erS(h) =
NE

n
erS∩E(h) +

(
1− NE

n

)
erS\E(h0).

A short add-and-subtract gives the deterministic bound∣∣erD(h)− erS(h)
∣∣ ≤ p

∣∣erD(h |E)− erS∩E(h)
∣∣+ (1)∣∣erD(h0 |Ec)− erS\E(h0)

∣∣+ 2
∣∣∣p− NE

n

∣∣∣.
Step 3: control each term with probability 1− δ.

(a) Control |p−NE/n|. By Bernstein for Bernoulli indicators, with probability ≥ 1− δ/4,

∣∣∣p− NE

n

∣∣∣ ≤
√

2p ln(4/δ)

n
+

2 ln(4/δ)

3n
.

(b) Control the outside-E term for the single hypothesis h0. Apply Bernstein to the bounded variables
1{θ /∈ E, h0(θ) ̸= y} to get, with probability ≥ 1− δ/4,∣∣P(θ /∈ E, h0(θ) ̸= y)− P̂(θ /∈ E, h0(θ) ̸= y)

∣∣ ≤√
2 erD(h0) ln(4/δ)

n
+

2 ln(4/δ)

3n
,

where P̂ denotes the empirical probability measure induced by the sample, and similarly for |P(θ /∈ E)− P̂(θ /∈
E)|. Combining these (and using erD(h0) ≤ 2−i+1) yields∣∣erD(h0 |Ec)− erS\E(h0)

∣∣ ≤
c1

(√2−i ln(1/δ)

n
+

ln(1/δ)

n

)
for a universal constant c1.

(c) Control the inside-E uniform term. Condition on NE and note that, given NE , the sample in S ∩ E
is i.i.d. from D(· | θ ∈ E). The restrictions of semicircles h ∈ H+

i to E form a VC class of constant dimension
(in fact ≤ 2), so a standard VC/Rademacher bound gives, with conditional probability ≥ 1− δ/4,

sup
h∈H+

i

∣∣erD(h |E)− erS∩E(h)
∣∣ ≤ c2

(√ ln(4/δ)

NE
+

ln(4/δ)

NE

)
,
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for a universal constant c2 (when NE = 0 the left side is 0). Writing ≍ to denote equivalence up to absolute
multiplicative constants, we put p ≤ ε ≍ 2−i. From the concentration of NE around pn from (a), we get

p sup
h∈H+

i

∣∣erD(h|E)− erS∩E(h)
∣∣ ≤ c3

(√ ln(1/δ)

2in
+

ln(1/δ)

n

)
with probability at least 1− δ/2, for a universal constant c3.

Step 4: conclude for H+
i and then union bound over the two directions. Plug the bounds from

(a)–(c) into (1) and take a union bound. This yields the stated bound for all h ∈ H+
i with probability at

least 1− δ/2. Repeat for the [π, 2π) case and union bound the two events.

Note that Lemma 2.3 essentially also gives Theorem 1.7, except we need to argue that we can replace 2−i

by erS(h). Let c > 0 be a sufficiently large constant. If 2−i < c ln(1/δ)/n then we conclude

| erS(h)− erD(h)| ≤

C

(√
2−i ln(1/δ)

n
+

ln(1/δ)

n

)
≤

C(
√
c+ 1) · ln(1/δ)

n
≤

C(
√
c+ 1) ·

(√
erS(h) ln(1/δ)

n
+

ln(1/δ)

n

)
.

If on the other hand 2−i ≥ c ln(1/δ)/n, then we have

C

(√
2−i ln(1/δ)

n
+

ln(1/δ)

n

)
≤ C

(
2−i

√
c
+

2−i

c

)
.

For large enough constant c compared to C, we thus have | erS(h) − erD(h)| < 2−i−1. Since erD(h) ∈
(2−i, 2−i+1], this implies erS(h) ≥ erD(h)− 2−i−1 ≥ 2−i − 2−i−1 ≥ 2−i−1. Thus we conclude

| erS(h)− erD(h)| ≤

C

(√
2−i ln(1/δ)

n
+

ln(1/δ)

n

)
≤

C

(√
2 erS(h) ln(1/δ)

n
+

ln(1/δ)

n

)
≤

√
2 · C

(√
erS(h) ln(1/δ)

n
+

ln(1/δ)

n

)
.

This proves Theorem 1.7.

2.3 Uniform deviation via a dyadic union bound

Proof of Corollary 1.6. Let m := ⌈log2 n⌉ and define the tail class

H≤ := {h ∈ H : erD(h) ≤ 1/n}.

For i = 1, . . . ,m, set δi := δ/(i(i + 1)) and set δ0 := δ/(m + 1). Then
∑m

i=1 δi = δ
(
1− 1

m+1

)
, hence∑m

i=1 δi + δ0 = δ.

8



For each i ∈ [m], if Hi ̸= ∅, pick any reference h′
i ∈ Hi and apply Theorem 1.7 with confidence δi. This

gives an event Ei of probability at least 1− δi on which the bound of Theorem 1.7 holds for all h ∈ Hi. (If
Hi = ∅, set Ei to be the whole space.)

For the tail class, if H≤ ̸= ∅, pick any reference h′
≤ ∈ H≤ and apply the same argument as in Lemma 2.3

with the sole change that we use the uniform upper bound erD(h) ≤ 1/n for all h ∈ H≤ (the lower endpoint
of a dyadic band is not used in the proof). This yields an event E≤ of probability at least 1− δ0 on which,
simultaneously for all h ∈ H≤,

| erS(h)− erD(h)| ≤ c
(√ (1/n) ln(1/δ0)

n
+

ln(1/δ0)

n

)
.

(If H≤ = ∅, set E≤ to be the whole space.)
A union bound yields

P
(( m⋂

i=1

Ei

)
∩ E≤

)
≥ 1−

m∑
i=1

δi − δ0 = 1− δ.

On this intersection, every h ∈ H satisfies the desired bound: if erD(h) > 1/n then h ∈ Hi for some i ≤ m,
and we invoke Ei; otherwise h ∈ H≤ and we invoke E≤. Finally, since i ≤ m = ⌈log2 n⌉ we have

ln
1

δi
= ln

(
i(i+ 1)

δ

)
= ln

1

δ
+O(ln lnn)

ln
1

δ0
= ln

(
m+ 1

δ

)
= ln

1

δ
+O(ln lnn).

3 Lower Bounds

Consider inhomogeneous halfspaces in Rd for even d ≥ 2. For both our realizable and agnostic lower bound,
we design data distributions over a carefully designed finite support Xd/2,k. The properties of Xd/2,k are
described in the following

Lemma 3.1. For any even d ≥ 2 and integer k ≥ 1, there exists d/2 sets of points X1, . . . , Xd/2 ⊂ Rd so

that |Xi| = k for each i and where Xd/2,k = ∪d/2
i=1Xi satisfies that any labeling y : X → {−1, 1} assigning −1

to at most one point in each Xi may be realized by an inhomogeneous halfspace in Rd.

Proof. Our construction allocates two coordinates to each Xi. For each i = 1, . . . , d/2 let Xi consist of the k
points xi,1, . . . , xi,k where xi,j has all coordinates 0 except coordinate 2i− 1 that we set to cos(j2π/k) and
coordinate 2i that we set to sin(j2π/k). We can thus think of Xi as consisting of k points evenly spaced on

the unit circle when projected onto coordinates 2i−1 and 2i. Now consider any labeling y of Xd/2,k = ∪d/2
i=1Xi

assigning −1 to at most one point in each Xi. We show that y is realized by an inhomogeneous halfspace.
We let the bias of the halfspace be cos(π/(4k)). Note that 0 < cos(π/(4k)) < 1 for k ≥ 1. The unnormalized
normal vector wy is chosen so that for every Xi where all points are assigned 1, the two coordinates 2i− 1
and 2i are set to 0, and for every Xi where on point xi,j is assigned −1, we set coordinate 2i− 1 of wy to
− cos(j2π/k) and coordinate 2i to − sin(j2π/k).

Observe that for any Xi where all points are assigned 1 by y, we have sign(wT
y xi,j + cos(π/(4k))) =

sign(cos(π/(4k))) = 1 for all xi,j ∈ Xi. Now for an Xi where one point xi,j is labeled −1 by y, we have

9



sign(wT
y xi,j + cos(π/(4k))) = sign(−1 + cos(π/(4k))) = −1, and for h ̸= j, we have

wT
y xi,h + cos(π/(4k)) =

−(cos(j2π/k) cos(h2π/k)+

sin(j2π/k) sin(h2π/k)) + cos(π/(4k)) =

− cos((h− j)2π/k) + cos(π/(4k)) ≥
− cos(2π/k) + cos(π/(4k)).

For k ≥ 2 we have cos(2π/k) < cos(π/(4k)) and we conclude sign(wT
y xi,h + cos(π/(4k))) = 1.

Lemma 3.1 will be used to design the support of a data distribution D in both our realizable and agnostic
lower bound. Both lower bounds exploit large deviations in the number of occurrences of a given x ∈ X in
a sample S ∼ Dn from the expected number of occurrences under. We thus make use of the following two
anti-concentration results

Lemma 3.2 (Klein and Young [2015]). Let Y1, . . . , Yn be independent indicator random variables with success
probability p ≤ 1/2. For every

√
3/(np) < δ < 1/2,

P

(∑
i

Yi ≤ (1− δ)np

)
≥ exp(−9npδ2).

Lemma 3.3. Let Y1, . . . , Yk be negatively correlated indicator random variables, i.e. E[YiYj ] ≤ E[Yi]E[Yj ] for

i ̸= j. Let Y =
∑k

i=1 Yi denote their sum and µ = E[Y ] its expectation. Then P(Y ≥ µ/2) ≥ min{1, µ}/8.

Proof. We see that

E[Y 2] =
∑
i

∑
j

E[YiYj ] ≤
∑
i

E[Y 2
i ] +

∑
i

∑
j ̸=i

E[Yi]E[Yj ] ≤ µ+

(∑
i

E[Yi]

)2

= µ+ µ2.

By Paley-Zygmund, this implies

P(Y ≥ µ/2) ≥ 1

4
· E[Y ]2

E[Y 2]
≥ 1

4
· µ2

µ+ µ2
=

1

4
· µ

1 + µ
≥ min{1, µ}/8.

3.1 Realizable Case

We prove our first main lower bound, started in Theorem 1.2.

Proof of Theorem 1.2. Let k :=
⌈

8n
d ln(n/d)

⌉
. Let D be the uniform distribution over Xd/2,k = ∪d/2

i=1Xi and

let the target halfspace h⋆ be an arbitrary halfspace assigning the label 1 to all points in Xd/2,k. Such a
halfspace is guaranteed to exist by Lemma 3.1.

We start by arguing that for each Xi, it holds with constant probability over a sample S ∼ Dn that
there is at least one point xi,j ∈ Xi with xi,j /∈ S. For this, define an indicator random variable Yi,j taking
the value 1 if xi,j /∈ S and 0 otherwise. Then E[Yi,j ] =

(
1− 2

dk

)n ≥ exp
(
− 4n

dk

)
, where the last step uses

ln(1− p) ≥ −2p for p ∈ [0, 1/2] and the fact that 2/(dk) ≤ 1/2 for k ≥ 1 and d ≥ 2. By the choice of k, we
have dk ≥ 8n/ ln(n/d) and thus

exp

(
−4n

dk

)
≥ exp

(
− ln(n/d)

2

)
=

√
d

n
.
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Hence E[Yi,j ] ≥
√
d/n and letting Yi =

∑k
j=1 Yi,j we get E[Yi] ≥ k

√
d
n ≥ 8

√
n/d

ln(n/d) . In particular,

E[Yi] ≥ 1 for all n > d. Moreover, the variables Yi,j and Yi,h for j ≠ h are negatively correlated, i.e.
E[Yi,jYi,h] ≤ E[Yi,j ]E[Yi,h]. Therefore, by Lemma 3.3,

P(Yi ≥ E[Yi]/2) ≥ min{1,E[Yi]}/8 ≥ 1/8,

and since Yi is integer-valued this implies P(Yi ≥ 1) ≥ 1/8. Let Zi be the indicator of the event {Yi ≥ 1};
then P(Zi = 1) ≥ 1/8. We now have that E[

∑d/2
i=1 Zi] ≥ d/16. Considering the non-negative random variable

R = d/2−
∑d/2

i=1 Zi we have E[R] ≤ 7d/16 and thus by Markov’s inequality,

P
[
R ≤ 15d

32

]
≥ 1− E[R]

15d/32
≥ 1− 7/16

15/32
=

1

15
.

On this event we have
∑d/2

i=1 Zi ≥ d/32.
Now define a labeling y : Xd/2,k → {−1, 1} that assigns −1 to a point xi,j /∈ S for every i where Zi = 1

(choosing one such missing point per such i), and assigns +1 to all remaining points. By Lemma 3.1 there is
an inhomogeneous halfspace hy realizing the labeling y.

The halfspace hy labels all points xi,j ∈ S with the label 1 and is thus consistent with the target h⋆ on S.

However its error under the distribution D is at least erD(hy) ≥ d/32
(d/2)k = 1

16k . Using the definition of k

and the fact that ⌈A⌉ ≤ A+ 1 ≤ 9
8A for A ≥ 8 (and here A = 8n

d ln(n/d) ≥ 8 since ln(n/d) ≤ n/d for n > d),

we have 1/k ≥ d ln(n/d)/(9n). Therefore,

erD(hy) ≥ 1

16
· d ln(n/d)

9n
=

d ln(n/d)

144n
.

This completes the proof for even d by taking c ≤ 1/144 (and noting the event holds with probability at least
1/15 ≥ c). For odd d ≥ 3, the lower bound follows from the lower bound for d′ = d− 1 and a rescaling of c
by a factor at most 2.

3.2 Agnostic Case

We next turn to proving our second lower bound, stated in Theorem 1.3. For this, we need to relate erS(h)
and erD(h) to within a constant factor. We have done this separately in the following lemma

Lemma 3.4. There is a universal constant c > 0, such that for any input domain X , integer d ≥ 1,
hypothesis set H of VC-dimension d, distribution D over X × {−1, 1}, any 0 < δ < 1/2 and number of
samples n ≥ c(d ln(n/d) + ln(1/δ)) it holds with probability at least 1− δ over a sample S ∼ Dn that every
hypothesis h ∈ H with erD(h) ≥ c(ln(1/δ) + d ln(n/d))/n has 1

2 erS(h) ≤ erD(h) ≤ 2 erS(h).

Proof. From Theorem 1.1, it holds with probability at least 1− δ that every h ∈ H satisfies

| erD(h)− erS(h)| ≤ c′


√

erS(h)(d ln(
e

erS(h) ) + ln( 1δ ))

n
+

d ln(nd ) + ln( 1δ )

n

 .

for a constant c′ > 0. Now let h ∈ H have erD(h) ≥ c(ln(1/δ) + d ln(n/d))/n for a sufficiently large constant
c > 0. We split in two cases. First, if erS(h) ≤ erD(h) then using that x ln(e/x) is increasing in x for
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0 < x < 1 we see that √
erS(h)(d ln(

e
erS(h) ) + ln( 1δ ))

n
+

d ln(nd ) + ln( 1δ )

n
≤√

erD(h)(d ln(
e

erD(h) ) + ln( 1δ ))

n
+

erD(h)

c
≤√

erD(h)(d ln(
en

d ln(n/d) ) + ln( 1δ ))

n
+

erD(h)

c
≤√

2 erD(h) · erD(h)
c

+
erD(h)

c
≤(√

2

c
+

1

c

)
erD(h).

Thus for c large enough, we conclude | erD(h)− erS(h)| ≤ erD(h)/2, implying erS(h) ≥ erD(h)/2. Since we
already assumed erS(h) ≤ erD(h) we therefore have erS(h) ≤ erD(h) ≤ 2 erS(h).

Next, if erS(h) > erD(h), we see that√
erS(h)(d ln(

e
erS(h) ) + ln( 1δ ))

n
+

d ln(nd ) + ln( 1δ )

n
≤√

erS(h)(d ln(
en

d ln(n/d) ) + ln( 1δ ))

n
+

erS(h)

c
≤√

2 erS(h) · erS(h)
c

+
erS(h)

c
≤(√

2

c
+

1

c

)
erS(h).

For c > 0 large enough, we thus have | erD(h) − erS(h)| ≤ erS(h)/2 hence erS(h) ≤ erD(h) + erS(h)/2 ⇒
erS(h)/2 ≤ erD(h). We thus have erS(h)/2 ≤ erD(h) ≤ erS(h).

With this established, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let c1d ln(n/d)/n ≤ τ ≤ 1/c1 for c1 large enough and define k = 2⌈d/256⌉/(τd).
Assume for simplicity that k is integer (which can be ensured by choosing τ properly and rescaling c in the
lower bound by a constant factor). Let D be the uniform distribution over Xd/2,k and let the target halfspace
h⋆ assign the label 1 to all points in Xd/2,k.

Proceeding in a similar fashion as the realizable case, we now argue that for a random sample S ∼ Dn,
a constant fraction of the Xi contains a point xi,j for which S has few copies (instead of no copies as in
the realizable case). Observe that for any xi,j , the number of copies of xi,j in S is binomial distributed
with n trials and success probability 2/(dk). Now let Z be binomial with n trials and success probability
2/(dk). Define t as the largest integer such that P(Z ≤ 2n/(dk) − t) ≥ 1/(8k). Using Lemma 3.2 with
δ =

√
dk ln(8k)/(18n) shows that t ≥ 2δn/(dk) =

√
2n ln(8k)/(9kd) provided that δ satisfies the conditions√

3dk/(2n) < δ < 1/2. Since δ =
√

dk ln(8k)/(18n), the first is satisfied for ln(8k) > 27, i.e. when k is a
sufficiently large constant. Since 1/(128τ) ≤ k ≤ 2/τ , this is ensured by the constraints τ ≤ 1/c1 for large
enough constant c1 > 0. The second condition δ < 1/2 is satisfied if

√
d ln(2/τ)/(9nτ) < 1/2. This is satisfied

by the constraint c1d ln(n/d)/n ≤ τ for large enough constant c1 > 0.

Letting Yi,j take the value 1 if we see no more than 2n/(dk)− t copies of xi,j in S and Yi =
∑k

j=1 Yi,j ,
we have E[Yi] ≥ 1/8. Moreover Yi,j and Yi,h are negatively correlated. Thus by the exact same calculations
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as in the proof of Theorem 1.2, it holds with constant probability over S that there are at least ⌈d/256⌉ of
the sets Xi (the ⌈·⌉ follows by integrality) that contain at least one point xi,j with no more than 2n/(dk)− t
copies in S.

Now define a labeling y that takes the value −1 on an arbitrary set of ⌈d/256⌉ such points and +1 on all
remaining points. This labeling is realizable by a halfspace hy by Lemma 3.1. Examining hy, we first see

that erD(h) =
2⌈d/256⌉

dk = τ. On the other hand, we have

erS(h) ≤
⌈d/256⌉(2n/(dk)− t)

n
= erD(h)−

⌈d/256⌉t
n

.

It follows that

erD(h)− erS(h) ≥
⌈d/256⌉t

n
≥ c

√
d ln k

kn
.

Since 1/(128τ) ≤ k ≤ 2/τ , and τ = erD(h) we have

erD(h)− erS(h) ≥ c′
√

erD(h)
d ln(e/ erD(h))

n
.

Finally, Lemma 3.4 and a union bound shows that with constant probability, we simultaneously have
(1/2) erS(h) ≤ erD(h) ≤ 2 erS(h) and we may replace erD(h) by erS(h) in this lower bound.

3.3 Dyadic Lower Bound for Homogeneous Halfspaces

Consider the point set X = {x0, . . . , xk−1} with xj = (cos(2πj/k), sin(2πj/k)) of k points spaced uniformly
on the unit circle. We think of xj as being associated with the angle 2πj/k. The parameter k will be fixed as
a power of 2.

Let the target homogeneous halfspace h⋆ assign +1 to points with an angle α in the semicircle [0, π) and
−1 to the remaining points. Let D be the uniform distribution over X .

Let B ≤ k and assume k/2 is a power of B. For i = 1, . . . , logB(k/2), let hi be the halfspace corresponding
to the semicircle [2πBi/k, 2πBi/k + π). The halfspace hi misclassifies precisely the 2Bi points xj with j in
the set Ci = {0, . . . , Bi − 1} ∪ {k/2, k/2 + 1, . . . , k/2 +Bi − 1}.

Define the sets Di = Ci \ (∪j<i Cj) = Ci \Ci−1. Then |Di| = 2(Bi −Bi−1) (except |D1| = 2B). Since D
is uniform, the expected number of samples a training set S ∼ Dn contains from Di is µi = n|Di|/k. Now
define an indicator random variable Yi taking the value 1 if S contains fewer than µi − c

√
µi ln(logB(k))

samples from Di for sufficiently small constant c > 0. For µ ≥ c1 ln(logB(k)) for large enough constant
c1 > 0, we have P(Yi = 1) ≥ 1/ logB(k/2). Furthermore, the Yi are negatively correlated. Letting Y =

∑
i Yi

it follows from Lemma 3.3 that P(Y ≥ 1/2) ≥ 1/8. Since Y is integer, this implies P(Y ≥ 1) ≥ 1/8.
Secondly, a union bound implies that with probability at least 15/16, we have that |S ∩ Di| ≤ µi +

c1
√
µi ln(logB(k)) ≤ 2µi for every i, where c1 > 0 is a constant. Now assume Y ≥ 1 and |S ∩ Di| ≤

µi + c1
√
µi ln(logB(k)) ≤ 2µi for every i. These both occur with probability at least 15/16 − 7/8 = 1/16.

Let i be the smallest index such that Yi = 1. Then |S ∩Di| ≤ µi − c
√
µi ln(logB(k)). We then have

|S ∩ Ci| =
i∑

j=1

|S ∩Dj | ≤

µi − c
√
µi ln(logB(k))+

i−1∑
j=1

(
µj + c1

√
µj ln(logB(k))

)
≤ i∑

j=1

µj

− c
√
ln(logB(k)) ·

√
µi −

c1
c

i−1∑
j=1

√
µj

 .
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Noting that µj increases by a factory B with j, we have for B ≥ 4 that
∑i−1

j=1

√
µj ≤ 2

√
µi−1 ≤ 2

√
µi/B.

For B ≥ 8(c1/c)
2 we conclude |S ∩ Ci| ≤

∑i
j=1 µj − (c/2)

√
µi ln(logB(k)). Notice also that

∑i
j=1 µj =

E[|S ∩ Ci|] = nE[erS(hi)] = n erD(hi) = 2nBi/k. Thus we conclude

erS(hi) = |S ∩ Ci|/n ≤ erD(hi)− (c/2) ·
√
µi ln(logB(k))

n
.

We required B ≥ 8(c1/c)
2, so let us fix B = 8(c1/c)

2, which is a constant. For all i, we also needed
µi ≥ c1 ln(logB(k)) for large enough constant c1. Since µi = n|Di|/k ≥ 2Bn/k, we can fix k = c2n/ ln lnn

for small enough constant c2 > 0. We thus have erD(hi)− erS(hi) ≥ c
√
µi ln lnn

n for a constant c > 0. Using
that µi ≥ |S ∩Di|/2 ≥ |S ∩ Ci|/4 = erS(hi)n/4, this finally gives us Theorem 1.7.

Acknowledgment

Aryeh Kontorovich is partially supported by the Israel Science and Binational Science Foundations. Kasper
Green Larsen is funded by the European Union (ERC, TUCLA, 101125203). Views and opinions expressed
are however those of the author(s) only and do not necessarily reflect those of the European Union or the
European Research Council. Neither the European Union nor the granting authority can be held responsible
for them.

References

I. Aden-Ali, Y. Cherapanamjeri, A. Shetty, and N. Zhivotovskiy. Optimal PAC bounds without uniform
convergence. In 64th IEEE Annual Symposium on Foundations of Computer Science, FOCS 2023, Santa
Cruz, CA, USA, November 6-9, 2023, pages 1203–1223. IEEE, 2023. doi: 10.1109/FOCS57990.2023.00071.
URL https://doi.org/10.1109/FOCS57990.2023.00071.

I. Aden-Ali, M. M. Høandgsgaard, K. G. Larsen, and N. Zhivotovskiy. Majority-of-three: The simplest
optimal learner? In S. Agrawal and A. Roth, editors, The Thirty Seventh Annual Conference on Learning
Theory, June 30 - July 3, 2023, Edmonton, Canada, volume 247 of Proceedings of Machine Learning
Research, pages 22–45. PMLR, 2024. URL https://proceedings.mlr.press/v247/aden-ali24a.html.

J. Asilis, M. M. Høgsgaard, and G. Velegkas. On agnostic PAC learning in the small error regime. CoRR,
abs/2502.09496, 2025. doi: 10.48550/ARXIV.2502.09496. URL https://doi.org/10.48550/arXiv.2502.

09496.

P. Bartlett and J. Shawe-Taylor. Generalization performance of support vector machines and other pattern
classifiers, pages 43–54. MIT Press, Cambridge, MA, USA, 1999. ISBN 0-262-19416-3.

A. Blumer, A. Ehrenfeucht, D. Haussler, and M. K. Warmuth. Learnability and the Vapnik-Chervonenkis
dimension. J. Assoc. Comput. Mach., 36(4):929–965, 1989. ISSN 0004-5411.

B. E. Boser, I. M. Guyon, and V. N. Vapnik. A training algorithm for optimal margin classifiers. In Proceedings
of the Fifth Annual Workshop on Computational Learning Theory, COLT ’92, page 144–152, New York,
NY, USA, 1992. Association for Computing Machinery. ISBN 089791497X. doi: 10.1145/130385.130401.
URL https://doi.org/10.1145/130385.130401.

O. Bousquet, S. Hanneke, S. Moran, and N. Zhivotovskiy. Proper learning, helly number, and an optimal
SVM bound. In J. D. Abernethy and S. Agarwal, editors, Conference on Learning Theory, COLT 2020,
9-12 July 2020, Virtual Event [Graz, Austria], volume 125 of Proceedings of Machine Learning Research,
pages 582–609. PMLR, 2020. URL http://proceedings.mlr.press/v125/bousquet20a.html.

C. Cortes and V. Vapnik. Support-vector networks. Machine Learning, 20(3):273–297, 1995.

14

https://doi.org/10.1109/FOCS57990.2023.00071
https://proceedings.mlr.press/v247/aden-ali24a.html
https://doi.org/10.48550/arXiv.2502.09496
https://doi.org/10.48550/arXiv.2502.09496
https://doi.org/10.1145/130385.130401
http://proceedings.mlr.press/v125/bousquet20a.html


L. Devroye, L. Györfi, and G. Lugosi. A Probabilistic Theory of Pattern Recognition, volume 31 of Stochastic
Modelling and Applied Probability. Springer-Verlag, New York, 1996. ISBN 978-0-387-94618-4. doi:
10.1007/978-1-4612-0711-5.

A. Ehrenfeucht, D. Haussler, M. J. Kearns, and L. G. Valiant. A general lower bound on the number of
examples needed for learning. Inf. Comput., 82(3):247–261, 1989. doi: 10.1016/0890-5401(89)90002-3.
URL https://doi.org/10.1016/0890-5401(89)90002-3.

A. Grønlund, L. Kamma, and K. G. Larsen. Near-tight margin-based generalization bounds for support
vector machines. In Proceedings of the 37th International Conference on Machine Learning, ICML’20.
JMLR.org, 2020.

S. Hanneke. The optimal sample complexity of PAC learning. J. Mach. Learn. Res., 17:38:1–38:15, 2016.
URL https://jmlr.org/papers/v17/15-389.html.

S. Hanneke and A. Kontorovich. Optimality of SVM: Novel proofs and tighter bounds. Theoretical Computer
Science, 796:99–113, 12 2019. ISSN 03043975. doi: 10.1016/j.tcs.2019.08.030.

S. Hanneke and A. Kontorovich. Stable sample compression schemes: New applications and an optimal SVM
margin bound. In V. Feldman, K. Ligett, and S. Sabato, editors, Algorithmic Learning Theory, 16-19
March 2021, Virtual Conference, Worldwide, volume 132 of Proceedings of Machine Learning Research,
pages 697–721. PMLR, 2021. URL http://proceedings.mlr.press/v132/hanneke21a.html.

S. Hanneke, K. G. Larsen, and N. Zhivotovskiy. Revisiting agnostic PAC learning. In FOCS, pages 1968–1982.
IEEE, 2024.

M. M. Høgsgaard. Efficient optimal PAC learning. In G. Kamath and P. Loh, editors, International
Conference on Algorithmic Learning Theory, 24-27 February 2025, Politecnico di Milano, Milan, Italy,
volume 272 of Proceedings of Machine Learning Research, pages 578–580. PMLR, 2025. URL https:

//proceedings.mlr.press/v272/hogsgaard-moller25a.html.

P. N. Klein and N. E. Young. On the number of iterations for dantzig-wolfe optimization and packing-covering
approximation algorithms. SIAM J. Comput., 44(4):1154–1172, 2015.

K. G. Larsen. Bagging is an optimal PAC learner. In G. Neu and L. Rosasco, editors, The Thirty Sixth
Annual Conference on Learning Theory, COLT 2023, 12-15 July 2023, Bangalore, India, volume 195 of
Proceedings of Machine Learning Research, pages 450–468. PMLR, 2023. URL https://proceedings.mlr.

press/v195/larsen23a.html.

K. G. Larsen and N. Schalburg. Tight margin-based generalization bounds for voting classifiers over finite
hypothesis sets, 2025. URL https://arxiv.org/abs/2511.20407.

Y. Li, P. M. Long, and A. Srinivasan. Improved bounds on the sample complexity of learning. Journal
of Computer and System Sciences, 62(3):516–527, 2001. doi: 10.1006/jcss.2000.1741. URL https:

//doi.org/10.1006/jcss.2000.1741.

W. Mcculloch and W. Pitts. A logical calculus of ideas immanent in nervous activity. Bulletin of Mathematical
Biophysics, 5:127–147, 1943.

B. Schölkopf and A. J. Smola. Learning with Kernels: Support Vector Machines, Regularization, Optimization,
and Beyond. The MIT Press, 2002. ISBN 0262194759.

H. U. Simon. Bounds on the number of examples needed for learning functions. SIAM J. Comput., 26(3):
751–763, 1997. doi: 10.1137/S0097539793259185. URL https://doi.org/10.1137/S0097539793259185.

L. G. Valiant. A theory of the learnable. Commun. ACM, 27(11):1134–1142, 1984.

15

https://doi.org/10.1016/0890-5401(89)90002-3
https://jmlr.org/papers/v17/15-389.html
http://proceedings.mlr.press/v132/hanneke21a.html
https://proceedings.mlr.press/v272/hogsgaard-moller25a.html
https://proceedings.mlr.press/v272/hogsgaard-moller25a.html
https://proceedings.mlr.press/v195/larsen23a.html
https://proceedings.mlr.press/v195/larsen23a.html
https://arxiv.org/abs/2511.20407
https://doi.org/10.1006/jcss.2000.1741
https://doi.org/10.1006/jcss.2000.1741
https://doi.org/10.1137/S0097539793259185


V. N. Vapnik. Statistical Learning Theory. Wiley-Interscience, 1998.
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