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Vejledning og Pointgivning

Dette eksamenssaet bestar af et antal multiple-choice-opgaver. Svarene pa opgaverne angi-
ves pa det separate svarark som afleveres. For hver opgave er angivet opgavens an-
del af det samlede eksamensseet. Hvert delspgrgsmal har preecist ét rigtigt svar. For
hvert delspgrgsmal ma du veelge max ét svar ved at afkrydse den tilsvarende rubrik.
Et delspgrgsméal bedgmmes som fglger:

e Hvis du seetter kryds ved det rigtige svar, far du 1 point.
e Hvis du ikke seetter nogle krydser, far du 0 point.

1
e Hvis du seetter kryds ved et forkert svar, far du T point, hvor k er antal svar-

muligheder.

For en opgave med veaegt v% og med n delspgrgsmal, hvor du opnar samlet s point,
beregnes din besvarelse af opgaven som s /n - v %. Bemeerk at det er muligt at fa negative
point for en opgave.

Information and Scoring

This exam set consists of a number of multiple-choice problems. The answers to the pro-
blems are indicated on the separate answer sheet which is to be submitted. For each
problem, the share of the total exam set is indicated. Fach subproblem has exactly one
correct answer. For each subproblem, you may choose at most one answer by crossing
out the corresponding box. A subproblem is graded as follows:

e If you mark the correct answer, you get 1 point.

o If you do not mark any answers, you get 0 points.

1
o If you mark an incorrect answer, you get T points, where k is the number of

k
answer options.

For a problem with weight v% and with n subproblems, where you achieve a total of
s points, your score for the problem is calculated as s /n - v%. Note that it is possible to
get negative points for a problem.

Korrekte markeringer Ugyldige markeringer
Correct markings Invalid markings

11 AXEEE 21 [A] [E] B M [E]

12 [A] [B] [€] W [E] 22 [ [B] [c] [O] [E]
23 [a] [8] [¢] (O] [E]
24 EE)E @ E
25 [a] [8] [¢] [B] A

En markering skal veere et tydeligt morkt kryds mellem hjgrnerne af et felt, eller et fuld-
steendig udfyldt felt. Hvis man laver en fejl, kan man skrive ved siden af svarmulighederne
hvad man svarer.

A marking must be a clear dark cross between the corners of a box, or a completely filled
box. If you make a mistake, you can write next to the answer options what your answer.
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Opgave/ Problem 1 (Asymptotisk notation/Asymptotic notation, 6 %)
I det fglgende angiver logn 2-tals-logaritmen af n.

In the following, logn denotes the base-2 logarithm of n.
Ja/Yes Nej/No

n-logn = O(n?) 11
Vv -logn +n3/? = O(n?) 1.2
n-logn = O((logn)?) 1.3
n2 — O(Slogn) 1.4
Tlogn +n/5 = O(y/n -logn) 1.5
93logn _ O(n2/3) 1.6
log(n!) = O(n - y/n) L7
n-logn + 218" = O(\/n) 1.8
n = 0O(n-logn) 19
nd = @(nz) 1.10
n-logn + 5n = Q(n?) L1
n = Q(v/n) 112

Opgave/ Problem 2 (Analyse af lgkker/Analysis of loops, 6 %)

Algorithm loopl(n) Algorithm loop2(n)
s=0 1=1
while s < n while i < n
s=s+10 i =2x%3
Algorithm loop3(n) Algorithm loop4(n)
s=0 i=1
i=n while 7 < n
while i > 0 j=1
for j=1toq while 5 <n
s=s+1 j=7+1
i=i—1 i =2x%1

Angiv for hver af ovenstaende algoritmer udfgrselstiden som funktion af n i ©-notation.

Indicate for each of the above algorithms the running time as a function of n in ©-notation.

O(y/n) O((logn)?) O(n?-logn) O(nlogn) O(n) O(n3) O(logn) O(n?)
loopl D]
loop2 (D]
loop3 ()
loop4 D]

2.1

2.2

2.3

2.4
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Opgave/ Problem 3 (Indsattelse i sggetraeer/Insertions into search trees, 4 %)

Angiv i hvilke blade A-K i ovenstaende ubalancerede binzre sggetrae elementerne 13, 22,
7, 16 and 24 skal indseettes (det antages at for hver indseettelse indeholder traeet kun

ovenstaende ti elementer).

Indicate in which leaves A-K in the above unbalanced binary search tree the elements
13, 22, 7, 16 and 24 should be inserted (it is assumed that before each insertion the tree
contains only the above ten elements).

A
INSERT(13)
INSERT(22)
INSERT(7)
INSERT(16)
INSERT(24)

Opgave/ Problem 4 (Max-Heap-Insert, 4 %)

EFl BB E =

[ (=1 [ (<1 I 1 B o1 By

Bl EEE E o

E B B E =

EEEEE=

(21 I =1 I 1 I =Y B ) B!

E B E B E =

1 0 1 R B

=1 [ =1 I 51 R =1 R S

3.1

3.2

3.3

3.4

3.5

Angiv den bingere max-heap efter indsaettelse af elementerne 8, 12, 2, 10, 14, 4 og 6 i den

givne raekkefglge med MAX-HEAP-INSERT, startende med den tomme heap.

What is the binary max-heap after inserting the elements 8, 12, 2, 10, 14, 4 and 6 in the
given order with MAX-HEAP-INSERT, starting with the empty heap.

1

2

3

4

5

6

7

141126 | 8 |10| 2 | 4
1 2 3 4 5 6 7
1411216 |10 8 | 4| 2
1 2 3 5 6 7
14112110 8 | 6 | 4| 2
1 2 3 4 5 6 7
811212 10|14 4 | 6
1 2 3 4 5 6 7
1211416 |10| 8 | 4| 2

(@]

El

=]



Algoritmer og Datastrukturer (520171E030) (Maj 2026)

Side 5 af 14

Opgave/ Problem 5 (Build-Max-Heap, 4 %)

Hvad er resultatet af at anvende BUILD-MAX-HEAP pa ovenstaende array?

What is the result of applying BUILD-MAX-HEAP on the above array?
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Opgave/ Problem 6 (Partition, 4 %)

1 2 3 4 5 6 7 8 9
16 | 30| 22 15]24|23 |26

10
25

11
17

12
12

13
21

14
19

15
18

Angiv resultatet af at anvende PARTITION(A, 2,13) pa ovenstaende array A.

Indicate the result of applying PARTITION(A, 2,13) to the above array A.

1
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5
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16
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Opgave/ Problem 7 (Linezr probing/Linear probing, 4 %)

1 2 3 4 5 6 7 8 9 10
0 12 21| 3 |14

I ovenstaende hashtabel af stgrrelse 11 er anvendt lineer probing med hashfunktionen
h(k) = 3k mod 11. Angiv positionerne de fem elementer 2, 7, 8, 9 og 10 vil blive indsat
pa i hashtabellen (for hver af indsettelserne antager vi at hashtabellen kun indeholder
elementerne 0, 3, 12, 14 og 21).

In the above hash table of size 11, linear probing is used with hash function h(k) = 3k mod
11. Indicate the positions the five elements 2, 7, 8, 9 and 10 will be inserted at in the hash
table (for each insertion, we assume the hash table only contains the elements 0, 3, 12, 14

and 21).

0 1 2 3 4 5 6 7 8 9 10
Insert(2) [A] (B] [€] (O] [E] (€] (@] @] O [ [ 71
heer(n) DB ODEONGEEOE R 7
InserT(8) (Al [B] [€] @) [E] [E] [@ B O [ K 73
Inserr(9) (Al (B] [€] O] [E] [E] ¢ B O O & 74
hepr(10) B DD EEEEBOE R 7

Opgave/ Problem 8 (Kvadratisk probing/Quadratic probing, 4 %)

—_
N
w
N
ot
(@]
~
o0
©

10

0 19|12 17 22

I ovenstaende hashtabel af stgrrelse 11 er anvendt kvadratisk probing med hashfunktionerne
h'(k) = 3k mod 11 og h(k,i) = (h'(k) + 4i + 3i®) mod 11. Angiv positionerne de fem
elementer 3, 4, 5, 8 og 11 vil blive indsat pa i hashtabellen (for hver af indsezttelserne
antager vi at hashtabellen kun indeholder elementerne 0, 12, 17, 19 og 22).

In the above hash table of size 11, quadratic probing is used with hash functions h'(k) =
3k mod 11 and h(k,i) = (W' (k) +4i + 3i?) mod 11. Indicate the positions the five elements
3, 4, 5, 8 and 11 will be inserted at in the hash table (for each insertion, we assume the
hash table only contains the elements 0, 12, 17, 19 and 22).

o 1 2 3 4 5 6 7 8 9 10
Insert(3)  [A] [B] [c] @] [E] [E] @ @ O O] K 81
InserT(4) (Al [B] [€] @) [E] [E] € B O O K 82
Inserr(5) [l [B] [c] O] [E] [E] ¢ B O O & 83
Insert(8)  [A] (B] [€] O] [E] [€] (€] H [O] O] K] 84
Inserr(11) [A] [B] [€] @) [E] [E] @ B O [ K 85
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Opgave/ Problem 9 (Lovlige rgd-sorte traeer/ Valid red-black trees, 4 %)

For hver af nedenstdende delmaengder, angiv om nedenstaende bingere tree er et lovligt
rgd-sort trae hvis disse knuder farves rgde og resten af knuderne sorte.

For each of the following subsets, indicate whether the binary tree below is a valid red-black
tree if these nodes are colored red and all other nodes black.

Ja/Yes Nej/No

1,3,4,7,8
2,4,6,8,9
4,8
2,4,7,8
4,5, 8

Opgave/ Problem 10 (Rgd-sort tree indssettelse/ Red-black tree insertion, 4 %)

9.1

9.2

9.3

9.4

9.5

Angiv det resulterende rgd-sorte trse nar man indssetter 6 i ovenstaende rgd-sorte trae

(dobbeltcirkler angiver rgde knuder).

Indicate the resulting red-black tree when inserting 6 into the above red-black tree (double

circles indicate red nodes).

Side 7 af 14
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Opgave/ Problem 11 (Union-find, 4 %)

Angiv den resulterende union-find struktur efter nedenstaende sekvens af operationer, nar
der anvendes union-by-rank og stikomprimering.

Indicate the resulting union-find structure after the following sequence of operations, when
using union-by-rank and path compression.

MAKESET(
MAKESET(
MAKESET(
MAKESET(
MAKESET(
MAKESET(
UNION(e, ¢)

a)
b)
)
)
e)
f

)

(D)

Opgave/ Problem 12 (Rekursionsligninger/Recurrence relations, 4 %)

Angiv lgsningen for hver af nedenstaende rekursionsligninger, hvor T'(n) = 1 for n < 1.

State the solution for each of the below recurrence relations, where T'(n) =1 forn < 1.

o(vn) O(n)

O(nlogn)

EINEINEINEINE

)

52 e 1 51 51

%) O(n%logn) ©

EEEE E
(2 = I 1 R 1 R B e

w
~—

12.1

12.2

12.3

12.4

12.5
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Opgave/ Problem 13 (Huffman koder/Huffman encoding, 4 %)

Bogstav/ Letter a b ¢ d e f g

Frekvens/ Frequency 50 10 60 10 30 70 20

Antag vi har en fil med ovenstaende bogstaver og frekvenser. Hvis man konstruerer et
Huffman tree for disse frekvenser, hvor lange er koderne sa for b, ¢ og e?

Assume we have a file with the above letters and frequencies. If one constructs a Huffman
tree for these frequencies, what are the lengths of the codes for b, c and e?

1 2 3 4 5 6
b [a] (B] [€] [O] [E] [F] 131
c [a] [B] [€] O] [E] [¥] 13.2
e (4] [B] [€] O] [E] (k] 133

Filen indeholder 50 + 10 + 60 + 10 + 30 4+ 70 4+ 20 = 250 bogstaver. Hvor mange bits
vil en Huffman kodning af strengen bruge?

The file contains 50 + 10 + 60 + 10 + 30 + 70 + 20 = 250 letters. How many bits would
a Huffman encoding of the string use?

600 610 620 630 640 650

Al B [ b E [FE 34

Opgave/ Problem 14 (BF'S, 4 %)

o=
B—B)
®

For en bredde forst sggning (BFS) i ovenstaende graf startende i knuden A, angiv
raekkefglgen knuderne bliver indsat i kgen @) i BFS-algoritmen. Det antages, at grafen er
givet ved alfabetisk sorterede incidenslister.

For a breadth first search (BES) on the graph above starting in node A, indicate the
order in which the nodes are inserted into the queue @ in the BFS algorithm. It is assumed
that the graph is given by alphabetically sorted adjacency lists.

AEDCBHGIF AEDCBGFHI AEDCBHGFI AEDCBGHFI

)
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Opgave/ Problem 15 (DFS, 4 %)

Betragt en dybde forst spgning (DFS) i ovenstaende graf startende i knuden A, hvor de
udgaende kanter til en knude besgges i alfabetisk reckkefglge. Angiv i hvilken rackkefglge
knuderne far tildelt finishing time.

Consider a depth first search (DFS) on the graph above starting in node A, and where
the outgoing edges of a mode are visited in alphabetical order. Indicate the order in which
the nodes receive their finishing time.

BGFHCEDA GFHCBEDA FHGCBEDA FHCBGEDA

O] 151

Angiv for hver af nedenstande kanter hvilken type kanten bliver i DF'S sggningen.
Indicate for each of the edges below which type the edge is in the DFS search.

Tree edge Back edge Cross edge Forward edge

(B, E) D] 152
(A, D) o] 153
(F, Q) D] 154
(D, @) o] 155

Antag Dijkstras algoritme anvendes til at finde korteste afstande fra knuden A til alle
knuder i ovenstaende graf. Angiv hvilken reekkefglge knuderne bliver taget ud af priori-
tetskgen i Dijkstras algoritme.

Assume Dijkstra’s algorithm is used to find shortest distances from node A to all nodes
in the graph above. Indicate the order in which the nodes are removed from the priority
queue in Dijkstra’s algorithm.

ADEHBCGFI ADHGEBFIC AHDEGBFIC AHDEGBFCI

@)
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Opgave/ Problem 17 (Kruskals algoritme/ Kruskal’s algorithm, 4 %)

10

Antag Kruskals algoritme anvendes til at finde et minimum udspsendende tree for
ovenstaende graf. Angiv hvilken kant sidst inkluderes i det mininmum udspsendende tree.

Assume Kruskal’s algorithm is used to find a minimum spanning tree for the graph abowve.
Indicate which edge s last included in the minimum spanning tree.

(B,G) (C,E) (B,D) (A,D) (D,G)

)

Opgave/ Problem 18 (Topologisk sortering/ Topological sorting, 4 %)

©—®)

Angiv for hver af nedenstaende ordninger af knuderne i ovenstaende graf om det er en
lovlig topologisk sortering.

For each of the node orderings below, state whether it is a wvalid topological sort of the

above graph.
Ja/Yes Nej/No

DCAB 18.1
DBAC 18.2
ADBC 18.3
CBAD 184
BDAC 18.5

Opgave/ Problem 19 (Dijkstras algoritme/ Dijkstra’s algorithm, 4 %)

For en steerkt sammenhaengende graf med n knuder og m kanter og med positive kant-
vaegte, hvor mange gange udfgres EXTRACTMIN pa prioritetskgen i Dijkstra’s korteste
veje algoritme?

For a strongly connected graph with n nodes and m edges and with positive edge weights,
how many times is EXTRACTMIN ezecuted on the priority queue in Dijkstra’s shortest
path algorithm?

O(n) O(nlogn) O(m) O(mlogn) ©(m +nlogn)

D)
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Dynamisk programmering/Dynamic programming

Vi gnsker at at opdele et rektangel i et minimalt antal kvadrater med heltallige sidelzengder,
ved gentagne gange at skaere et eksisterende rektangel horisontalt eller vertikalt over. F.eks.
kan ovenstaende 5 x 6 rektangel opdeles i 5 kvadrater med 1 horisontal og 3 vertikale
opdelinger (stiplede linjer). Hvis C'(H, W) betegner det minimale antal opdelinger for at
opdele et rektangel med hgjde H og bredde W i kvadrater, hvor H og W er positive hele
tal, sa kan C(H, W) bestemmes ved hjalp af fglgende rekursionsligning.

We want to partition a rectangle into a minimum number of squares with integer side
lengths, by repeatedly cutting an existing rectangle horizontally or vertically. For example,
the above 5 x 6 rectangle can be partitioned into 5 squares with 1 horizontal and 3 vertical
cuts (dashed lines). If C(H, W) denotes the minimum number of cuts required to partition
a rectangle with height H and width W into squares, where H and W are positive integers,
then C(H, W) can be determined using the following recurrence relation.

0 if H=W,
w—1 if H=1,
CHW)={ H-1 ifW=1,

1 4 min(mini<p< gy (C(h, W) + C(H — h, W),
min<,<w (C(H,w) + C(H,W —w))) otherwise.

De folgende 3 opgaver bestar i at udfylde 3 blokke i fglgende algoritmeskabelon, hvor
tabellen C' gemmer ovenstaende C(H, W) veerdier.

The following 3 problems consist of filling in 3 boxes in the following algorithm template,
where C' stores the above C(H, W) values.

Algorithm RectangleCuttings(H, W)
Create table C[1..H, 1..W] where all cells are initialized to 0
for ...

<< Problem 20: iterate over C >>

<< Problem 21: compute C[h, w] >>

<< Problem 22: print the minimum number of cuts required >>

Opgave/ Problem 20 (4 %)
For hver af nedenstaende stykker kode, angiv om det vil kunne fgre til en korrekt lgsning.

For each of the code fragments below, indicate whether it could lead to a correct solution.

Ja/Yes Nej/No
for h=1to H

forw=1to W 20.1
for h = H to 1 step —1

forw=1to W 20.2
for h=1to H

20.3
for w =W to 1 step —1
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Opgave/ Problem 21 (4 %)
For hver af nedenstaende stykker kode, angiv om det vil kunne fgre til en korrekt lgsning.

For each of the code fragments below, indicate whether it could lead to a correct solution.

if h =1 then Ja/Yes Nej/No
Clh,w] =w—1

else if w =1 then
Clh,w]=h—1

else if h # w then 011

fort=1toh—1

Clh,w] =1+ C[i,w] + C[h —i,w]
for j=1tow—1

Clh,w] =1+ Clh,j| + Clh,w — j]

if h =1 then
Clh,w] =w -1
else if w =1 then
Clh,w]=h—-1
else if h # w then
A 21.2
Clh,w] =

fori=1toh—1

Clh,w] = min(C[h, w], 1 + C[i,w] + C[h — i,w])
for j=1tow-—1

Clh,w] = min(C[h, w], 1 + C[h, j] + Clh,w — j])

if h=1or w=1then
Clh,w]=w+h—2
else if h # w then
Clh,w] = o
fori=1toh—1 21.3
Clh,w] = min(C[h, w], 1 + C[i,w] + C[h — i,w])
forj=1tow-—1
Clh,w] = min(C[h, w], 1 + C[h, j] + Clh,w — j])

Opgave/ Problem 22 (4 %)

For hver af nedenstaende stykker kode, angiv om det vil kunne fgre til en korrekt lgsning.

For each of the code fragments below, indicate whether it could lead to a correct solution.

k=0 Ja/Yes Nej/No
while H = W

if H > W then
H=H-C[H,W]

else 221
W =W —C[H,W]
k=k+1
print k
print C[1, 1] 22.2

print C[H, W] 22.3
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Opgave/ Problem 23 (Invarianter/Invariants, 4 %)
Nedenstaende algoritme sorterer et array A[l..n] med n heltal.

The below algorithm sorts an array A[l..n] of n integers.

Algorithm Sorting(A[l..n])
Input  : Array A[l..n] of n > 1 integers
Output : A rearranged in non-decreasing order
Method :i+1
j+1
{I} while i<j or j<n do
if i=j then
141
j—J+1
if Ali] > A[j] then
swap A[i] and A[j]
i=1i+1
For hvert af fglgende udsagn, angiv om det er en invariant I for ovenstaende algoritme
Sorting. Udsagnet Sorted(A) er sand hvis og kun hvis arrayet A er sorteret.

For each of the following statements, indicate whether it is an invariant I for the above
algorithm Sorting. The statement Sorted(A) is true if and only if the array A is sorted.

Ja/Yes Nej/No

1< 23.1
1<i<j<n 23.2
Sorted(A[1..5]) 23.3
Sorted(A[1..j —1]) A Sorted(A[1..i — 1) A[j]) 23.4
Ve e All.j—1,Yy € Alj.n]:x <y 23:5
Vo e A[l.i—1]: z < A[j] 23.6

Opgave/ Problem 24 (Amortiseret analyse/Amortized analysis, 4 %)

Et rod-sort trae med n elementer understgtter INSERT og DELETE i worst-case O(logn) tid.
Et rgd-sort trae kan yderligere understgtte RANGEDELETE, der sletter alle elementerne i
et interval, i worst-case O(k + logn) tid, hvor k er antallet af slettede elementer. Angiv
for hver af nedenstaende funktioner om det er en potentialefunktion, hvormed man kan
argumentere for at INSERT, DELETE og RANGEDELETE krzever amortiseret O(logn) tid.

A red-black tree storing n elements supports INSERT and DELETE in worst-case O(logn)
time. A red-black tree can further support RANGEDELETE, which deletes all elements in
a range in worst-case O(k + logn) time, where k is the number of deleted elements. For
each of the following functions, indicate whether it is a potential function with which one
can argue that INSERT, DELETE and RANGEDELETE require amortized O(logn) time.

Ja/Yes Nej/No

logn 24.1
n 24.2
nlogn 24.3
k 24.4
klogn 245
nlogk 24.6



