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Abstract

Computer programs have been ubiquitous for several decades. So are bugs and errors
in computer programs and systems. As the use of programming in critical areas is
universal, the consequences of these bugs and errors can be severe, so we want to
develop methods to avoid them. This is one of the pragmatic reasons to study the
semantics of programming languages; we want to be able to establish properties that
we expect from computer programs and prove that the properties are satisfied. To
achieve that, we focus on two properties of programming languages semantics. First,
they need to be rigorous; that is, we want to study semantics from the mathematical
perspective, so that demonstration of properties of computer programs are not just
verbal claims but mathematical proofs. Second, semantics of programming languages
should be practically usable — it should be feasible to verify interesting properties, and
the proofs of those properties should not be burdensome or practically unachievable.

In this thesis, we address the rigorous and practical aspects of programming
languages semantics. In particular, we study the semantics of generalized algebraic
datatypes, a feature that was adopted by Haskell and OCaml programming languages,
and construct a model of the example language that employs this feature. We also
investigate the semantics of languages with context-dependent effects, which are
also present in Haskell and OCaml to some extent. To achieve that, we extend the
existing theory of Guarded Interaction Trees to support context-dependent effects, and
demonstrate its usage when combined with two popular flavors of context-dependent
effects: call with current continuation (colloquially call/cc) and delimited continua-
tions. Lastly, we simplify the construction of solutions to a class of recursive domain
equations and use the simplification to mechanize the solver in the Rocq Prover.
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Resumé

Computerprogrammer har været allestedsnærværende i flere årtier. Det samme gælder
fejl i computerprogrammer og systemer. Da programmering er universelt anvendt i
kritiske områder, kan konsekvenserne af disse fejl være alvorlige, og vi ønsker derfor
at udvikle metoder til at undgå dem. Dette er en af de pragmatiske grunde til at studere
programmeringssprogssemantik; vi vil kunne fastlægge de egenskaber vi forventer
af computerprogrammer, og bevise at egenskaberne er opfyldt. For at opnå dette
fokuserer vi på to egenskaber for programmeringssprogssemantik. For det første skal
de være stringente; det vil sige, at vi vil studere semantik fra et matematisk perspektiv,
så demonstrationen af computerprogrammers egenskaber ikke kun er verbale påstande,
men matematiske beviser. For det andet skal programmeringssprogssemantik være
praktisk anvendeligt – det skal være muligt at verificere interessante egenskaber, og
beviserne for disse egenskaber må ikke være besværlige eller praktisk umulige at
opnå.

I denne afhandling behandler vi de stringente og praktiske aspekter af program-
meringssprogsemantik. I særdeleshed studerer vi semantikken for generaliserede
algebraiske datatyper, en feature anvendt af Haskell og OCaml, og konstruerer en
model af et eksempel på et sprog, der anvender denne feature. Vi undersøger også
semantikken i sprog med kontekstafhængige effekter, som også findes i Haskell og
OCaml i et vist omfang. For at opnå dette udvider vi den eksisterende teori for Guarded
Interaction Trees til at understøtte kontekstafhængige effekter og demonstrerer dens
anvendelse, når den kombineres med to populære varianter af kontekstafhængige
effekter: call with current continuation (også kendt som call/cc) og delimited contin-
uations. Endelig forsimpler vi konstruktionen af løsninger til en klasse af rekursive
domæneligninger og bruger forsimplingen til at mekanisere solveren i Rocq.
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CHAPTER 1

Introduction

This thesis is a compilation of works that I coauthored during my Ph.D. All of the
topics are connected by one common cornerstone: modeling of features encountered
in modern programming languages. In the following, we provide an overview of the
content.

1.1 Outline of the Dissertation

In this section, we provide an outline of the different parts of this thesis.
This thesis is divided into two parts, with Part I providing an overview of the

included publications. Part I consists of one chapter. This chapter provides the
background for this dissertation. After the outline, in Section 1.2, we provide a
general context for the work presented in this thesis. Next, Section 1.3 contains
a cursory introduction to the semantic studies of programming languages. This
section targets a broad audience and is supposed to provide a bird’s eye view on
semantic methods. In particular, we motivate studying programming languages from
the semantics perspective, and demonstrate it on a small example language. Next,
in Section 1.4 we provide a more domain-specific introduction to the topics studied
in the thesis. In particular, this section targets readers working with the semantics of
programming languages but not necessarily familiar with the features we study in this
work. In particular, we provide a separate and more targeted overview of the three
topics studied in Part II. In Sections 1.4.1 to 1.4.3 we describe the problems studied in
the corresponding chapters of Part II, discuss the state of the art, the research questions
studied, and the results obtained. In Section 1.5 we briefly discuss potential directions
for future work. The chapter concludes with Section 1.6, where we include a list of
publications used in this thesis and give a statement of personal contributions.

Part II is based on three published papers to which I contributed during my Ph.D.
Part II contains three chapters, one per paper.

In Chapter 2, we provide reasoning principles for a feature commonly used
in modern functional programming languages, Generalized Algebraic Datatypes
(GADTs), which are used to provide stronger guarantees about programs that can be
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Introduction

encoded using a type system and type-checked by compilers. We show a language
that allows one to encode GADTs and provide models for this language that allow
one to demonstrate properties of programs utilizing GADTs. In doing so, we also
construct a novel model that mixes both syntactical and semantic components. For an
exposition and historical overview, refer to Section 1.4.1.

In Chapter 3 we extend the Guarded Interaction Trees (GITrees) framework with
context-dependent effects, such as call/cc and shift/reset. To demonstrate the
extension, we provide models of two languages: one with call/cc and one with
shift/reset, and show that the models are sound and adequate with respect to the
intended operational semantics. Our extension is backward compatible with previous
work, which allows one to reason about programming languages that contain both
context-dependent effects and more widespread effects, such as higher-order state or
I/O. For an exposition and historical overview, refer to Section 1.4.2.

In Chapter 4 we consider a simplification of constructing solutions to Recursive
Domain Equations (RDEs). In particular, we simplify the existing approach of solving
RDEs in the category of sheaves over ordinals to the category of presheaves over
ordinals. Presheaves are more amenable to mechanization than sheaves, which we
demonstrate by mechanizing the solver in the Rocq Prover1. For an exposition, refer
to Section 1.4.3.

1.2 Context of this Work

Program testing can be used to show
the presence of bugs, but never to
show their absence!

Edsger W. Dijkstra

In this section, we provide a broad overview on a few sub-areas of semantics of
programming languages and the need for semantic models of programming languages.

Challenges of verifying software. Programming languages have continuously
evolved over many decades. From simple languages used just to describe numerical
operations, we went to programming languages that utilize higher-order programs,
provide intricate control flow operations, and use sophisticated type systems to stat-
ically rule out entire classes of bugs. The programs using these features are often
intricate, and while they allow us to express a lot of functionality in just a few lines of
code, it is often nontrivial to use them. Moreover, new features keep getting introduced
and, with them, the expressivity of programming languages improves on par with the
complexity of programs written using these features. Thus, it becomes increasingly
important to have a proper understanding of the new language features to be able to
reason about the correctness of the programs that use them.

1Previously known as the Coq Proof Assistant.
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Introduction

Verifying correctness becomes even more challenging when the new features are
not simply incremental but have nontrivial interactions with existing constructions,
which is often the case. Some examples include features studied in this thesis. For
example, both Haskell and OCaml support generalized algebraic datatypes. While
allowing to impose additional restrictions on elements of certain datatypes, thus
ruling out undesired behaviors, this feature is mostly studied from the implementation
viewpoint, with the majority of works focusing on type-checking algorithms, while
reasoning about programs using this feature was largely not studied. Another example
comes from advanced control flow manipulations. OCaml 5.0 introduced effect
handlers, which allow users to define new effects that can inspect the rest of the
program. In particular, effect handlers allow us to implement powerful features, such
as cooperative concurrency or backtracking, using existing language constructions,
instead of providing them as language primitives. While greatly increasing the
expressive power of the language, it also means that reasoning about the code with
effects becomes complicated. The Glasgow Haskell Compiler community, also
interested in effect systems, introduced delimited continuations into the core language
of GHC, starting from version 9.6.1. The goal of this addition is to allow users to
implement nontrivial effects on top of the existing language without modifying the
Glasgow Haskell Compiler itself or writing plugins for it.

Verifying that programs behave as expected is surprisingly difficult. There are
multiple approaches to this problem. One of them is to test programs on some test
cases and validate that the programs behave as expected. This is often a straightforward
path, and testing programs on different inputs is widely used in industry. For example,
take the following program in C, which computes the greatest common divisor of two
numbers.

int gcd(int a, int b) {
int i = a;
int j = b;
int t;
while (j != 0) {
t = j;
j = i % j;
i = t;

}
return i;

}

We can test it with different integers, and check that it returns the expected results.
This would provide some guarantees, but the guarantees would only provide assurance
for the covered cases and not guarantee the absence of bugs. Moreover, testing
programs is often not practically feasible. For example, we can consider the following
example in OCaml:
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type ’a t = ’a list =
| nil
| cons of ’a * ’a list

let rec map (f: ’a -> ’b) (l: ’a list): ’b list =
match l with
| nil = []
| (cons x xs) = cons (f x) (map f xs)

It is an example of a higher-order program, which, given a list, returns a new list,
computed from the initial one with a user-supplied function.

Even if we fix ’a and ’b to 32-bit signed integers, the amount of potential tests
for this program grows significantly, as one needs to test it with different functions
on integers. It becomes even more challenging if we consider not just pure numer-
ical functions but functions that can invoke effects. For example, we can call map
with a function that raises an exception — map (fun _ -> failwith "Oh, no!")
(cons 1 nil). Or, alternatively, we can allocate a reference and have the supplied
function access the content of the reference when called. If we drop the assumption
that ’a and ’b are types of 32-bit signed integers, we have even more cases to cover,
as now ’a and ’b can be any types, including ones defined by users. This illustrates
the practical challenges of verifying programs utilizing complex behavior.

The semantic perspective on correctness. Another technique is to formally verify
that programs or selected features behave as expected. While often requiring more
effort, this approach allows one to provide much stronger guarantees and is especially
appealing to critical software. In this work, we study programming languages from
the semantic perspective. By semantic perspective, we mean that we describe the
intended meaning of different programming languages’ constructions mathematically
and reason about the assigned meaning; i.e. we provide a model for a programming
language. In the following paragraphs, we provide an exposition to semantic reasoning
about programming languages by showing two different semantics of a minimal
programming language and discussing them.

An alternative view on semantics. In this work, we study semantics from the
verification perspective. That is, we use the constructed models to reason about the
correctness of written programs. However, it is worth noting that there is another per-
spective — extending programming languages. By studying models of programming
languages, we can derive new gadgets that can be safely added to programming lan-
guages. In particular, PCF, the programming language for computable functions [98],
which greatly influenced the subsequent design and development of the ML family
of languages, takes its origin from semantics of the untyped lambda calculus. The
study of PCF, and one of its semantic models, the logic for computable functions
(LCF), gave rise to various extensions of the language. We do not use semantics of

6



Introduction

identifiers Ident ::= x,y,z, . . .
expressions Expr ∋ e ::= n | e1 + e2 | e1− e2 | x
statements Stm ∋ s ::= x := e | s1 ; s2 | while e do s | if e then s else s | skip
programs Prog ∋ p ::= · | s ; p

Figure 1.1: Syntax of IMP.

programming languages from this perspective in this thesis, but it is important to
highlight that there are other motivations to study semantic models.

Mechanized semantics. Another important aspect of the work in this thesis is that
we focus on mechanized semantics. Models of programming languages are often
intricate to define, as we will briefly show, and have a lot of easy-to-miss details. To
address that, semantic studies are formalized in proof assistants. A proof assistant is a
program that allows one to formalize and reason about mathematics while having a
machine to verify the correctness of proofs. To increase reliability, all of the works in
this thesis are mechanized in the Rocq Prover. In particular, providing mechanized
semantics for programming languages is one of the main motivations of Chapter 3
and Chapter 4.

1.3 Background

By studying languages from the semantic perspective, we formally show that software
has certain behaviors. For the running example, let us consider a simple language
that illustrates the advantages and challenges of reasoning about the semantics of
programming languages.

Our first example is a simple language called IMP [100] shown in Figure 1.1.
It is an imperative language that can be viewed as a simplified version of Pascal or
ALGOL 60.

To reduce ambiguity, we use blue for various language operators and keywords
and black for the usual mathematical operations. This language employs some simple
operations on integers, allowing one to specify integer literals, perform addition and
subtraction. In addition, the language has control operations that allow one to perform
branching and iteration. To simplify the language, we use integers instead of boolean.
The if e then s1 else s2 statement executes the second branch if e computes to a
negative integer or zero, and the first branch otherwise. The while e do s statement
checks if e reduces to a negative integer or zero, and, if so, skips the body of the
loop and continues execution. If e computes to a positive integer, while e do s
executes s, and loops. On top of that, the language has a state given by a mapping
from identifiers to integers. Users can allocate or modify the state with assignment
statements x := e, and retrieve the content of existing mappings by referring to their
identifiers in expressions. Operations on integers can use values stored in memory
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cells by using the identifiers corresponding to them. The last statement, skip, does
nothing and the machine simply proceeds with the rest of the program. A complete
program in IMP is a list of statements.

Operational semantics. The first style of semantics we consider is operational
semantics, shown in Figure 1.2. Operational semantics has a long history, dating back
to the earliest studies of programming languages2. We can consider some machine that
executes this program and describe how this machine is going to execute programs
written in this language, operation by operation, ignoring the implementation of such
a machine.

In this particular example, we consider a machine that maintains a mapping from
identifiers to integers, where ε denotes the starting empty state and σ [i 7→ n] denotes
a state of the machine that was extended with a new mapping that assigns n to the
identifier i. For the full machine configuration, we consider a pair of the program we
intend to execute and the current state.

state State ∋ σ ::= ε | σ [i 7→ n]
configuration Conf ∋ c ::= (p,σ)

Every execution step of this machine is going to modify the state based on the
current statement of the program. We can describe this behavior by defining two
relations. The step relation, → ⊆Conf×Conf, specifies the behavior of the complete
machine, i.e. (p1,σ1)→ (p2,σ2) means that the machine makes a step from a state
σ1 and a program p1 to some new state σ2 and some new program p2. The evaluation
relation, ↓ ⊆ (Expr× State)×Z, is a relation that specifies how expressions are
evaluated into concrete integers. The rules are presented in a standard format for
operational semantics, where propositions above the horizontal line are a condition
for the relation below the line to hold. For example, consider the following clause:

(e,σ) ↓ n n≤ 0

(if e then s1 else s2 ; p,σ)→ (s2 ; p,σ)

The clause describes the machine’s behavior when executing the if e then s1 else s2
statement, when the condition given by e does not hold. That is, if e evaluates to a
non-positive integer, the machine starts to execute the second branch.

In addition, we abbreviate the reflexive-transitive closure of → as →∗ . We
consider a program to be terminated if we have exhausted the list of statements, i.e.
evaluated to (·,σ).

Essentially, we specified the behavior of a partial evaluator for programs written
in IMP. The partiality comes from the fact that IMP has dynamic scope. That is,
nothing prevents us from writing a program that tries to access some identifier that has
not been assigned with an expression. When it happens, we say that the operational
semantics gets stuck. Next, we proceed with a discussion on some properties of
programs implemented in IMP.

2Plotkin [99] provided a historical origin of operational semantics.
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(n,σ) ↓ n

σ [i 7→ n]

(i,σ) ↓ n

( j,σ) ↓ n i ̸= j

( j,σ [i 7→ m]) ↓ n

(e1,σ) ↓ n1 (e2,σ) ↓ n2

(e1 + e2,σ) ↓ (n1 +n2)

(e1,σ) ↓ n1 (e2,σ) ↓ n2

(e1− e2,σ) ↓ (n1−n2)

(e,σ) ↓ n n > 0

(if e then s1 else s2 ; p,σ)→ (s1 ; p,σ)

(e,σ) ↓ n n≤ 0

(if e then s1 else s2 ; p,σ)→ (s2 ; p,σ)

(e,σ) ↓ n

(i := e ; p,σ)→ (p,σ [i 7→ n])

(e,σ) ↓ n n > 0

(while e do s ; p,σ)→ (s ;while e do s ; p,σ)

(e,σ) ↓ n n≤ 0

(while e do s ; p,σ)→ (p,σ) (skip ; p,σ)→ (p,σ)

Figure 1.2: Operational semantics of IMP.

mult(e1,e2,r)≜

r :=0 ;
t := e2 ;
if t then
while t do

r := r+ e1 ;
t := t−1 ;

else

while 0− t do
r := r− e1 ;
t := t +1 ;

Figure 1.3: Example program in IMP.

Formal reasoning about the correctness of programs. The operational semantics
presented in Figure 1.2 provides the mathematical framework needed to formally state
and prove properties of programs written in IMP. In particular, we are interested in
correctness: given a program specification that describes the expected outcome of
execution, we can formally verify that the program satisfies this specification. As an
illustration, consider the program in Figure 1.3.

Since IMP does not support function definitions, we treat mult(e1,e2,r) as syntac-

9
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tic sugar for a sequence of instructions. The intended meaning of this program is to
compute the product e1 ∗e2 and store the result in the state, accessible by the identifier
r.

Under the operational semantics, verifying this program amounts to establishing
the following lemma:

Lemma 1.3.1.

(e1,σ) ↓ n∧ (e2,σ) ↓ m =⇒ (mult(e1,e2,r) ; p,σ)→∗ (p,σ [r 7→ n∗m, t 7→ 0])

This specification comes with certain assumptions. First, e1 and e2 are arbitrary
expressions, but we assume that both evaluate to concrete integers n and m in the
initial state σ . Only under this assumption does it make sense to state that the result
of the multiplication is n∗m.

We now verify that mult satisfies this specification.

Proof. We prove the lemma by constructing an explicit execution sequence. Two
cases arise depending on the value of m: either m > 0 or m≤ 0. Since the argument is
almost analogous, we show only the second case m≤ 0.

The first few steps execute two assignments followed by the conditional branching,
yielding:

(mult(e1,e2,r) ; p,σ)→∗
 while 0− t do

r := r− e1 ;
t := t +1 ;

 ; p,σ [r 7→ 0, t 7→ m]


It remains to show that the loop computes the expected result. For this, we prove a
stronger statement: the loop evaluates correctly for any initial accumulator value a.
Formally, for arbitrary a: while 0− t do

r := r− e1 ;
t := t +1 ;

 ; p,σ [r 7→ a, t 7→ m]

→∗ (p,σ [r 7→ a+m∗n, t 7→ 0])

We prove this by induction on |m|.
Base case. If |m|= 0, then m = 0 and the loop body is never executed. The result

is immediate.
Inductive step. Assume the claim holds for |m|= m′+1 for some m′ ≥ 0, i.e. we

assume that the inductive hypothesis (IH) holds for any a. while 0− t do
r := r− e1 ;
t := t +1 ;

 ; p,σ [r 7→ a, t 7→ −m′]

→∗ (p,σ [r 7→ a−m′ ∗n, t 7→ 0]) (IH)

We fix some a′, and proceed with the inductive case. For |m|= m′+1, the loop
condition 0− t evaluates to m′+ 1 > 0, so one iteration of the loop is executed: r
decreases by n and t increases by 1. It remains to show that the rest of the loop behaves
as expected: while 0− t do

r := r− e1 ;
t := t +1 ;

 ; p,σ [r 7→ a′−n, t 7→ −m′]

→∗ (p,σ [r 7→ a′− (m′+1)∗n, t 7→ 0])

This follows immediately from the induction hypothesis (IH), instantiated with
a = a′−n. □

10
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In summary, we defined a mathematical model that faithfully captures the behavior
of the programming language. Within this model, verification of programs such as
mult is no longer a verbal claim but a rigorous mathematical proof. If the model is
adequate and the proof is sound, we gain stronger confidence in the correctness of
the software. For example, the proof of correctness for mult shows that, under the
stated assumptions, it always produces the expected result according to the operational
semantics.

Although simple, this example illustrates two key aspects of semantic reason-
ing about programs. First, semantics makes it possible to establish strong, general
guarantees: our proof is not limited to the program mult in isolation, but shows that
mult behaves correctly when composed with any remaining program p. Second, even
in this small case, the proof involves many details that are easy to overlook. This
highlights the value of mechanized proofs, which help to ensure reliability in the study
of programming language semantics.

Relational reasoning. While the correctness example shows how operational se-
mantics supports reasoning about programs, correctness is not the only property of
interest. A central theme of this thesis is relational reasoning, where we compare
two programs to establish that one can safely replace the other. For instance, suppose
that we introduce an alternative implementation of mult, mult′, which may be more
efficient but less straightforward to implement. To justify using mult′ instead of mult,
we must prove a refinement: i.e., that mult and mult′ behave identically in every
context, so that no surrounding program can distinguish them.

This raises the question of what observations are available when running a program
in IMP. Because the language has dynamic scoping, executions may get stuck if a
variable is accessed, while it is undefined. Moreover, programs may diverge because
of the presence of loops. Finally, we can observe whether a program terminates, and,
if so, inspect the resulting state by running further programs that query variables.
Thus, any difference in how two programs compute internally is irrelevant as long as
they either both diverge or both terminate with the same resulting state. Consequently,
refinement reduces to comparing programs only with respect to their termination
behavior and final states, since no other observations are visible to distinguish them.

More formally, observations can be characterized using program contexts with a
single hole, into which the programs under comparison are inserted. Consider two lists
of statements C1 and C2 of IMP. Together, they represent a context for a program p
between them. By changing C1, we can modify the state in which p starts its execution.
Analogously, by picking different lists for C2, we can test the content of identifiers to
determine the state after p.

Returning to the original problem, given programs mult and mult′, we can test
if the combined program C1;mult′(e1,e2,r);C2 terminates if C1;mult(e1,e2,r);C2
terminates. Less formally, by considering all surrounding contexts, we enforce that
mult′ requires at most the same information as mult, and provides at least the same
information as mult. This extensional notion, first presented in James Hiram Morris
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[63], is commonly called contextual refinement, and its symmetrical closure is con-
sidered to be one of the standard notions of program equivalence. In Chapter 2, we
employ it to study a language that supports a certain feature in its type system.

Other flavors of semantic models. The operational semantics introduced earlier is
only one possible way to model the language. Its main appeal lies in its simplicity: it
can be defined and reasoned about within a relatively modest mathematical framework.
At the same time, operational semantics becomes cumbersome for larger programs,
since it requires spelling out numerous administrative execution steps and maintaining
detailed state information. And while it can be understood as an idealized machine
executing programs, it remains conceptually close to an actual evaluator, rather than
offering a more abstract view of program meaning. That is the reason why, instead
of using the operational semantics directly for showing program properties, it is
beneficial to either use logical systems on top of the operational semantics, or use a
different semantic model.

Denotational semantics. An alternative to the operational semantics discussed
previously is denotational semantics. Rather than describing how an idealized machine
executes programs in IMP, denotational semantics interprets the syntactic components
of IMP as mathematical objects. Formally, it is given by a mathematical universe of
denotations (the domain of the interpretation) D together with a family of interpretation
functions for the syntactic categories of IMP: e.g., J−KExpr : Expr→ D, J−KStm :
Stm→ D, and J−K : Prog→ D. In contrast to operational semantics, denotational
semantics is compositional: the meaning of a program is determined solely by the
meanings of its subconstructs. For example, if a program uses mult, we can replace
Jmult(e1,e2,r)K with any denotationally equal program without changing the overall
meaning. Another key feature is that D can be chosen independently of the particular
language. This allows a single domain to serve as the semantic universe for multiple
languages, enabling reasoning about their interactions within a common framework.

We do not provide an example of denotational semantics for IMP, and instead
refer the interested readers to more complete and comprehensive materials. Denota-
tional semantics was introduced by Scott and Strachey as a mathematically rigorous
alternative to operational semantics of programming languages [109]. A canonical
reference for the underlying theory is the book by Abramsky and Jung [1], which
develops domain theory as the basis for denotational models.

Domain choice. In the previous paragraph, we have left the interpretation domain
D unspecified. In practice, the choice of domain is determined by the constructs of the
language under study and the reasoning principles one wants to support. For example,
in Chapter 3 we fix a particular domain in order to study a family of languages with
related constructs. Later, in Chapter 4, we mechanize a more general framework that
enables the definition of domains for feature-rich languages, including those with
higher-order functions.
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Typed semantics. A well-known technique for increasing software reliability is
the use of typed languages. The language we have discussed so far, IMP, is untyped:
every program built from its grammar is considered a valid program. Modern pro-
gramming languages, however, typically include type systems that restrict the class
of valid programs, ruling out certain kinds of errors before execution. For example,
in Chapter 2 and Chapter 3 we define and study typed languages, each equipped with
a type system tailored to the language features under consideration. Introducing a
type system for IMP would not provide meaningful insights into these features, hence
we leave it untyped. However, it is important to emphasize that the untyped semantics
of IMP is only one approach. Type systems can be understood as a way of enforcing
semantic properties statically, and thus it is often beneficial to make types explicit in
the semantics itself. In such typed semantics, each type denotes a set of semantically
valid programs, allowing reasoning to proceed in a type-directed manner. We adopt
this approach for works presented in Chapter 2 and Chapter 3, where we show that
well-typed programs also have specific semantic properties.

Relating semantic models. Operational semantics is typically employed to specify
the basic behavior of a language and to formulate correctness or relational properties.
However, as noted before, for more sophisticated reasoning, it is often useful to work
with alternative semantic models that provide stronger principles and abstractions.
For example, in Chapter 2 and Chapter 3 we begin with operational specifications of
the studied languages, and then develop more expressive models that enable more
powerful reasoning, relating their properties back to the operational semantics.

1.4 Contributions

In this section we provide a more focused introduction, intended for readers familiar
with the semantics of programming languages or related areas, though not necessarily
with the specific topics of this thesis. Here we outline the context and contributions of
the dissertation in greater detail, with pointers to the corresponding chapters. Specif-
ically, Section 1.4.1 introduces the material developed in Chapter 2, Section 1.4.2
corresponds to Chapter 3, and Section 1.4.3 previews the results of Chapter 4. In Sec-
tion 1.5 we briefly discuss potential directions for future work, and then finalize this
chapter with a list of publications used in this thesis and give a statement of personal
contributions in Section 1.6.

1.4.1 Generalized Algebraic Datatypes

In this section we provide background and an overview of generalized algebraic
datatypes (GADTs), a generalization of algebraic datatypes (ADTs). Throughout this
section, as well as in Chapter 2, we use a Haskell-like syntax for examples.

Algebraic datatypes are defined by a collection of constructors, each describing a
way to build an element of the datatype. Constructors take a number of parameters

13



Introduction

(possibly including the type being defined, as in recursive types) and return an element
of the datatype. For example, the type of lists with elements of type a, shown
in Figure 1.4, is given by two constructors: Nil and Cons. Both return values have
type List a, with Cons additionally taking an argument of type List a. Ultimately,
the type parameter a remains fixed across constructor arguments and result types.

By relaxing this restriction on constructor arguments, we obtain nested types,
which allow type parameters to vary in the arguments. For example, the type of
perfect trees in Figure 1.5 includes a constructor PBranch whose argument has type
PTree (a, a). This differs from lists, where Cons preserves the parameter a; here,
the type parameter is transformed into a product type. As a result, each application of
PLeaf doubles the payload, forcing the structure to contain 2n elements at depth n
and ensuring that the constructed tree is perfect.

GADTs extend this idea further: in addition to shaping the argument types, a
GADT constructor can specialize the result type parameters. This makes it possible to
encode richer invariants directly in the type system. For example, perfect trees can be
defined more succinctly using GADTs, as in Figure 1.6, where natural numbers at the
type level track the height of the tree. Here, the result type records height information:
empty trees are assigned the type parameter Z (zero), while internal nodes require
two subtrees of the same height n and produce a tree of height n+1, represented by
S n (successor). Note that it is not important what types are used for the encoding
of natural numbers (or if these types are inhabited) as they are used purely for their
shape.

Beyond type invariants, GADTs can also enforce type safety for operations. For
example, Figure 1.7 defines an expression datatype indexed by the type of value repre-
sented. Constructors refine the result type: for instance, ExprBool yields Expr Bool.
As a result, an evaluator eval :: Expr a -> a can safely return a value of the
correct type in each branch. In the ExprApp case, the types guarantee that the left
subexpression is a function and the right subexpression is a suitable argument, allow-
ing direct evaluation without runtime checks. In contrast, with a traditional ADT all
constructors would yield a uniform Expr, making it impossible to encode at the type
level that ExprApp expects a function on the left. One would have to rely on runtime
checks or unsafe casts, losing type guarantees.

The introduction of GADTs into programming languages is motivated by improved
type safety: they allow for more invariants3 to be expressed directly in the type system,
ruling out ill-formed programs at compile time. This expressiveness makes GADTs
particularly valuable for implementing type-safe interpreters, compilers, and data
structures with strong correctness guarantees, eliminating the need for ad-hoc runtime
checks.

3For example, “an element of Expr (Bool -> Bool) always evaluates to a function from booleans
to booleans.”
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data List a where
Nil :: List a
Cons :: a -> List a -> List a

Figure 1.4: Algebraic datatype of lists.

data PTree a where
PLeaf :: a -> PTree a
PBranch :: PTree (a, a) -> PTree a

Figure 1.5: Nested datatype of perfect trees.

data Z
data S x
data PTree’ n a where
PLeaf’ :: a -> PTree’ Z a
PBranch’ :: PTree’ n a -> PTree’ n a -> PTree’ (S n) a

Figure 1.6: Generalized algebraic datatype of perfect trees.

data Expr a where
ExprBool :: Bool -> Expr Bool
ExprLam :: (a -> Expr b) -> Expr (a -> b)
ExprApp :: Expr (a -> b) -> Expr a -> Expr b

eval :: Expr a -> a
eval (ExprBool b) = b
eval (ExprLam f) = \x -> eval (f x)
eval (ExprApp f x) = (eval f) (eval x)

Figure 1.7: Generalized algebraic datatype of typed expressions and evaluation func-
tion.
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Context

GADTs have deep roots in type theory and functional programming research, where
they were preceded by the more general concept of inductive families in dependently-
typed languages. Inductive families allow types to be indexed by values, and in
dependently-typed settings, even by other types. For example, Dybjer [39] gave
inductive definitions of lists indexed by length and lambda terms indexed by the
number of free variables. Such examples can also be encoded using GADTs and
type-level natural numbers (e.g., as in Figure 1.6), avoiding full inductive families in
the language.

The idea of using only types as indices to be able to use more practically tangible
type-checking algorithms can be traced back to an unpublished note by Augustsson
and Petersson [10]. Building on type families in ALF, the authors studied an extension
of Hindley-Milner type checking that permits type parameters in result types to vary.
They illustrated its usefulness by encoding typed grammars for parsing and an expres-
sion language in which only well-typed terms can be constructed, similar to Figure 1.7.
Their “silly type families” anticipated what later came to be called GADTs, preceding
the term by years. Meanwhile, in the broader programming languages community of
the late 1990s, there was growing interest in bringing lightweight forms of dependent
types into real-world functional languages.

One precursor for GADTs was research of phantom types in Haskell. A phantom
type is a type parameter with no corresponding runtime value, used solely as a
compile-time tag. By designing APIs around phantom types, programmers could
enforce invariants through the type system. For instance, in Figure 1.6, the type S Z
carries a phantom parameter Z with no value attached, but can be used to represent
1 on the type level. A notable advance was the notion of first-class phantom types
proposed by Cheney and Hinze [29], which allowed to specify type-level equalities for
phantom parameters and allowed programmers to express type equalities as constraints,
providing stronger type guarantees.

At the same time, Xi et al. [144] introduced a similar idea of guarded recursive
datatype constructors in ML, via the calculus λ2,Gµ , which incorporated type equalities
directly into type definitions. The authors demonstrated how a version of ML extended
with these features (ML2,Gµ ) could be elaborated into their calculus.

These two lines of work (first-class phantom types and guarded recursive datatypes)
were essentially equivalent in expressive power, and together foreshadowed GADTs,
albeit in different languages. Both generalized ADTs by allowing constructor return
types to fix type parameters to specific types, thereby enabling the type system to
reason about type indices. Because constructors could “pin down” type parameters,
both approaches allowed to enforce constraints among constructor arguments and the
resulting type.

By the early 2000s, the idea that types could carry richer information via indices or
phantom parameters was established, though either confined to dependent type theory
or encoded in an ad-hoc manner in Haskell/ML-languages. Importantly, the early
work on GADTs also provided solid type-theoretic foundations: both Cheney and
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Hinze [29] and Xi et al. [144] proved syntactic soundness of their systems, ensuring
that well-typed programs could not “go wrong” at runtime. From the operational
semantics point of view, their versions of GADTs behaved much like ADTs, but with
stronger static guarantees.

The next challenge was integration into practical programming languages. It was
quickly realized that type inference for GADTs is tricky: in fact, it was shown that
without some restrictions or annotations, type inference for GADTs is undecidable in
general. However, with additional annotations, type inference can be made decidable,
as shown by Peyton Jones et al. [95]. The design guaranteed that if a GADT-using
program has relatively small number of type annotations, then a relatively simple
algorithm can infer its types. In practice, GHC adopted a strategy in which functions
using GADT pattern-matching often require a type signature to guide inference,
reflecting these complexities of working with GADTs.

Concrete implementations soon followed. Sheard [110] pioneered an implemen-
tation of GADTs in the experimental language Ωmega, which was the first imple-
mentation of Generalized Algebraic Datatypes in a programming language that does
not have dependent types. GHC added GADTs as an extension around 2005, after
which other languages followed. Notably, OCaml incorporated GADTs in version
4.00 (2012), with the type-theoretic integration described by Garrigue and Rémy [50].

Research Questions

Although GADTs were extensively studied from the implementation and syntactic
point of view, their semantic models were only investigated from the categorical
model point of view. In this work, we pluck the fruit and study the semantics of
GADTs. We introduce a calculus that incorporates the notion of type equality and
show how it supports writing programs with GADTs. To express GADTs and reason
about pattern-matching on them, we extend the calculus with provability judgments
for type equalities, divided into two classes of rules. The first class, discriminability
rules, allows us to eliminate impossible cases. The second class, injectivity rules,
provides a way to derive equalities of subcomponents of compound types.

Injectivity of type constructors. Injectivity of type constructors presents challenges
for semantic studies of programming languages. In particular, it is well-known that
injectivity of type constructors does prevent one from providing set-based semantical
models. For example, in a simply typed calculus with empty and product types,
interpreting types as sets of valid values of these types makes JA×voidK= JB×voidK
trivially true, since both types are realized with empty sets. Injectivity would then
force JAK = JBK, which is not true for arbitrary A and B. With impredicative polymor-
phism combined with injectivity, even syntactic models exhibit unexpected behavior.
Admitting injectivity for impredicative types allows one to derive false4. In this work,

4In fact, injectivity of any higher-kinded type constructor allows one to derive absurdity: https:
//github.com/idris-lang/Idris-dev/issues/3687.
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we construct a model that supports injectivity of type constructors using a novel
combination of normalization by evaluation and logical relations. The key feature of
our model is that it preserves syntactic information about type equalities, but does not
impede relational reasoning.

Semantics. Earlier work has sometimes established syntactic soundness results
for calculi with GADTs, but the semantics of GADTs has been more extensively
studied in the setting of functoriality. In particular, Johann et al. [65–70] developed
categorical models of languages where type constructors are functorial, exploring
whether GADTs can be represented as initial algebras of strictly positive functors,
similar to the approach used more generally for inductive types. That is, instead of
studying a concrete language that has the capability to express GADTs, the authors
studied conditions on functors that can be used to represent GADTs. In these works,
the authors posed the question if nested types and GADTs are syntactic generalizations
of ADTs; is it possible to generalize the functorial treatment of ADTs to GADTs?
Johann and Ghiorzi [67] answered this question positively for nested types, where
the authors construct a parametric model that allows one to express all nested types
appearing in the literature and provide parametricity results. For GADTs, however,
Johann et al. [70] showed that parametric reasoning rules out their characterization as
initial algebras.

In contrast to their work, we focus on semantics of one concrete language, inspired
by real-world languages, that supports impredicative polymorphism, general recursive
types, and internalized type equalities, with no restriction on what type constructors
we allow, which makes our approach to semantics of GADTs different. The authors
target diverse host languages, while our treatment of GADTs relies on injectivity and
discriminability of type constructors in a particular language. In addition to that, in
our work, we not only target parametricity results but also focus on representation
independence. That is, we construct a model that supports showing contextual equiva-
lence of programs that utilize GADTs and implement the same interface. In addition
to that, our work is fully mechanized in Rocq, allowing for mechanized reasoning
about programs using GADTs.

Another line of work, explored by Vytiniotis and Weirich [137], studies a version
of System Fω extended with a single GADT: the equality type. Although this approach
also pursues relational reasoning, the authors provide only congruence rules for
internalized type equalities, and it remains an open question whether their system can
represent programs that make essential use of GADTs. In particular, because their
language is terminating, it seems unlikely that injectivity rules are admissible in their
model.

Results

We develop a semantic model for a version of System Fω extended with built-in
type equalities, sufficient to express GADTs as they appear in practical programming
languages such as Haskell and OCaml. For this calculus, we give the first unary and
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binary models, based on a novel combination of normalization by evaluation and
logical relations. Using these models, we obtain the following results:

• We show that combining impredicative polymorphism with injectivity of poly-
morphic types yields a new encoding of non-terminating computation. Conse-
quently, the language is not strongly normalizing, even in the absence of effects
or recursion, which shows that it cannot be encoded in System Fω ;

• We demonstrate that the unary model can be used to reason semantically about
programs with GADTs, by analyzing programs that are semantically valid but
syntactically ill-typed, and establishing their properties;

• Using the binary model, we establish that parametric reasoning is possible
even in the presence of syntactic constraints on types. In particular, we prove
contextual equivalence between two programs, one of which is implemented
using GADTs.

• The only limitation of our approach is that relational reasoning is restricted to
types of the base kind.

1.4.2 Context-Dependent Effects

In this section, we provide background and an overview of context-dependent effects,
their role in modern programming languages, and the challenges of describing their
semantics. We focus in particular on languages with undelimited continuations (such
as those featuring call/cc and throw) and on languages that support a more refined
family of continuation primitives, delimited continuations. For concreteness, we use
OCaml-like syntax, and adopt call/cc and throw as representative operators for
presenting context-dependent effects.

Intuitively, context-dependent effects provide an interface to “the rest of the
computation.” While general continuation operators are not widely available in
mainstream languages, one prominent instance of this class of effects, exceptions,
is ubiquitous. For example, consider the program in Figure 1.8, which implements
an early return from a subroutine using exceptions. The program defines a new
exception and then proceeds to define a function find_first_even that traverses a
list of integers, raising the exception with the first even number it encounters. The
function main calls find_first_even on the list [1; 2; 3; 4]. If no exception
is raised, the program reports that no even numbers were found. However, in this
case find_first_even raises an exception, which aborts the remainder of the try
branch (skipping Printf.printf "No even numbers found!\n") and transfers
control to the exception handler under the keyword with. The handler then reports
the first even number found. In this example, the enclosing try ... with ...
acts as a delimiter, separating the notion of “the rest of the computation” into two
parts: the continuation between the exception-raising code and the handler, and the
remainder of the program. The operator raise (Found x) discards the intermediate
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exception Found of int

let find_first_even (xs: int list): unit =
List.iter (fun x ->
if x mod 2 = 0 then raise (Found x)

) xs

let main () =
let xs = [1; 2; 3; 4] in
try
find_first_even xs;
Printf.printf "No even numbers found!\n"

with
| Found x ->
Printf.printf "Answer: %d\n" x

Figure 1.8: Early return with exceptions.

continuation, effectively forgetting part of the computation. Crucially, the place where
raise (Found x) was invoked can change the semantics of the program.

Although exceptions are ubiquitous in programming, they do not fully illustrate
the expressive power of context-dependent effects. The example in Figure 1.8 shows
how to abort part of a computation and handle a raised exception, but it does not treat
“the rest of the computation” (or continuation) as a first-class object, delegating it to
the exception handling mechanism. In Chapter 3, we study two forms of continuation-
based effects: undelimited continuations, where the continuation represents the entire
remainder of the program, and delimited continuations, where the programmer can
specify a slice of the rest of the computation.

To demonstrate context-dependent effects in their more general form, we use
examples in a hypothetical extension of OCaml, describing their intended meaning
informally. The interface shown in Figure 1.9 is based on an extension of Standard
ML5, supporting the operators call/cc and throw as in Duba et al. [37]. These
operators are canonical examples of undelimited continuations.

Here, type ’a cont internalizes the notion of a continuation that expects a value
of type a. The operator throw resumes a continuation by supplying it with such a
value, while also aborting the current continuation. The second operator, callcc
(standing for “call-with-current-continuation”), captures the current continuation and
binds it to a variable, allowing the user to use it later. In this example, we assume the
continuation primitives are multi-shot, meaning the same continuation can be invoked
multiple times.

5This addition to Standard ML with impredicative polymorphism made the language unsound,
which illustrates the complexity of using continuations. The issue was raised in sml mailing list:
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type ’a cont
val throw: ’a cont -> ’a -> ’b
val callcc: ((’a cont) -> ’a) -> ’a

Figure 1.9: Hypothetical API for call/cc in OCaml.

let find_first_even_cc k (xs: int list): unit =
List.iter (fun x ->
if x mod 2 = 0 then
throw k (Printf.sprintf "Answer: %d\n" x)

) xs

let main () =
let xs = [1; 2; 3; 4] in
let s =
callcc (fun k -> find_first_even k xs;

"No even numbers found!\n")
in

Printf.printf s

Figure 1.10: Early return with call/cc.

This interface also allows users to implement functionality similar to exceptions.
For example, consider the program in Figure 1.10. Essentially, it implements the same
early return functionality as the program in Figure 1.8, but this time using continuation
primitives.

The function main defines the same list, but computes the output string in a
different way. It first captures the current continuation with callcc (in this case,
the continuation is let s = _ in Printf.printf s, where the underscore indi-
cates the value it expects) and passes this continuation to find_first_even_cc. If
find_first_even_cc does not invoke the continuation, then s is instantiated with
"No even numbers found!\n", and the program terminates normally, displaying
this string. However, unlike the exception-based version, find_first_even_cc now
takes the continuation k as an explicit argument. If find_first_even_cc encoun-
ters an even number, it uses k to abort the remainder of the computation and return
the first even number directly to the point where callcc was invoked.

In addition to early return, context-dependent effects can be used for a plethora
of other use cases, e.g., cooperative concurrency, backtracking, generators. In the
following, we provide a slightly more involved example of their expressivity. As
an illustration of their expressivity, consider the program in Figure 1.11, which
implements a primitive form of backtracking. The program enumerates solutions to

https://www.seas.upenn.edu/~sweirich/types/archive/1991/msg00034.html.
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the simple constraint a∗b = 2 using a single mutable cell to store the current failure
handler.

Intuitively, the function choose introduces a choice point. It immediately returns
its first alternative while also installing a new failure handler in cell. When invoked,
this handler restores the previous failure handler and resumes the continuation of
choose as if it had instead returned the second alternative.

Let us step through the execution of solve ():

• a = choose 0 1: installs a new failure handler
h1 = fun () -> cell := fail; throw k 1, and returns 0. Here, k cap-
tures both the subsequent choice of b and the test.

• b = choose 0 2: installs another handler
h2 = fun () -> cell := h1; throw k 2, and returns 0. Now, k contains
only the test code.

• if a * b = 2 then (a, b) else !cell (): the test fails, so we invoke
the current failure handler.

• !cell (): restores h1, tries again with b = 2, but the test still fails, triggering
another call to the failure handler.

• !cell (): reverts to the initial handler, setting a = 1. The continuation now
executes both the choice of b and the test.

• We repeat the process with b = 0, fail, and finally reach the successful pair
a = 1, b = 2.

The trace is summarized below:

(0,0)→ fail→ (0,2)→ fail→ (1,0)→ fail→ (1,2)→ success

This example illustrates both the expressive power and the complexity of context-
dependent effects. They enable the encoding of powerful programming patterns, such
as backtracking, but at the cost of making program reasoning nontrivial. In particular,
reasoning becomes less local: the behavior of a programming language construct
may be different depending on the surrounding context. For instance, in Figure 1.11,
understanding the outcome of a throw requires knowing where callcc was invoked.
In the next section, we review the historical development and current state of semantic
studies of context-dependent effects.

Context

Context-dependent effects have a long history in programming languages. Early
studies were motivated by the connection between imperative constructs in ALGOL
60 and extensions of the lambda calculus. One of the first context-dependent effects
was introduced by Landin [81], who proposed the J operator in ISWIM. This operator
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exception Fail
let fail: unit -> ’a = fun () -> raise Fail
let cell: (unit -> ’a) ref = ref fail

let choose (x: ’a) (y: ’a): ’a =
callcc (fun k ->
let old = !cell in
cell := (fun () -> cell := old; throw k y);
x

)

let solve () =
let a = choose 0 1 in
let b = choose 0 2 in
if a * b = 2 then (a, b) else !cell ()

let main () =
try
let (a, b) = solve () in
Printf.printf "Solution: (%d, %d)\n" a b

with Fail ->
Printf.printf "No solution!\n"

Figure 1.11: Backtracking with call/cc.

captured the current continuation as a first-class value, providing a way to translate
ALGOL non-local jumps and labels into closures in ISWIM [82]. Similarly, Reynolds
[104] divided ALGOL 60’s imperative features into two classes: state operations
and control instructions. To study the latter, he introduced the escape operator,
representing jumps. The J operator and the escape operators anticipated call/cc,
later formalized by Felleisen [41], although its semantics was originally given only
operationally via the SECD machine. Control operators first appeared in real-world
functional programming languages in Scheme [128], which introduced catch/throw
for non-local escapes (shown to be equivalent to escape), and later added call/cc.

Delimited continuations. The call/cc effect we discussed is an example of an
undelimited continuation manipulation: it captures the entire rest of the computation.
Because reasoning about undelimited continuations is difficult, finer-grained operators
were proposed in the form of delimited continuations. In comparison to undelimited
continuations, which capture the rest of the program, delimited continuations allow
programmers to explicitly control the extent of captured continuations. In case of
delimited continuations, in addition to the capture operation (which allows access to
continuations), and invocation operation (which allows to use continuations), language
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is supposed to expose an operations to delimit control. Various forms of delimited
continuations appeared in Felleisen [42], Sitaram and Felleisen [116], with the modern
shift/reset operators introduced by Danvy and Filinski [33] together with a novel
type system [32]. Later, a comprehensive taxonomy of delimited continuations was
given by Dyvbig et al. [40].

Denotational semantics of context-dependent effects. The study of non-local
jumps in imperative languages led to continuation-passing style (CPS) semantics,
pioneered by Strachey and Wadsworth [126], who modeled an ALGOL-like language
with goto. In CPS, the denotational semantics carries the continuation explicitly as an
additional parameter, making it well-suited for context-dependent effects. In particular,
the CPS interpretation of throw from our previous example would discard the current
continuation, and the interpretation of callcc would use the current continuations in
the body of callcc. That is, the interpretation effectively does two things at the same
time: it performs CPS conversion of programs, and computes denotations of CPS-
converted programs. This approach was later extended to functional languages with
undelimited continuations [45], and then to delimited continuations [33]. Dyvbig et al.
[40] generalized these results by presenting a monadic framework for various kinds
of delimited continuations in CPS, showing that this approach suffices for all types of
existing flavors of delimited continuations. In parallel, Sitaram and Felleisen [117]
introduced an alternative class of direct denotational models for control operators,
with the goal of establishing full abstraction.

(Guarded) Interaction Trees. Denotational semantics provides a powerful frame-
work for studying programming languages, but constructing suitable models is often
challenging and highly language-specific. Mechanization in proof assistants adds
further difficulty, particularly when working with domains. One might argue that
the domain-theoretic model of the untyped lambda calculus [107, 108], being a de-
notational semantics for a Turing-complete language, could in principle serve as a
universal model for all languages. In practice, however, encoding diverse effects
within this model is often not straightforward, and the resulting semantics becomes
harder to reason about, also making practical mechanization more complicated. In-
teraction Trees (ITrees), introduced by Xia, Zakowski, He, Hur, Malecha, Pierce,
and Zdancewic [145], were proposed as a modular solution to this problem: they
provide a mechanized domain for expressing the denotational semantics of first-order
languages, supporting divergence and first-order effects (e.g., I/O, first-order state).
That is, ITrees act as one particular mechanized domain that can be applied to a
plethora of languages, and comes equipped with tools for executing them as programs
and equational reasoning about weak bisimilarity of ITrees.

However, ITrees are best suited to first-order effects: higher-order functions must
be encoded (for instance, Vistrup et al. [136] used closures, when giving semantics of
lambda-functions, for function application the authors perform syntactic substitution),
which complicates reasoning about functional languages like Haskell or OCaml.
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coinductive type ITF(A)≜

| Ret : A→ ITF(A)

| Tau : ITF(A)→ ITF(A)

| Vis : ∏
B∈Type

(
F(B)× (B→ ITF(A))

)
→ ITF(A)

(a) Type of ITrees.

guarded type ITE(A)≜

| Ret : A→ ITE(A)

| Fun :▶(ITE(A)→ ITE(A))→ ITE(A)

| Err : Error→ ITE(A)

| Tau :▶ITE(A)→ ITE(A)

| Vis : ∏
i∈I

(
Insi(▶ITE(A))× (Outsi(▶ITE(A))→▶ITE(A))

)
→ ITE(A)

(b) Type of GITrees.

Figure 1.12: Types of (G)ITrees.

Guarded Interaction Trees (GITrees), introduced by Frumin, Timany, and Birkedal
[49], provide an alternative to ITrees to handle higher-order functions and effects. They
provide denotational semantics and reasoning principles for languages employing
effects like I/O and higher-order state. That is, GITrees is also one particular domain
for expressing denotational semantics, albeit tinkered to work with a different class of
languages (featuring higher-order effects and higher-order functions). Unlike ITrees,
GITrees do not rely on bisimilarity but instead use a program logic. More concretely,
GITrees come equipped with reduction relation, which specifies a way to compute
using user-supplied rules for effects. On top of this reduction relation, it is possible
to define weakest precondition, which specifies the conditions required for a safe
execution of a GITree, and, moreover, specifies a postcondition if the GITree reduces
to a function or a primitive value. The program logic for GITrees is implemented on
top of the Iris framework, and we refer the reader to Jung et al. [73] and [49, Section
6] for details.

While closely related, ITrees and GITrees are defined in different settings. ITrees
are defined as a coinductive type, whereas GITrees are defined as a guarded6 type.
We show both definitions in Figure 1.12 and briefly highlight their differences; for a
more detailed account of GITrees we refer the reader to [49, Section 3] and to [145,
Section 2].

Both ITrees and GITrees are parameterized by a type A of return values, with the

6Note that GITrees are implemented in Rocq, which does not support guarded types natively. Instead,
this type is implemented on top of an implementation of guarded type theory in Rocq — Iris framework.
Here, to simplify the presentation, we use Type for both guarded and Rocq types.
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constructor Ret producing value elements. Each includes a Tau constructor for repre-
senting “silent” steps, which can be used to encode non-terminating computations:
via corecursion in the case of ITrees, or via guarded recursion for GITrees.

To represent effects, both types are parameterized by an effect signature, though
in different forms. For ITrees, the parameter is a function F : Type→ Type, which
specifies the type of inputs expected by the used effects. For GITrees, the effect signa-
ture is given by a triple E = (I, Ins−,Outs−), where I is a set of operation symbols
(available effects) and Ins,Outs : I→ (Type→ Type) are functions specifying, respec-
tively, the input and output types of each operation. Note that both Ins and Outs are
parameterized by GITrees themselves. While introducing negative occurrences, and
thus preventing from defining this type as a coinductive in Rocq, this parameterization
allows to express higher-order effects, taking and returning GITrees.

In addition, GITrees introduce two constructors not present in ITrees. The con-
structor Fun allows functions themselves to be represented as values inside the type
of GITrees. Because this involves negative occurrences, it cannot be added to a
coinductive definition, similar to the higher-order version of Vis. Finally, GITrees
include an Err constructor to account for runtime errors, such as attempting to apply a
non-function value as a function.

In summary, both frameworks provide mechanized domains for denotational
semantics of languages. However, they target different families of languages, with
Interaction Trees targeting first-order languages with first-order effects, and offering
reasoning using weak bisimilarity. In contrast, Guarded Interaction Trees offer a
domain for languages with higher-order functions and effects, while using a different
approach to reasoning via program logic.

Research Questions

In this work, we study how to model context-dependent effects within the GITrees
framework. Specifically, we extend GITrees with facilities to represent context-
dependent effects, and evaluate the framework on canonical examples such as call/cc
and shift/reset.

Context-dependent effects in Guarded Interaction Trees. While Frumin, Timany,
and Birkedal [49] developed GITrees to support higher-order functions and effects,
they left context-dependent effects as future work. We fill this gap by adapting the
framework to represent and reason about such effects.

Direct semantics of context-dependent effects. Previous work [33, 40, 45] pro-
vided CPS models for context-dependent effects, but CPS reasoning has drawbacks.
In particular, relating CPS semantics of a full language with direct semantics of a frag-
ment lacking continuation operators can be difficult. By contrast, our approach models
both undelimited and delimited continuations directly, so that adding continuation
effects does not force the adoption of CPS for the rest of the language.
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An alternative line of work is extensible denotational semantics [28], which
represents effects as resources managed by an administrator. This framework supports
extension by introducing new resources and has been used to build a fully abstract
direct semantics for context-dependent effects [117]. Our work differs in that we
extend GITrees rather than using classical domain theory. This makes it possible to
mechanize results in a proof assistant and to leverage separation logic for reasoning
about effect resources. In addition to that, our work is fully mechanized.

Results

We extend Guarded Interaction Trees with primitives for effects that observe con-
tinuations, thereby enabling the representation of context-dependent effects. Our
contributions are as follows:

• We provide a modification to the GITrees framework, allowing one to specify
context-dependent effects;

• We extend the GITrees program logic with general rules for context-dependent
effects, and derive specialized rules for concrete operators such as call/cc
and shift/reset;

• We give sound and adequate direct denotational semantics for a language with
call/cc in the GITrees framework;

• We give sound and adequate direct denotational semantics for a language with
shift/reset;

• We demonstrate interaction between two languages: one with shift/reset
and one with higher-order state;

• We show that our extension is conservative: previous examples remain valid
with the extended framework.

1.4.3 Recursive Domain Equations

In this section, we motivate the mechanization of guarded recursive domain equations
and compare our approach with existing mechanizations.

Recursively defined objects are ubiquitous in the semantics of programming
languages. A standard way to study them is through recursive domain equations,
defined as suitable functors over suitable categories. That is, given an endofunctor
F : C → C, the goal is to find an object X such that F(X)≃ X . Since Scott’s seminal
report on domain theory [107], many categorical frameworks have been developed
to solve such equations, ranging from concrete categories, such as the category of
chain complete partial orders and the category of metric spaces, to more abstract
settings based on certain classes of enriched categories. One line of work connects
recursive domain equations to step-indexing techniques [24, 73], which have been
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applied to define denotational semantics [93] and expressive logics for reasoning
about programs [73]. In particular, this approach is used to define the type of GITrees,
the domain of interpretation used in Chapter 3 and briefly discussed in Section 1.4.2.

Context

Although step-indexing techniques were successfully applied in these works, most
implementations in proof assistants were based on step-indexing over the natural
numbers. While sufficient for many applications, this setting breaks down when one
requires the so-called existential property7, which forces indexing over larger ordinals.
This motivates the need for transfinite step-indexing. Two main approaches have been
explored: working in categories of (pre)sheaves, and working with (complete) ordered
families of equivalences ((C)OFE, with COFE being a subcategory of OFE) [52].

In the sheaf-based direction, Birkedal, Møgelberg, Schwinghammer, and Støvring
[24] developed synthetic guarded domain theory inside the category of sheaves over
complete Heyting algebras with a well-founded basis. This provided a categorical
framework for guarded recursion, generalizing results beyond step-indexing over ω .

Another approach is to use (complete) ordered families of equivalences ((C)OFEs),
which can be understood as a particular formulation of (complete) ultrametric spaces
that is well-suited for mechanization. Step-indexed (C)OFEs over the natural num-
bers were first employed for solving recursive domain equations in the ModuRes
library [112], and were later developed into the more general Iris framework [73]. An
alternative is Transfinite Iris [119], which extends the Iris, generalizing Iris with trans-
finite step-indexing. By replacing finite step-indices with transfinite ones, the authors
validated the existential property and enabled reasoning about liveness properties such
as termination and termination-preserving refinement in higher-order stateful pro-
grams. In doing so, they also solved a novel recursive domain equation for transfinitely
step-indexed propositions and fully mechanized their results in Rocq.

Research Questions

Our work addresses two questions.
First, we seek to simplify the original categorical constructions for solving guarded

recursive equations. Compared to Birkedal et al. [24], who work in the general setting
of sheaves over complete Heyting algebras with well-founded bases, we work in
the specialized case of presheaves over the ordinal category. While this makes our
framework less general, it has two key advantages: it avoids the technical overhead
of sheaves, and it is significantly easier to mechanize. In particular, working with
sheaves in proof assistants is technically intricate. In contrast with sheaves, presheaves
offer a simpler and more direct setup for mechanization in proof assistants while
remaining equivalent to the sheaf-based approach in the case of ordinals. Using this
simplification, we mechanize our solution in Rocq.

7We explain this property in Appendix A.1.

28



Introduction

Second, we provide a more general solver for recursive domain equations than
the one available in Transfinite Iris [119]. Their solver works only for equations
of the shape F : OFE×OFEop → COFE, which suffices for Iris propositions but
excludes other important cases. Importantly, equations of this shape differ from those
supported by Iris: F : COFE×COFEop→ COFE. Since COFE is a subcategory of
OFE, this restricts the set of equations that can be solved. For example, this restriction
prevents solving the recursive domain equation for GITrees [49, Section 3]. In contrast,
our approach does not impose such restriction: we solve guarded equations of the
more general form F : Pr(Ord)×Pr(Ord)op → Pr(Ord), where Pr(Ord) denotes
presheaves over the ordinal category.

Results

We develop a systematic account of solving guarded recursive domain equations
directly in the category of presheaves over ordinals. Our contributions are twofold:

• We construct solutions to guarded mixed-variance domain equations in the
simplified presheaf setting;

• We provide a complete mechanization of the theory in Rocq, avoiding the
technical complications of sheaves while retaining unrestricted solver for RDEs
in the ordinal case.

This yields a framework that is both mathematically simpler and more suitable for
mechanized reasoning.

1.5 Future Work

In this section we outline several problems related to this dissertation that remain open
for future research.

Relating GITrees. Although GITrees provide both an equational theory and a
program logic on top of their reduction semantics, relating two GITrees remains a
significant challenge. Such relations are crucial for applications such as compiler veri-
fication, where the source and target languages are both given denotational semantics
in terms of GITrees, and one wishes to connect them via weak bisimilarity or a logical
relation. Our preliminary survey showed that adequacy of either weak bisimilarity
or expressive binary logical relations requires the existential property, which is not
currently available in the Iris-based mechanization of GITrees.

Mechanizing GITrees with Transfinite Guarded Type Theory. Extending the
mechanization of GITrees to support relational reasoning therefore requires access to
the existential property. Transfinite Iris already provides this property, but in its current
form does not support the definition of GITrees. Determining whether Transfinite Iris
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can be generalized to define GITrees is an open question and could offer a resolution to
this problem. An alternative direction is to further develop the framework introduced
in Section 1.4.3 and further discussed in Chapter 4, which supports both the existential
property and the definition of GITrees. However, this framework still requires further
development before it can serve as a practical foundation for large-scale mechanized
semantics. In particular, in comparison to (Transfinite) Iris, our framework lacks a
proof mode [79], which would considerably simplify reasoning.

1.6 Statement of Personal Contributions

This dissertation contains text and material from three publications that I contributed
to during my Ph.D. Publications are included with only minor formatting changes.
Publications and my contributions are listed below:

• The Essence of Generalized Algebraic Data Types, Filip Sieczkowski, Sergei
Stepanenko, Jonathan Sterling, Lars Birkedal, POPL 2024 [114].
I contributed to the definition of the semantic model of the language. I also
contributed to the writing of the unary and binary models sections in the paper.
This publication was also used for my qualifying examination progress report.
The manuscript is included in Chapter 2.

• Context-Dependent Effects in Guarded Interaction Trees, Sergei Stepanenko,
Emma Nardino, Dan Frumin, Amin Timany, Lars Birkedal, ESOP 2025 [122].
In this project, I contributed to the modification of the original definition of
reification for GITrees to allow them to capture continuation, allowing one
to express control-dependent effects. To show that our approach is viable, I
contributed to providing a sound and adequate direct interpretation of a language
with call/cc and a language with shift/reset. I contributed to all parts
of the paper and led the research on this project. The manuscript is included
in Chapter 3.

• Solving Guarded Domain Equations in Presheaves over Ordinals and Mecha-
nizing It, Sergei Stepanenko, Amin Timany, FSCD 2025 [120].
In this project, I focused on the mechanization of the recursive domain equation
solver. The manuscript is included in Chapter 4.

In addition, all materials in this thesis are formalized in the Rocq Prover, with
artifacts publicly available:

• The Essence of Generalized Algebraic Data Types [113];

• Context-Dependent Effects in Guarded Interaction Trees [123];

• The Rocq Mechanization of Solving Guarded Domain Equations in Presheaves
Over Ordinals [121].
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CHAPTER 2

The Essence of Generalized Algebraic
Data Types

Abstract

This paper considers direct encodings of generalized algebraic data types
(GADTs) in a minimal suitable lambda-calculus. To this end, we develop an
extension of System Fω with recursive types and internalized type equalities
with injective constant type constructors. We show how GADTs and associated
pattern-matching constructs can be directly expressed in the calculus, thus show-
ing that it may be treated as a highly idealized modern functional programming
language. We prove that the internalized type equalities in conjunction with
injectivity rules increase the expressive power of the calculus by establishing a
non-macro-expressibility result in Fω , and prove the system type-sound via a
syntactic argument. Finally, we build two relational models of our calculus: a
simple, unary model that illustrates a novel, two-stage interpretation technique,
necessary to account for the equational constraints; and a more sophisticated,
binary model that relaxes the construction to allow, for the first time, formal
reasoning about data-abstraction in a calculus equipped with GADTs.

2.1 Introduction

Since their introduction twenty years ago, generalized algebraic data types [29, 111,
144], commonly referred to as GADTs, have become a staple of modern functional
programming languages. First introduced as an extension of the Glasgow Haskell
Compiler, they were since adopted by OCaml, Scala and many other programming
languages, due to their ability to establish more precise specifications for algebraic
type constructors. These implementations, and the attendant difficulties, have also
resulted in a rich literature that tackles the problems of type inference in languages
with ML-style polymorphism and GADTs [71, 103]. However, one feature that
remains understudied is the semantics of GADTs and the nature and expressivity
of these types. Since the seminal paper of Xi et al. [2003], GADT calculi have
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usually been equipped with primitive notions of algebraic types and their constructors.
While this is desirable for studying the problems of inference, it tends to obscure the
essence of the structure of the types, and where their expressive power stems from. In
this paper, we intend to shed more light on these aspects of GADTs by introducing
what we believe to be the first calculus that does not rely on the notion of a data
type constructor to express GADTs. We then proceed by studying soundness and
expressive power of the calculus, as well as provide some interesting and difficult
open problems.

Beyond algebraic data types. Algebraic data types are one of the fundamental
features of modern functional programming languages, arguably as important to
programming practice as higher-order functions themselves. One of the canonical
examples is that of a binary tree with nodes labeled by elements of some type, which
can be defined as follows, using Haskell syntax:1

data Tree a = Leaf | Node (Tree a) a (Tree a)

These types are often modeled in λ -calculi with a combination of simple types
— disjoint sums for distinct constructors, products for their arguments — and iso-
recursive types [96, Chapter 21]. For instance, the type of trees labeled with elements
of type α would correspond to the following type:

Tree α ≜ µβ . unit+(β ×α×β )

Above, the variable β bound by µ stands for the recursive occurrences of the Tree
type constructor.

There are two important points to note about the type of trees. First, it really is a
type constructor, rather than a type: we only get a type after the definition of Tree
is applied to an argument, the type of labels. Second, the definition is uniform in the
argument: all the recursive arguments are indexed with the same type of elements
as the complete tree. Over the last quarter of a century, numerous generalizations
have been proposed to extend the expressive power of algebraic data types and allow
definitions to more precisely describe the shape of the data.

The most natural way to relax the constraints on the shapes of algebraic data types
is to remove the uniformity condition; types obtained in this way are often dubbed
nested algebraic data types. A simple example due to Bird and Meertens [20] is the
type of perfectly balanced trees, defined below:

data PTree a = PLeaf | PNode a (PTree (a * a))

This definition models a perfectly balanced tree as a list of levels; at each depth,
we require twice as many elements as at the previous one, by virtue of the fact that
the recursive call to the type constructor is taken at type a * a. Since the type is no

1In this paper, we use Haskell syntax for presenting examples. However, our language differs from
Haskell, as we use a different evaluation strategy. In this paper, all examples use call-by-value evaluation
strategy, i.e. before performing any reductions, arguments should be reduced to values.
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longer uniform, simple recursive types no longer suffice to encode it in a λ -calculus
based system. We may nonetheless encode it in a version of polymorphic λ -calculus
with recursive type constructors, which forms the basis of most modern functional
programming languages. Under this extension, type-level recursion can be used to
define not only ground types but also proper type constructors. This allows us to
encode the type of perfectly-balanced trees as follows:

PTree≜ µβ :: T⇒ T. λα :: T. unit+(α×(β (α×α))).

Above we define PTree as a recursively-defined type constructor by specifying that
the recursive variable β shall map types to types; then we introduce the type α of
labels using a type-level lambda-abstraction. After that, the encoding follows the
pattern described above.

While relaxing the uniformity requirement for algebraic data types is likely the
most natural generalization, other possibilities abound. Readers familiar with inductive
type families, as introduced in the Calculus of Inductive Constructions [91] or found
in the implementations of Coq or Agda, may notice that — even with the relaxed
condition — the arguments still satisfy the conditions required of parameters, rather
than the more general indices; the difference is that parameters may be constrained
non-uniformly in recursive calls, whereas indices may additionally be non-uniform in
the return types of the data constructors.2 This additional non-uniformity is precisely
what generalized algebraic data types (GADTs) allow for, albeit restricted to the non-
dependently typed setting. This may be demonstrated by the following intrinsically
well-typed representation of lambda terms:

data Tm a where
Lift :: a -> Tm a
Lam :: (a -> Tm b) -> Tm (a -> b)
App :: Tm (a -> b) -> Tm a -> Tm b

There are several things to observe about the representation above. First of all,
we re-use the meta-level types as the indices that indicate the type of the given
lambda term. Secondly, although the Lift constructor is uniformly inhabited at any
type for which we have an element, Lam is only ever inhabited at indices that are,
syntactically, of the arrow type form, and the indices of the arguments and result of
the App constructor express nontrivial constraints. This has far-reaching consequences
for the behavior of pattern-matching: for instance, if we have an object of type
Tm (a * b), we can safely disregard the Lam constructor. This ability to enforce
constraints on the return type of the constructor enables specifications of data types to
express many invariants, lending them power that before was only found in dependent
type theories. It is worth noting that this property of pattern matching in languages
with GADTs expresses the discriminability of types whose head constructors are
different; discriminability laws of this kind are not present in standard dependent type

2In the context of dependent type theory, non-uniformity together with propositional equality suffice
to encode indices. However, in the absence of equality types or constraints they behave parametrically.
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theories, which means that the naïve encoding of GADTs as inductive families in
(e.g.) Coq does not allow the same programs to be written.3

With this additional expressive power comes new problems. Since classic alge-
braic data types can be directly translated to rather conservative extensions of System
F, they are very well studied — not just in terms of type safety, but also stronger
properties, such as relational parametricity. In fact, it is the parametricity results
that allow us to talk about “free theorems” about simple algebraic data types, such
as lists or trees. Since nested, or non-uniform data types can be similarly encoded
in well-behaved extensions of System F, many of these results also extend to them.
However, this line of results comes to a halt when GADTs are concerned: while many
calculi have been developed, the main lines of work have focused on the difficult
questions of typechecking in the presence of GADTs [38] or the equally difficult
matter of functorial initial algebra semantics for GADTs [66], and very few go beyond
type safety results. This paper is an attempt to cross that boundary.

However, in order to investigate existence of relational models of GADTs, we
need a calculus that is expressive enough to directly encode GADTs and the associated
programming patterns, while at the same time remaining as simple as possible. To this
end, in Section 2.2 we develop System F=i

ωµ , which extends System Fω with recursive
types and internalized equalities. System F=i

ωµ also contains certain discriminability
and type-constructor injectivity rules, which are crucial for GADT-style reasoning. In
contrast to most of the GADT calculi, our approach allows us to leave out the notions
of constructors of algebraic data types and their associated type constructors. We
believe that this allows us to better capture the essence of how GADTs behave and
remove language constructs that are useful in practice, but superfluous in terms of the
semantic study of the calculus and its properties.

After having defined the calculus, we proceed, in Section 2.3, to study its relation-
ship to its well-studied restriction, System Fω . We establish that even in the absence
of recursive types and with certain restrictions on injectivity of type constructors, our
calculus is not expressible in Fω , due to the presence of the typing rules that we use
to model GADTs. Thus, any potential translation to the better-studied system must
be a full-program compilation. This result cuts against the folklore understanding
of GADTs as “existentials and type equalities”: we show that the encodings depend
crucially on how one can reason about type equality.

Since System F=i
ωµ is, to the best of our knowledge, not macro-expressible in known

systems, in Section 2.4 we establish its type soundness through a non-trivial syntactic
argument, involving a normalization process to cater for equality reasoning, and
proceed to investigate the existence of relational models of the calculus in Section 2.5.
Since the proof of non-expressibility strongly suggests that the usual approach of
interpreting types as predicates or relations on values would not allow us to enforce
the necessary injectivity rules, we develop a novel unary model construction that

3To account for the needed discriminability in the environment of inductive families in systems like
Coq and Agda, one must value the index of Tm in a custom inductively defined universe rather than in
the ambient universe of existing types.
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splits the relational interpretation process in two phases. First, we use a normalization-
by-evaluation (NbE) interpretation to account for type-level computation (including
injectivity of types); then, the closed, ground subset of the NbE interpretations of
types is realized as predicates on values. We observe that while this construction is
sufficient to construct a model, it does not allow to reason about syntactically ill-typed
programs or data abstraction. To remedy this, we propose a simple extension of the
technique, and use it to build a binary relational model that allows us to transport data
abstraction results into the realm of GADTs.

With the exception of the expressibility result in Section 2.3, all the constructions
presented in this paper are formalized in Coq. We believe that some of those devel-
opments, in particular the NbE implementation which bakes functoriality into the
construction, thus alleviating some of the post-hoc reasoning necessary, are of inde-
pendent interest. We discuss the techniques used in the formalization in Section 2.6.
Finally, we discuss related work in Section 2.7 and conclude in Section 2.8.

Contributions and Outline. In summary, we make the following contributions:

• We present (in Section 2.2) a novel calculus F=i
ωµ extending System Fω with

(higher-kinded) iso-recursive types and internalized type-equalities satisfying
enough injectivity and discriminability laws to model GADTs.

• We prove (in Section 2.3) that System F=i
ωµ is not macro-expressible in Sys-

tem Fω , justifying our claim that GADTs require additional expressive power.

• We prove (in Section 2.4) type soundness of System F=i
ωµ , with a method-

ologically novel use of normalization-by-evaluation within a syntactic type
soundness proof.

• We present (in Section 2.5) two semantic models of System F=i
ωµ , introducing a

novel two-stage construction technique that allows us to enforce injectivity of
type constructors in a relational model, and reason about syntactically ill-typed
programs and data abstraction.

• We have formalized our constructions in the Coq Proof Assistant (Section 2.6).

2.2 Polymorphic λ -calculus with Internalized Type
Equalities

In this section we present our core calculus, dubbed System F=i
ωµ , as an extension of

System Fω – the λ -calculus with impredicative polymorphism and type constructors,
which is the theoretical foundation of modern functional programming languages. The
core feature of our calculus is the reification of Fω type equality, which is a judgment
for which there is no internal syntax within the Fω language.
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kinds κ ::= T | κ ⇒ κ

constructors c ::= ∀κ | ∃κ | µκ |→| × |+ | unit | void
constraints χ ::= σ≡κ τ

types σ ,τ ::= c | α | λα :: κ. τ | σ τ | χ→τ | χ×τ

Figure 2.1: The syntax of kinds, types and constraints.

∀κ ,∃κ :: (κ ⇒ T)⇒ T µκ :: (κ ⇒ κ)⇒ κ (µ) →,×,+ :: T⇒ T⇒ T

unit,void :: T

c :: κ

∆ ⊢ c :: κ ∆ ⊢ α :: ∆(α)

∆,α :: κ ⊢ τ :: κ
′

∆ ⊢ λα :: κ. τ :: κ ⇒ κ
′

∆ ⊢ σ :: κ1⇒ κ2 ∆ ⊢ τ :: κ1

∆ ⊢ σ τ :: κ2

∆ ⊢ χ constr ∆ ⊢ τ :: T

∆ ⊢ χ→τ :: T

∆ ⊢ χ constr ∆ ⊢ τ :: T

∆ ⊢ χ×τ :: T

(∆ ⊢ τi :: κ)i∈{1,2}

∆ ⊢ τ1≡κ τ2 constr

Figure 2.2: Well-kinded constructors and types, and well-formed equality constraints.
The recursive type constructor (marked with a red (µ)) is not considered in a restricted
sub-system, F=i

ω .

Syntax of kinds and types The structure of kinds, types and equality constraints
is presented in Figure 2.1. The calculus has the standard kind structure: T stands
for the kind of proper types, while κ1 ⇒ κ2 denotes the kind of type constructors
that produce a type of kind κ2 given a type of kind κ1. The types are formed from
variables, type abstraction and application, type constants — which include products,
disjoint sums, arrows, as well as universal and existential quantifiers, and recursive
type constructor — and two types that interact with type equality constraints. The first
of these is an arrow type predicated on a constraint: its intended meaning is to qualify
suspended computations that can only be run if the constraint is valid; the second is an
analogue of a product type that provides a value together with a witness of validity of
a constraints. The constraints, in turn, are kinded equalities between types. Figure 2.2
provides the kinding rules for types and well-formedness rules for constraints; the two
judgments are mutually inductively defined.

By convention, we write binary type constants (i.e. arrows, products and sums)
infix, and we write ∀α :: κ. τ to mean ∀κ (λα :: κ. τ) — and likewise for existential
and recursive types. Note that the arrow and product syntax is somewhat ambiguous;
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however, it is always clear from context whether the type is a standard arrow/product,
or the constrained variant.

This syntax allows us to express most of the standard types encountered in func-
tional programming: for instance, we can express a uniform algebraic data type
List≜ λα :: T. µβ :: T. unit+α×β , with the unit type standing in for the nil con-
structor, and the pair for the cons. However, the fact that we can form recursive data
types at higher kinds allows us to express nested data types, and the constrained types
allow us to express GADTs. For example, consider the following type:

data Foo :: * -> * where
C1 :: Bool -> Foo Bool
C2 :: Foo a

We may encode the above by defining Foo≜ λα :: T. (Bool×(α≡TBool))+unit.
We discuss expressivity and examples in more detail in Section 2.2.1.

Discriminability and provability of constraints. With the syntax of kinds and
types defined, we can turn to the notion of provability of constraints, which is defined
is Figure 2.3. The judgment ∆ |Φ ⊩ χ denotes that the constraint χ — well-formed
in the type-variable context ∆ — is provable from the assumptions in Φ, which are
also constraints well-formed in ∆. In addition to a rule that allows for the use of
assumptions, the rules follow the standard type-equivalence pattern from System Fω :
the type equivalence is a congruence with respect to the type formers, and it is closed
under β and η rules. However, in addition to these we also have injectivity rules for
type constants (including the new variants of arrow and product), marked in purple in
the definition. These ensure that if two types formed by the application of the same
constructor to the same number of (well-kinded) arguments are equal, then so are,
pairwise, their arguments. The consequences of including these rules will be discussed
in detail in the following section; the rationale for their inclusion is that this is precisely
the reasoning that GADTs require, particularly when performing pattern-matching.
For now, let us observe that it is the injectivity rules that allow us to discern, from an
assumption List α≡TList β , that α≡T β holds. Note, however, that any essential use
of an injectivity rule requires the existence of an assumed equality of two compound
types in the context, from which we can derive equalities of components. That can
serve as an intuitive explanation for why they are not necessary in System Fω .

In addition to the provability judgment, we also define a simpler notion of dis-
criminability of a constraint. This judgment holds when two types can never be made
equal — in principle, whenever the two types are created by distinct type constants.
Note that, for the purpose of simplicity, we only consider the top-most constructor,
and that the constrained arrow and product types are discriminable from each other, as
well as from the types constructed by appropriate application of type constants. The
corresponding rules are marked in blue in Fig. 2.3.

Syntax of expressions and values. With the notions of types, constraints and
provability defined, we now turn to the term-level of our calculus. The syntax is

39



The Essence of Generalized Algebraic Data Types

c1 ̸= c2 (∆ ⊢ ci τ i :: κ)i∈{1,2}

∆ ⊩ c1 τ1 #κ c2 τ2

∆ ⊢ c τ :: T ∆ ⊢ χ→σ :: T

∆ ⊩ c τ #T χ→σ

∆ ⊢ c τ :: T ∆ ⊢ χ×σ :: T

∆ ⊩ c τ #T χ×σ

∆ ⊢ χ1→τ1 :: T ∆ ⊢ χ2×τ2 :: T

∆ ⊩ χ1→τ1 #T χ2×τ2

∆ ⊩ τ2 #κ τ1

∆ ⊩ τ1 #κ τ2

χ ∈Φ

∆ |Φ ⊩ χ

∆,α :: κa ⊢ σ :: κr ∆ ⊢ τ :: κa

∆ |Φ ⊩ (λα :: κa. σ) τ≡κr σ [τ/α]

∆ ⊢ τ :: κa⇒ κr α /∈ ∆

∆ |Φ ⊩ λα :: κa. τ α≡κa⇒κr τ

∆ |Φ ⊩ χ→σ≡T ξ→τ

∆ |Φ ⊩ σ≡T τ

∆ |Φ ⊩ χ×σ≡T ξ ×τ

∆ |Φ ⊩ σ≡T τ

c :: (κi⇒)i κ ∆ |Φ ⊩ c (σi)i≡κ c (τi)i

(∆ |Φ ⊩ σi≡κi τi)i

∆ |Φ ⊩ χ×σ≡T ξ ×τ ∆ |Φ ⊩ χ

∆ |Φ ⊩ ξ

∆ |Φ ⊩ χ→σ≡T ξ→τ ∆ |Φ ⊩ χ

∆ |Φ ⊩ ξ

Figure 2.3: Discriminability of types and provability of equality constraints; for
brevity, we omit the rules that make constructor equality a congruent equivalence
relation.

defined in Figure 2.4; for simplicity of presentation we use fine-grain call-by-value
semantics [86], which significantly reduces the metatheoretical overhead. In larger
examples we typically forego these restrictions, assuming a left-to-right, call-by-value
reading of the terms.

As a consequence of being an extension of System Fω , most of the syntax of our
calculus is standard, although note that we use let(∗,x) = v ine as an unpacking oper-
ation, “pattern-matching” on the packed value. Aside from that choice, we have two
new values and three new expressions. The values are, respectively, the introduction
forms for the constrained arrow and product types: a computation suspended pending
a proof of constraint, and a pair consisting of a value and such a proof. However,
since we do not introduce proof terms for our notion of provability, we use • in places
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values v ::= x | ⟨⟩ | λx. e | ⟨v1,v2⟩ | inj1 v | inj2 v
| Λ. e | packv | rollv | λ•. e | ⟨•,v⟩

expressions e ::= v | letx = e1 ine2 | v1 v2 | proj1 v | proj2 v
| casev [x. e1 |y. e2] | abortv | v ∗ | let(∗,x) = v ine
| unrollv | abort• | v • | let(•,x) = v ine

eval. contexts E ::= □ | letx = E ine

Figure 2.4: The syntax of expressions and values.

where we might imagine a proof or an assumption. This is in direct correspondence to
the treatment of universal and existential types, where witnesses are also elided.

In the same spirit, the “proof application”, v •, and “proof unpacking”, let(•,x) =
v ine, serve as elimination forms for the two constructs. This leaves us with the
final expression, abort•, whose behavior matches the eliminator for an empty type
— i.e. the program should be considered erroneous whenever the expression is in an
evaluation position. Its intended role will become clearer when we consider the type
system, presented in Figure 2.5.

The typing judgment assigns a type (of kind T) to an expression or a value in
three contexts: ∆, which assigns kinds to type variables, Φ, which lists the constraints
we assume to hold, and Γ, which assigns types (of kind T in ∆) to term-level variables.
Most rules follow System Fω , with the additional context passed around; we discuss
the other rules below. First, the form of the Fω rule that allows one to replace the type
of a term with any type equivalent to it is slightly different in our calculus, as we use
the provability relation for the appropriate constraint, rather than the external type
equivalence judgment. This means that the proof may depend on equalities, some of
which can be introduced by the derivation — a fact that is crucial to encode pattern
matching over GADTs. Second, the rules for values and expressions associated with
the constrained types match the intuition of introduction and elimination rule. When
type-checking the body of λ•. e we may assume that any well-formed constraint χ

holds, and assign the type χ→τ to the expression — but in order to use a value of
this type, through v •, we need to show that the required constraint does indeed hold.
The rules for constrained pairs are analogous. Finally, the rule for abort• requires
that a discriminable equality can be proved using our assumptions: in other words,
that the assumptions are inconsistent. This rule is crucial, since it allows us to directly
encode pattern matching for GADTs in a calculus where all case expressions are, by
necessity, exhaustive: in a way, it corresponds to OCaml’s “dot pattern”, which forces
the typechecker to try to ensure that a given case in a pattern-match is impossible
due to the equalities that would have to hold. The final extension with respect to the
standard System Fω is the presence of the recursive types; the corresponding rules
are marked with a red µ . Due to their higher-kinded nature, the recursive types need
to be appropriately applied in order for the roll expression to typecheck; the same
arguments are passed to the recursive type’s unfolding. As usual, the typing rule for
the unroll expression is simply an inverse of the one for roll.

41



The Essence of Generalized Algebraic Data Types

x : τ ∈ Γ

∆ |Φ | Γ ⊢ x : τ ∆ |Φ | Γ ⊢ ⟨⟩ : unit

∆ ⊢ σ :: T ∆ |Φ | Γ,x : σ ⊢ e : τ

∆ |Φ | Γ ⊢ λx. e : σ→τ

(∆ |Φ | Γ ⊢ vi : τi)i∈{1,2}

∆ |Φ | Γ ⊢ ⟨v1,v2⟩ : τ1×τ2

∆ ⊢ τ2 :: T ∆ |Φ | Γ ⊢ v : τ1

∆ |Φ | Γ ⊢ inj1 v : τ1+τ2

∆ ⊢ τ1 :: T ∆ |Φ | Γ ⊢ v : τ2

∆ |Φ | Γ ⊢ inj2 v : τ1+τ2

∆,α :: κ |Φ | Γ ⊢ e : τ

∆ |Φ | Γ ⊢ Λ. e : ∀α :: κ. τ

∆ ⊢ σ :: κ ∆ |Φ | Γ ⊢ v : τ[σ/α]

∆ |Φ | Γ ⊢ packv : ∃α :: κ. τ

κ = (κi⇒)iT (∆ ⊢ σi :: κi)i
∆ |Φ | Γ ⊢ v : τ[µα :: κ. τ/α] (σi)i

∆ |Φ | Γ ⊢ rollv : (µα :: κ. τ) (σi)i
(µ)

∆ ⊢ χ constr ∆ |Φ,χ | Γ ⊢ e : τ

∆ |Φ | Γ ⊢ λ•. e : χ→τ

∆ |Φ ⊩ χ ∆ |Φ | Γ ⊢ v : τ

∆ |Φ | Γ ⊢ ⟨•,v⟩ : χ×τ

∆ |Φ ⊩ τ1≡T τ2 ∆ |Φ | Γ ⊢ v : τ1

∆ |Φ | Γ ⊢ v : τ2

∆ |Φ | Γ ⊢ e1 : σ ∆ |Φ | Γ,x : σ ⊢ e2 : τ

∆ |Φ | Γ ⊢ letx = e1 ine2 : τ

∆ |Φ | Γ ⊢ v1 : σ→τ ∆ |Φ | Γ ⊢ v2 : σ

∆ |Φ | Γ ⊢ v1 v2 : τ

∆ |Φ | Γ ⊢ v : τ1×τ2

∆ |Φ | Γ ⊢ proj1 v : τ1

∆ |Φ | Γ ⊢ v : τ1×τ2

∆ |Φ | Γ ⊢ proj2 v : τ2

∆ ⊢ τ :: T ∆ |Φ | Γ ⊢ v : void

∆ |Φ | Γ ⊢ abortv : τ

∆ |Φ | Γ ⊢ v : τ1+τ2
(∆ |Φ | Γ,xi : τi ⊢ ei : τ)i∈{1,2}

∆ |Φ | Γ ⊢ casev [x1. e1 |x2. e2] : τ

∆ |Φ | Γ ⊢ v : ∀α :: κ. τ ∆ ⊢ σ :: κ

∆ |Φ | Γ ⊢ v ∗ : τ[σ/α]

∆ |Φ | Γ ⊢ v : ∃α :: κ. σ ∆ ⊢ τ :: κ

∆,α :: κ |Φ | Γ,x : σ ⊢ e : τ

∆ |Φ | Γ ⊢ let(∗,x) = v ine : τ

Figure 2.5: Type system of F=i
ωµ . The roll and unroll rules (marked with a red (µ)) are

not considered in F=i
ω . The rules are grouped by separating values and expressions,

and, within these two groups, by connectives.
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κ = (κi⇒)iT (∆ ⊢ σi :: κi)i
∆ |Φ | Γ ⊢ v : (µα :: κ. τ) (σi)i

∆ |Φ | Γ ⊢ unrollv : τ[µα :: κ. τ/α] (σi)i
(µ)

∆ |Φ ⊩ σ1≡κ σ2 ∆ ⊩ σ1 #κ σ2 ∆ ⊢ τ :: T

∆ |Φ | Γ ⊢ abort• : τ

∆ |Φ | Γ ⊢ v : χ→τ ∆ |Φ ⊩ χ

∆ |Φ | Γ ⊢ v • : τ

∆ |Φ | Γ ⊢ v : χ×σ ∆ |Φ,χ | Γ,x : σ ⊢ e : τ

∆ |Φ | Γ ⊢ let(•,x) = v ine : τ

∆ |Φ ⊩ τ1≡T τ2 ∆ |Φ | Γ ⊢ e : τ1

∆ |Φ | Γ ⊢ e : τ2

Figure 2.5: Type system of F=i
ωµ . The roll and unroll rules (marked with a red (µ)) are

not considered in F=i
ω . The rules are grouped by separating values and expressions,

and, within these two groups, by connectives. (cont.)

In order to see these rules in action, consider the type constructor Foo, defined as
Foo≜ λα :: T. (Bool×(α≡TBool))+unit, and the program:
e ≜ casex [y. let(•,y) = y inabort•|_. ⟨⟩]. Assuming x : Foo unit — and that Bool
and unit are discriminable — we can check that e : unit. This is because in the first
branch of the case expression we unpack the constrained pair, introducing a constraint
unit≡TBool as an assumption — but since this is a discriminable equality, the abort
instruction typechecks, thus expressing the fact that our program should never reach
this point during its evaluation. Admittedly, this example is not particularly useful:
we discuss more practical examples and their encodings in the following section.

First, though, we turn to the operational semantics of our programs, presented in
Figure 2.6. This, again, is largely standard — and the rules for the new constructs
simply force appropriate computations or pass the argument to the computation that
requires it. As usual, we model failure by a stuck computation: thus, neither of the
abort expressions has any contraction rule associated with it.

Nontermination in F=i
ωµ It is clear that well-typed programs in our calculus are

not necessarily terminating, due to the inclusion of recursive types. However, it is
interesting to observe that recursive types are not the only source of non-terminating
behavior: the combination of impredicative quantification and injectivity of type-
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letx = v ine 7→ e[v/x]
(λx. e) v 7→ e[v/x]
(proji ⟨v1,v2⟩ 7→ vi)i∈{1,2}
(case inji v [x. e1 |x. e2] 7→ ei[v/x])i∈{1,2}

(Λ. e) ∗ 7→ e
let(∗,x) = packv ine 7→ e[v/x]
unroll(rollv) 7→ v (µ)

(λ•. e) • 7→ e
let(•,x) = ⟨•,v⟩ ine 7→ e[v/x]

e1 7→ e2

E[e1]→ E[e2]

Figure 2.6: Operational semantics: contraction and reduction relations; rules marked
with a red (µ) are not considered in F=i

ω

constructors with higher-kinded arguments is sufficient.4

To observe this behavior, consider the following type, well-kinded at T if α :: T,
for any constructor c :: (T⇒ T)⇒ T (either the existential, universal or recursive
type constructor):

τ
loop
c ≜ ∃β :: T⇒ T. (c β ≡T α)×(β α→void)

We can now use the same constructor to close-off our type, taking
τcl

c ≜ c (λα :: T. τ
loop
c ), and use it to give a type to the following variant of the staple

of non-terminating computations:

vloop ≜ λx. let(∗,(•,y)) = x iny (pack⟨•,y⟩)

Indeed, we can easily show that, in closed contexts,

⊢ vloop : τ
loop
c [τcl

c /α]→void,

taking τ
loop
c itself as the existential witness, and reflexivity as the required proof of

type equivalence, and using injectivity of c on the assumption retrieved from the
package to ensure that y is typed — in both instances — at τ

loop
c [τcl

c /α]. Analogous
packaging of vloop will ensure that ⊢ vloop (pack⟨•,vloop⟩) : void, and we get a closed
expression at the empty type whose evaluation does not terminate (since it reduces to
itself).

A simpler sub-calculus Since the main object of our study, System F=i
ωµ , exhibits

non-terminating behavior without utilizing the recursive types, the injective, inter-
nalized equalities clearly increase the expressive power over standard System Fω .

4We adapt a proof of falsehood in Idris via injective type constructors, available at https://github.
com/idris-lang/Idris-dev/issues/3687, itself an adaptation of a similar proof in Lean, discussed
at https://github.com/leanprover/lean/issues/654. While these systems are significantly
different, the main problem — injectivity at higher kinds and impredicativity leading to inconsistency —
remains applicable.
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However, to make this point even stronger, and to better highlight some of the diffi-
culties in extending relational techniques to systems with GADTs, in Section 2.3 we
study a sub-calculus of F=i

ωµ , called F=i
ω and establish its relationship to System Fω .

This removes the recursive types and all the rules associated with them, i.e. all the
rules marked with (µ) and — in order to avoid the nonterminating construction dis-
cussed above — prohibits the use of the injectivity rule on quantifiers (which, in effect,
restricts its use to sum, product and arrow types).

2.2.1 Expressing GADTs and Pattern Matching

We now discuss how the features of F=i
ωµ allow for encoding of common patterns of

GADTs. As is folklore, this will be achieved through a combination of existential
quantification and equality constraints over types — however, in order to demonstrate
how the system operates, we pay special attention to the equality reasoning required,
particularly discriminability and injectivity.

As mentioned in the previous section, the distinguishing feature of (proper)
GADTs is restriction of the index of certain constructors of a type constructor. Be-
low, we present an alternative encoding of perfectly balanced binary trees, which
is uniform in the type of its labels, but uses a separate index to guarantee constant
depth on all paths. In the absence of other extensions of the type system, the classic
Haskell approach is to define “type-level natural numbers”, i.e. two distinguishable
type constructors, one of kind T, and one of kind T⇒ T, which we would externally
identify with zero and successor. The implementation of these, and the balanced
binary tree, are presented in Fig. 2.7.

There are a few things of note in the implementation. First, note that both Z and S
a are empty types — however, since the ML lineage of languages treats data types
nominally, they are still distinguishable, and S is considered injective. Second, the
discriminability of these two types ensures that the two constructors of GTree have
distinct indices: this, in turn, ensures that both arguments of NodeG have the same
height, as measured by our pseudo-natural number type that represents the index.
Finally, we can write a type-safe left function that recovers the left subtree of a
non-empty tree. The non-emptiness of the argument is enforced by a constraint on its
index: the EmptyG pattern is impossible, due to discriminability.

Our encoding of this example will not be entirely direct, due to the structural
treatment of types in F=i

ωµ . Therefore, we take the type unit as encoding the depth 0,
and the type constructor λα :: T. unit+α as the successor.5 This ensures that the two
“constructors” of type-level natural numbers are discriminable, and that the “successor”
is indeed injective. Now we can proceed with the encoding, presented in Fig. 2.8.
There are a few things to note here. First, notice that we can take the type of labels,
αt , as an external parameter to the recursive type, as it remains uniform throughout
the definition. On the other hand, the depth-encoding index, αn, varies through the

5In this example, the precise types do not matter, since their role is phantom — they do not influence
the computation other than through reasoning about their equality. As we shall see, this is not always the
case.
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data Z where
data S a where

data GTree a n where
EmptyG :: GTree a Z
NodeG :: GTree a n -> a -> GTree a n -> GTree a (S n)

left :: GTree a (S n) -> GTree a n
left (NodeG l _ _) = l

Figure 2.7: An example GADT, the type of perfectly-balanced trees.

GTree :: T⇒ T⇒ T
GTree≜

λαt :: T. µϕ :: T⇒ T. λαn :: T.
((αn≡T unit)×unit)
+∃α ′n ::
T. (αn≡T (α ′n+unit))×ϕ α ′n×αt×ϕ α ′n

left : ∀αt ,αn ::
T. GTree αt (αn +unit)→GTree αt αn

left≜ Λ. Λ. λx. case unrollx

| inj1 (•,_). abort•
| inj2 (∗,(•,⟨l,⟨_,_⟩⟩)). l

Figure 2.8: F=i
ωµ -encoding of GTree and left. We use syntactic sugar in the definition

of left to improve readability.

recursive calls and has to be bound within the recursive type. Finally, the body of the
type is a disjoint sum, with both branches restricting the index αn through an equality
constraint. The left branch is only available at index unit, while the right branch is
available at any index α ′n+unit — with the new, smaller index α ′n bound existentially,
and used at the recursive calls.

In the definition of the left function, we use some syntactic sugar to offset the
verbosity of our fine-grain call-by-value notation. We introduce the two type vari-
ables, αt and αn, and an argument x of type GTree αt (αn+unit), and pattern-match
on its unrolled form. In the left case, we obtain a unit value, and a constraint
αn+unit≡T unit, which is clearly discriminable: thus, we can use the abort ex-
pression to obtain any well-formed type. In the right case, on the other hand, we
introduce a fresh type variable α ′n, the existential witness of the depth of our sub-
trees, and a constraint αn+unit≡T α ′n+unit. Note that the variable l, which de-
notes the left subtree, has type GTree αt α ′n, which must not escape the scope of
the case: thus, it is crucial to cast the type through an equality to one that is well-
formed outside the case expression. We can achieve this due to the injectivity rules,
since the constraint we introduced implies that αn≡T α ′n holds. Thus, we have that
left : ∀αt :: T. ∀αn :: T. GTree αt (αn+unit)→GTree αt αn, which is the expected
type.

In the previous example, the indices at which we used type equalities were entirely
separated from the term-level content of the types: they were phantom. This afforded
us a lot of leeway in terms of the encoding, as we only needed to ensure that appropriate
type constructors were injective or discriminable. However, it is not always the case
that indices do not carry any semantic meaning — GADTs also can be used to encode
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data Tm v where
Lift :: a -> Tm a
Abs :: (a -> Tm b)
-> Tm (a -> b)

App :: Tm (a -> b)
-> Tm a -> Tm b

eval :: Tm a -> a
eval (Lift x) = x
eval (Abs f) =
\x -> eval (f x)

eval (App f x) =
(eval f) (eval x)

Figure 2.9: GADT and evaluation of well-formed lambda terms

Tm :: T⇒ T
Tm≜

µϕ :: T⇒ T. λα :: T.
α +
(∃β ,γ :: T. (α≡T (β→γ))×(β→ϕ γ))
+(∃β :: T. ϕ (β→α)×ϕ β )

eval : ∀α :: T. Tm α→α

eval≜

fixλ f . Λ. λx.
case unrollx
| inj1 y. y
| inj2 y. case y
| inj1 (∗,(∗,(•,g))). λ z. f ∗ (g z)
| inj2 (∗,⟨g,x⟩). ( f ∗ g) ( f ∗ x)

Figure 2.10: F=i
ωµ -encoding of Tm and eval. We use syntactic sugar in the definition

of eval to improve readability.

data types whose indices are used in nontrivial manner. In Fig. 2.9 we revisit the
well-formed lambda terms example from the introduction: note that the presence of
the Lift constructor allows us to treat any metalanguage value of type a as a constant
term of that type. This binds the type structure of the indices to the type structure
at the metalevel: we are no longer free to choose the encoding of the other indices
arbitrarily, as we would lose the connection to the lifted values at the appropriate
index. This can be observed in the well-typed evaluator in Fig. 2.9, which transforms
lambda-terms indexed with type a into values of that type. Although this pattern
requires a rather tight connection between the indices of recursive types and the types
themselves, we can encode it in F=i

ωµ using the same approach presented above. The
encodings are presented in Fig. 2.10. Note that there is no equality constraint in the
first branch of the sum type: this means the corresponding case in pattern-matching
is never discriminable, and thus has to be considered in any program. This matches
the intended behavior, as we consider a non-exhaustive pattern matching a type error.
Since the definition of eval is recursive, it utilizes a fix combinator, which is definable
through the use of recursive types, using the standard construction.

2.3 Non-expressibility of F=i
ω in Fω

We begin the study of our calculus by establishing its relationship with System Fω —
the polymorphic lambda calculus with higher kinds, of which F=i

ω is an extension. For
brevity, we do not present the standard rules of System Fω for kinding, constructor
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equivalence, and typing.
It is well-known that System Fω is strong enough to express some notions of

equality using universal quantification at higher kinds. For instance, Atkey [9] uses
a Church-style definition of equality as its own eliminator, as the following type
constructor, although a Leibniz-style definition is also possible [13, §5.4, Defini-
tion 5.4.17]:

eqκ ≜ λα,β :: κ. ∀ρ :: κ ⇒ κ ⇒ T. (∀γ :: κ. ρ γ γ)→ρ α β

This leads to a pertinent question: does the reification of equalities and the complex
type system proposed in the previous section add any expressive power, or is it an
over-complicated reimagining of Fω?

To answer this question we study the restricted system, F=i
ω , equipped with reified

equality, discriminability and the injectivity rules for type constructors with ground
arguments, but without considering the recursive types or injectivity on higher-kinded
arguments, which would take the system beyond the expressive power of Fω by
allowing nonterminating behaviors. We study the problem of expressibility of F=i

ω in
Fω as an extension of Felleisen’s [1991] approach to typed languages, i.e. the question
of existence of a structural translation of the internalized equalities and associated
constructs, which preserves the structure of the features already present in the target
language. Through an appeal to a model of Fω defined below, we establish that no
such translation that preserves typing may exist.

The propositional model of Fω . The model we construct in this section treats the
Fω types as propositions, in the usual Curry-Howard fashion: the idea is to enforce the
condition that the inhabited types are mapped to true propositions, while the empty
types are mapped to false ones. Our formalization uses the Coq type of propositions;
however, a set-theoretic model of truth is equally valid.

We begin by defining the interpretation of kinds:

JTK≜ Prop

Jκ1⇒ κ2K≜ Jκ1K→ Jκ2K,

with the implicit notion that equivalent propositions are equal, and that functions
preserve equality and are themselves equal extensionally. Now we can define the
interpretation of well-kinded types of System Fω , which is presented in Fig. 2.11. We
take the usual type of the interpretation function as J∆ ⊢ τ :: κK : (∏αJ∆(α)K)→ JκK,
and omit the contexts and kinds to avoid cluttering the definition. Note that the
constructors are interpreted as appropriate logical connectives; in particular, the empty
type is interpreted as falsehood.

It is immediate that the definition is well-formed. As a soundness result, we obtain
the following theorem, where the interpretation of the term-variable context is given
as by the conjunction of the interpretations of types.

Theorem 2.3.1. For any well-typed term ∆ | Γ ⊢ e : τ in Fω and any η : ∏αJ∆(α)K
we have JΓKη ⇒ JτKη .
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JαKη ≜ η(α)

Jλα :: κ. τKη ≜ λϕ.JτKη [α 7→ϕ]

Jσ τKη ≜ JσKη(JτKη)

JcKη ≜ JcK

J×K ϕ1 ϕ2 ≜ ϕ1∧ϕ2

J+K ϕ1 ϕ2 ≜ ϕ1∨ϕ2

J→K ϕ1 ϕ2 ≜ ϕ1⇒ ϕ2

JunitK ≜⊤
JvoidK ≜⊥
J∀κK ϕ ≜ ∀ψ : JκK. ϕ(ψ)

J∃κK ϕ ≜ ∃ψ : JκK. ϕ(ψ)

Figure 2.11: Propositional interpretation of the types (left) and constructors (middle
and right) of Fω .

Note that since the types in Γ and τ are of kind T, the theorem is well-formed.
With this result, we are ready to tackle the problem of expressibility of F=i

ω .

Non-existence of a translation. Armed with the model of Fω , we can now prove
the following non-expressibility theorem:

Theorem 2.3.2. There cannot exist a family of translations ⌈−⌉ : F=i
ω → Fω for

expressions, values and types such that the following conditions hold:

• ⌈−⌉ preserve closedness of types and terms;

• ⌈−⌉ is homomorphic on constructs of Fω ;

• if · | · | · ⊢ e : τ holds in F=i
ω , then · | · ⊢ ⌈e⌉ : ⌈τ⌉ holds in Fω .

Note that, while we restrict ourselves to conditions on typing of closed programs
with no equality assumptions, the requirement that the translation is homomorphic
ensures that the typing also needs to be preserved in open contexts that can arise
as application of the typing rules of Fω . Certainly, the most important feature of
a translation from F=i

ω to Fω would be the elimination of constraints and equality
assumptions: we make no assumptions as to how this would be achieved, as the
impossibility of the translation follows already from its required behavior on types
and type constructors.

Proof. Assume that a translation that satisfies the requirements exists, and consider a
type constructor ϕ ≜ λα :: T. (α≡T unit+void)×unit, well-kinded in F=i

ω at kind
T⇒ T. Clearly, there exists an expression e, such that
· | · | · ⊢ e : ϕ (unit+unit)→void, since the assumed constraint allows us (by using
injectivity) to cast the unit value to type void. Thus, by the properties of translation,
we get that · | · ⊢ ⌈e⌉ : ⌈ϕ⌉ (unit+unit)→void, and consequently, by the properties
of the propositional model, (J⌈ϕ⌉K⊤)⇒⊥.

However, observe that the type ϕ (unit+void) is clearly inhabited (by the value
⟨•,⟨⟩⟩), and thus, by properties of the translation and the soundness of the model,
J⌈ϕ⌉K·⊤ holds, leading to a contradiction. □

49



The Essence of Generalized Algebraic Data Types

Note that the proof depends only on injectivity of the disjoint sum type constructor
and the ability to cast through type equalities. An analogous construction can be
performed for discriminability, since unit+unit and unit are also equal in our model
of Fω . The intuitive content of the proof is that the requirement that the translation be-
haves homomorphically on type constructors cannot be fulfilled: while in System Fω ,
a type constructor that builds a non-empty type from a non-empty argument will do
so for any non-empty argument, this is not necessarily the case in the presence of
discriminable (or injective) equality constraints.

Through this theorem, we have established that F=i
ω is not directly expressible in

Fω . We believe that this highlights the expressive power of GADTs, which depend
heavily on injectivity rules to express the precise pattern-matching constructs. More-
over, it highlights that while the adage that GADTs are existential types and type
equalities may be true, one ought to be very precise about what can be proved about
the equality of types within the system.

Finally, the propositional model of Fω serves to highlight the difficulties that
any traditional relational interpretations is bound to run into: while the propositional
model identifies all inhabited types, the standard relational approach tends to, at
least, conflate all the empty types. It is also difficult to imagine how one could
obtain injectivity for type arguments that appear in a contravariant position in the
interpretation, such as for the left-hand side of the arrow type.

2.4 Type Soundness of F=i
ωµ

Having established that our calculus is a non-trivial extension of the known systems,
we turn to the question of its type soundness. In this section we apply the classic
syntactic methodology of progress and preservation [142]. However, since the type-
system of F=i

ωµ includes a complex system of equality reasoning — in particular, a
system that is able to express that assumptions are contradictory — the progress
lemma becomes non-trivial. On the other hand, the same fact allows us to state in one
concise lemma all the properties that are required to prove canonical forms (also called
inversion) lemmas for particular type formers. This lemma states the consistency of
our proof system.

Lemma 2.4.1 (Consistency). A discriminable constraint is not provable in an empty
context: in other words, /0 | /0 ⊩ τ1≡κ τ2 and /0 ⊩ τ1 #κ τ2 are contradictory.

We prove this lemma via a normalization-by-evaluation argument [16, 31], which
we discuss in more detail in Section 2.5.2; for now, we discuss the methodological
implications of the lemma. In the case of F=i

ωµ its statement follows naturally from
having the discriminability judgment as part of the type system used to discharge
contradictory equality assumptions — a feature that is rarely, if ever, present: most
systems with non-trivial equality of types consider them up to relatively simple
syntactic rearrangements or some forms of subtyping. However, we believe that even
in those cases it may be a useful methodological approach to define these relations
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in such a way that a variant of Lemma 2.4.1 can be stated. Moreover, if the system
admits a natural characterization of normal forms and non-trivial computation on the
level of types, we believe that normalization-by-evaluation is a natural path to follow
in proving consistency. To the best of our knowledge, this is the first time such a
consistency property is used explicitly as a crucial ingredient in a Wright–Felleisen-
style proof of type soundness via progress and preservation [142].

Lemma 2.4.1 can be used to eliminate impossible cases in progress and preserva-
tion lemmas. Its first application is in the proofs of the canonical forms and inversion
lemmas, which have to account for possible applications of equality casting rule:
here, it plays the role of traditional inversion lemmas in type systems with subtyping
principles. The lemma allows us to eliminate the impossible cases, which are trivially
discriminable: thus, the notion of discriminability serves to simplify and modularize
these proofs. We observe this in the following instance of a canonical form lemma for
the arrow types.

Lemma 2.4.2 (Canonical form for arrows). If v is a closed value of type τ and τ is
provably equal to some arrow type in an empty context, then v is a lambda-abstraction
with a well-typed body.

( /0 | /0 ⊩ τ≡T (τ1→τ2))∧ ( /0 | /0 | Γ ⊢ v : τ) =⇒ (∃x e.v = λx. e∧ /0 | /0 | Γ,x : τ1 ⊢ e : τ2)

Proof. By induction on the typing derivation. Of the applicable proof rules only
type-cast and lambda abstraction rules are not discriminable; the remainder can be
dispatched via Lemma 2.4.1 (e.g. if τ = τ3+τ4). In the first of the remaining cases
we proceed by induction, since the type equality is transitive. Finally, for the lambda
abstraction we only need to cast the variable and expression through appropriate
equalities, which follow from injectivity of the arrow constructor. □

Lemma 2.4.3 (Preservation). Reductions preserves typing in the sense that for any
well-typed /0 | /0 | /0 ⊢ e : τ such that e→ e′, we also have /0 | /0 | /0 ⊢ e′ : τ .

Proof. The proof is by induction on a given typing derivation.6 All the cases (except
for type conversion, which is trivial) follow by case analysis of the reduction, with the
appropriate canonical form lemmas used where necessary. □

Lemma 2.4.4 (Progress). Any well-typed expression /0 | /0 | /0 ⊢ e : τ can either be
reduced or is already a value.

Proof. The proof proceeds by induction on the typing derivation. All the cases, except
for the (trivial) type conversion and discrimination of impossible equalities, follow
from canonical form lemmas. The latter case holds due to the contradiction rule for
equality constraints. In this case, we assume that e = abort•, and both /0 | /0 ⊩ τ≡T σ

and /0 ⊩ τ #T σ hold. By Lemma 2.4.1, we evidently have a contradiction. □

Definition 2.4.5 (Safety). A closed expression e is called safe when any expression
that e reduces to is irreducible if and only if it is a value.

6This allows us to omit inversion lemmas for elimination forms.
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Theorem 2.4.6 (Soundness). Any well-typed expression /0 | /0 | /0 ⊢ e : τ is safe in the
sense of Definition 2.4.5.

Proof. The proof follows from progress and preservation lemmas. □

2.5 Relational Models of Injective Type Equalities

In this section we discuss relational models of F=i
ωµ . We begin by discussing in detail

the challenge of constructing models that validate injectivity rules (this challenge could
already be observed in Section 2.3). In Section 2.5.2 we follow this by constructing
a unary model, which utilizes a normalization-by-evaluation view of the types, and
which we can use to semantically justify type soundness. In Section 2.5.3 we discuss
the limitations of this construction, in particular for the case of binary relations (as
needed for reasoning about representation independence), and, finally, we extend the
model construction to allow for semantic binary relations as needed for reasoning
about representation independence. We use the model to obtain the first known proofs
of representation independence in a setting with generalized algebraic data types.

2.5.1 The Challenge of Injective Relational Interpretations

To appreciate the challenge of constructing a relational interpretation where all type
constructors would be injective, consider the propositional interpretation of System Fω

presented in Figure 2.11. While relational interpretations — whether unary or binary —
contain additional information, the basic structure remains very similar. In particular,
whenever a given type is uninhabited, its interpretation is empty: this leads to the
resurgence of the problems that threaten validity of the injectivity and discriminability
rules. Therefore, a direct interpretation of types as predicates on values is not viable.

A universe of codes. A natural attempt to square this circle is through introduction
of some universe of codes of types, into which we could interpret types in a way
that would validate injectivity and discriminability, and which we could decode (or
interpret, or realize), in a separate step, as predicates on values. This, however, presents
its own challenges, as the structure of the types is rather rich. Indeed, there would be
two conflicting requirements: (1) In order to obtain a justification of injectivity and
discriminability rules, such a universe (or at least a significant part of it) would need
to be inductively defined. But at the same time, (2) the injectivity of the quantifiers
and recursive type constructors, and the rich equational theory involving the higher-
kinded types, requires a rather semantic view of the codes, particularly at higher types.
Fulfilling those seemingly conflicting requirements without succumbing to paradoxes
is challenging — and it is the subject of the remainder of this section.
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c :: κ

⊢ c :: Neu∆
κ

x :: κ ∈ ∆

⊢ x :: Neu∆
κ

⊢ ν :: Neu∆
κa⇒κr

⊢ µ :: Nf∆
κa

⊢ ν µ :: Neu∆
κr

⊢ χ :: NC∆ ⊢ ν :: Neu∆
T

⊢ χ→ν :: Neu∆
T

⊢ χ :: NC∆ ⊢ ν :: Neu∆
T

⊢ χ×ν :: Neu∆
T

⊢ ν :: Neu∆
T

⊢ ν :: Nf∆
T

⊢ µ :: Nf∆,α::κa
κr

⊢ λα :: κa. µ :: Nf∆
κa⇒κr

(
⊢ µi :: Nf∆

κ

)
i∈{1,2}

⊢ µ1≡κ µ2 :: NC∆

Figure 2.12: A judgmental presentation of neutral and normal types, and normal
constraints.

2.5.2 A Unary Model via Normalization-by-Evaluation

A key insight of the model construction we now present is that the above mentioned
requirements for our universe of codes match very closely those known from the
area of normalization-by-evaluation: we have the inductively defined normal forms,
and semantic interpretations, which are used to justify the sophisticated equational
or computational theory. In our case, the neutral and normal forms of types and
constraints are presented in Figure 2.12.

Definition 2.5.1. We will write K for the category of kinding contexts ∆ with mor-
phisms δ : ∆→ ∆′ given by kind-preserving renamings sending variables α ∈ ∆′ to
variables δ ∗α : ∆′(α) in context ∆. We will write YK : K ↪→ Pr(K) for the Yoneda
embedding of K into its category of presheaves Pr(K) = SetK

op
sending ∆ ∈ K to the

representable functor homK(−,∆).

For a given kind κ , the collections of normal constructors, well-formed neutral
constructors, and normal constraints form presheaves Nfκ , Neuκ , and NC on the
category K, as described inductively in Fig. 2.12. For example, Nf∆

κ is the set of
normal forms of constructors of kind κ in context ∆. The functorial action is given by
syntactic renaming of variables.

Definition 2.5.2 (Intepretation of kinds). We now define an NbE-inspired interpreta-
tion of kinds into presheaves on the category K of kinding contexts and renamings as
follows:

JTK≜ NeuT
Jκa⇒ κrK≜ JκaK⇒ JκrK

In the second clause above, the right-hand⇒ denotes the exponential presheaf [87,
§I.6, Proposition 1]. The interpretation of kinds κ is extended to kind contexts ∆
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reify : JκK⇒ Nfκ

reify(ν : JTK)≜ ν

reify(ϕ : Jκa⇒ κrK)≜
λα :: κa. reify(ϕ (reflect(α)))

reflect : Neuκ ⇒ JκK
reflect(ν : NeuT)≜ ν

reflect(ν : Neuκa⇒κr
)(µ : JκaK)≜

reflect(ν (reify(µ)))

Figure 2.13: Reification and reflection functions, defined in the internal language of
Pr(K).

pointwise, using the cartesian product of presheaves:

J∆K≜ ∏
α::κ∈∆

JκK

We use the interpretation of kinds defined above as the type of the interpretation
function for types; the interpretation of constraints will target constraints in normal
form.

The normalization procedure can now proceed in the usual way, by defining the
injection of neutral forms and reification, and reflection of well-formed types into the
interpretation of their kinds (and normalization of constraints).

We begin by defining, by mutual induction on the structure of kinds, the reifi-
cation of interpretations of kinds as normal forms and the reflection of neutrals as
interpretation of kinds (the main purpose of the latter is to perform a semantic ana-
logue of eta-expansion). In order to enforce the well-formedness, these are defined as
exponential presheaves; we present the implementation in Figure 2.13, making use of
the cartesian closed structure of presheaves via the internal language of Pr(K). Note
how the reification ensures that all functional types will be in eta-long form, and how
the variable α needs to be reflected to be passed as an argument to ϕ , since its kind
may be functional (and thus the variable may need to be eta-expanded as well).

Definition 2.5.3 (The identity environment). For each context ∆, we may define an
identity environment id∆ : J∆K∆ using the reflection operation, setting id∆(α :: κ ∈
∆)≜ reflect(α).

With reification and reflection in place, we can define the interpretation of types.
As with the other two functions, well-formedness with respect to renaming is ensured
by taking the denotation in the exponential presheaf:

J∆ ⊢ τ :: κK : J∆K⇒ JκK

We present the implementation of this interpretation function in Figure 2.14, again
using the internal language of Pr(K).

While this definition bakes in the requirement that the interpretation of our types is
well-behaved in terms of functoriality, we need more: due to the presence of injectivity,
if the interpretation of our constraints is to verify the reasoning rules, reification needs
to be injective, at least on the image of interpretation of types.
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J∆ ⊢ α :: κKη ≜ η(α)

J∆ ⊢ λα :: κa. τ :: κa⇒ κrKη ≜ µ 7→ J∆,α :: κa ⊢ τ :: κrKη [α 7→µ]

J∆ ⊢ σ τ :: κrKη ≜ J∆ ⊢ σ :: κa⇒ κrKη J∆ ⊢ τ :: κaKη

J∆ ⊢ c :: κKη ≜ reflect(c)

J∆ ⊢ χ→τ :: TKη ≜ J∆ ⊢ χ constrKη→J∆ ⊢ τ :: TKη

J∆ ⊢ χ×τ :: TKη ≜ J∆ ⊢ χ constrKη×J∆ ⊢ τ :: TKη

J∆ ⊢ τ1≡κ τ2 constrKη ≜ reify(J∆ ⊢ τ1 :: κKη)≡κ reify(J∆ ⊢ τ2 :: κKη)

Figure 2.14: Interpretation of types and constraints, specified in the internal language
of Pr(K).

η | ν1 ≈T ν2 ≜ Jν1Kη = ν2

η | ϕ1 ≈κa⇒κr ϕ2 ≜ ∀∆′1,∆′2,(δ1 : homK(∆
′
1,∆1),δ2 : homK(∆

′
2,∆2)),(η

′ : J∆
′
1K

∆′2).

∀µ1,µ2.
(
δ
∗
2 η = λx. η

′(δ1(x))
)
→

(
η
′ | µ1 ≈κa µ2

)
→

(
η
′ | ϕ1(δ1,µ1)≈κr ϕ2(δ2,µ2)

)
Figure 2.15: A logical relation connecting interpretations of types via an environment.
The relation η | µ1 ≈κ µ2 ranges over η : J∆1K∆2 , µ1 : JκK∆1 , and µ2 : JκK∆2 .

Lemma 2.5.4. For any types τ1,τ2 of kind κ , well-formed in ∆ and any good (defined
in the following paragraph) environment η : J∆K∆′ , if reify(Jτ1Kη) = reify(Jτ2Kη), then
Jτ1Kη = Jτ2Kη .

This lemma does not depend on conventional soundness or completeness lem-
mas for NbE, nor is it useful in their proofs in the absence of injectivity. However,
in the presence of injectivity of constructors, it is crucial to the proof of complete-
ness of NbE, which needs to justify the reasoning rules of Fig. 2.3 — in particular,
the injectivity rule. There, we can assume that Jc (σi)iKη = Jc (τi)iKη , and need
to prove that (JσiKη = JτiKη)i. The types in our assumption are applications of a
constructor to arguments, and thus neutral, but this only allows us to establish that
(reify(JσiKη) = reify(JτiKη))i: thus, to establish completeness, we need Lemma 2.5.4.

To prove this lemma, we introduce a novel logical relation (η | µ1 ≈κ µ2), as
depicted in Fig. 2.15. Note that, in contrast to the usual relation that appears in the
proof of soundness and relates syntactic view of types to the semantic view, this
relation connects two semantic types via a mediating environment, which serves
to reconcile the free variables in the two types.7 The relation naturally extends to
a pair of environments (with matching domain) related through a third, mediating

7To the best of our knowledge, this approach has not been previously employed in the NbE literature.
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environment. We say that a semantic type µ ∈ JκK∆ (respectively, environment) is
good when it is related to itself via the identity environment:

good(µ)≜ (id∆ | µ ≈κ µ)

With this definition, we can establish the (limited) injectivity of reification that we
need via a series of technical lemmas. The most important include the following pair
of results.

Lemma 2.5.5. If η | µ1 ≈ µ2, then Jreify(µ1)Kη = µ2.

Lemma 2.5.6. If η | η1 ≈ η2, then η | JτKη1 ≈ JτKη2 .

The first of these establishes that we can obtain the related semantic type via reinter-
pretation of the reification; the second ensures that interpreting a type with related
environments yields related results.

With Lemma 2.5.4, we can finally establish correctness of equational reasoning
and discriminability.

Lemma 2.5.7. If ∆ | Φ ⊩ ψ holds, and η : J∆K∆′ is a good environment and JϕKη

is true for any ϕ ∈ Φ, then JψKη is also true. Moreover, if ∆ ⊩ τ1 #κ τ2 holds, then
Jτ1≡κ τ2Kη is false.

In the above, we say that (a normal form of) a constraint is true if the two types
(in normal forms) are identical. As a corollary, we obtain the consistency lemma of
Section 2.4.

Realizing NbE interpretations as predicates on values. While the normalization-
by-evaluation argument has given us some interpretation of types that can be used to
justify the equality and discriminability rules of the calculus, it is far from obvious,
a priori, that we can use it to give a relational interpretation on values. To get an
intuitive view of what remains to be done, note that we have largely dealt with the
problem of open types, and the main problem that remains is that of open terms.
Note also that, crucially, it is enough to consider evaluation in closed contexts, both
for terms and types, and that we only need to give a relational interpretation to
types of kind T. Therefore, we define a function R : Neu·T→ Val→ iProp, using a
mixture of guarded and structural recursion. Here iProp is a universe of step-indexed
propositions, which comes equipped with a later modality and supports definition of
recursive predicates when the recursion is guarded by the later modality (concretely,
iProp can be understood as downwards-closed sets of natural numbers or as the
universe of propositions in an appropriate logic framework, such as LSLR [36] or
Iris [73]). The definition is presented in Figure 2.16. Note that, in contrast to the usual
presentation of impredicative quantification, we need to use guarded recursion for
universal and existential quantifiers to ensure that the interpretation is well-defined,
as the normal form of the body of the quantified type needs to be reinterpreted to
obtain a normal form of the resulting type. Thus, this approach does not conflict
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E(P)(e)≜ (∃v. P(v)∧ e = v)∨
(
∃e′. e→ e′∧▷E(P)(e′)

)
R(unit)(v)≜ v = ⟨⟩
R(void)(v)≜⊥

R(ν1×ν2)(v)≜ ∃v1,v2. v = ⟨v1,v2⟩∧
∧

i∈{1,2}
R(νi)(vi)

R(ν1+ν2)(v)≜
∨

i∈{1,2}
∃v′. v = inji v′∧R(νi)(v′)

R(ν1→ν2)(v)≜ ∀u.R(ν1)(u)→E(R(ν2))(v u)

R(∀α :: κ. τ)(v)≜ ∃e. v = Λ. e∧∀µ ∈ JκK(·). good(µ)

→ ▷E(R(JτK[α 7→µ]))(e)

R(∃α :: κ. τ)(v)≜ ∃v′. v = packv′∧∃µ ∈ JκK(·). good(µ)

∧▷R(JτK[α 7→µ])(v
′)

R((µα :: κ. τ) σ)(v)≜ ∃v′. v = rollv′∧▷R(J(τ[µα :: κ. τ/α]) σK·)(v′)

R(χ→ν)(v)≜ χ true→E(R(ν))(v •)
R(χ×ν)(v)≜ ∃v′.v = ⟨•,v′⟩∧χ true∧R(ν)(v′)

Figure 2.16: The interpretation of closed, neutral ground types as predicates and an
evaluation closure; both notions are defined via guarded recursion.

with the non-terminating example of Section 2.2: the fact that the model validates the
injectivity rules for universal and existential quantifiers precludes an interpretation of
the quantifiers that doesn’t require us to count a computation step.

With the interpretation of the closed types defined (in two stages), we can now
turn to the definition of the logical relation, which is presented in Figure 2.17. We
pay attention to the fact that the environments for the type-variable context ∆ are
“good”, i.e. that all the interpretations are self-related, which ensures that this property
is inherited by any interpretation of a type with that environment. The environment
needs to validate all the equality assumptions in Φ, and the closing environment is the
standard extension of the relation on values. With this definition, it is easy to prove
the fundamental theorem of logical relations:

Theorem 2.5.8 (Fundamental). Any well-typed value, ∆ | Φ | Γ ⊢ v : τ , is in the
logical interpretation of its type, i.e. ∆ | Φ | Γ |= v : τ . Any well-typed expression,
∆ | Φ | Γ ⊢ e : τ , is in the logical interpretation of its type for computations, i.e.
∆ |Φ | Γ |= e : τ .

Proof. By induction on the structure of the derivation, using appropriate compatibility
lemmas. For the type conversion rules, note that the assumptions of Lemma 2.5.7 are
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JΦKη true≜ ∀ϕ ∈Φ. JϕKη true

JΓKη ≜ {γ ∈ dom(Γ)→ Val | ∀x ∈ dom(Γ).R(JΓ(x)Kη)(γ(x))}
∆ |Φ | Γ |= v : τ ≜ ∀η ∈ J∆K(·). good(η)→ JΦKη true→∀γ ∈ JΓKη

→R(JτKη)(v[γ])

∆ |Φ | Γ |= e : τ ≜ ∀η ∈ J∆K(·). good(η)→ JΦKη true→∀γ ∈ JΓKη

→E(R(JτKη))(e[γ])

Figure 2.17: The definition of the logical relation.

satisfied. Thus, the normal forms of the two types are equal, and so their realizers
coincide. □

Limitations of the model based on the NbE interpretation of types. While the
model presented in this section justifies semantically the type system of System F=i

ωµ ,
and the realizability interpretation can be naturally extended to the binary case, with
closed, neutral ground types interpreted as step-indexed relations rather than pred-
icates, the interpretation has an important shortcoming. The limiting factor stems
from the fact that all our semantic types can be reified as (a subset of) well formed,
syntactic types. Thus, the universally or existentially quantified variables can only be
instantiated with such types. (Concretely, for universal types, e.g., the relation τ in
Figure 2.16 is in JκK(·).) In the binary case, this clearly prevents us from reasoning
about representation independence for abstract data types, as we are obliged to choose
the representation once and for all — and even in the unary case, it prevents us from
proving safety of a (syntactically) ill-typed implementation of an interface by semantic
means. In effect, by allowing the sophisticated equational reasoning with types whose
syntactic structure (or part of it) must be known, we have severely circumscribed
the model. So the question is: Can we relax these constraints for types whose syn-
tactic structure we need not know and then obtain a more powerful semantic model
supporting reasoning about semantic typing (in the unary case) and representation
independence (in the binary case)? The answer is yes, as we now explain.

2.5.3 A Relaxed Model for Representation Independence

We now show that the NbE model can be relaxed — albeit by relinquishing the
canonical property that the inductively defined “normal forms” are a subset of well-
formed types. Thus, rather than defining the neutral and normal forms of types, we
define open universes (still split into neutral and normal) at each kind. These universes,
presented in Figure 2.18, are largely as before, since we still need to enforce injectivity
of our type constructors, except that the neutral universe at ground kind also contains
the entire space of uniform relations on closed values! These are considered distinct
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ϕ : Val2→ iProp

ϕ : U ♮∆
T

c :: κ

c : U ♮∆
κ

x :: κ ∈ ∆

x : U ♮∆
κ

ν : U ♮∆
κa⇒κr µ : U∆

κa

ν µ : U ♮∆
κr

χ : U∆
C ν : U ♮∆

T

χ→ν : U ♮∆
T

χ : U∆
C ν : U ♮∆

T

χ×ν : U ♮∆
T

ν : U ♮∆
T

ν : U∆
T

µ : U∆,α::κa
κr

λα :: κa. µ : U∆
κa⇒κr

(
µi : U∆

κ

)
i∈{1,2}

⊢ µ1≡κ µ2 : U∆
C

Figure 2.18: Open universes, generalizing the neutral and normal forms of types
and normal constraints. As with normal forms, we define three universes by mutual
induction: the neutral universe U ♮∆

κ , the normal universe U∆
κ and the universe of

normal constraints U∆
C ; as before, the functorial action is given by syntactic renaming.

from all the other, more syntactic, members of the universe and are considered equal
when equivalent as (uniform) relations. Note that our universes remain functorial with
respect to the type variable contexts, as the relations are inert, unchanging under the
context morphism action.

We can now replay the same construction as presented in the previous section, with
one key difference: where the reinterpretation of semantic types used to piggyback on
the (implicit) coercion of neutral and normal forms to well-formed types, we cannot
do so here. This, however, is not a problem: we replay the definition of Figure 2.14
twice: once for types (targeting our open universes), and once for elements of the
universe themselves. An analogue of the logical relation in Figure 2.15 then lets us
establish that Lemma 2.5.7 holds in this interpretation as well.

With the generalized NbE-style model, we can now give its realization (for
closed, ground, neutral universe) as relations on values. The definition is presented in
Figure 2.19; the construction proceeds in an entirely analogous fashion, with the main
difference being the interpretation of the relation ϕ — which is simply realized as
itself. The other minor difference is that the components of the recursive type have to
be interpreted on their own and applied as the elements of the semantic interpretation,
rather than coerced into a single type; this does not lead to any significant differences.

The remainder of the interpretation is standard: we interpret open types by quanti-
fying over an environment of closing environments. The difference with respect to the
simpler model is that the interpretations for open type variables (as well as the ones
in the realizability interpretation of universal and existential quantifiers) now allow
a closed relation on values to be picked. This allows picking safe-but-syntactically-
ill-typed implementations (in the unary case), as well as implementations that relate
different implementations (in the binary case), thus allowing us to recover some data
abstraction capacities. Note that for this to be viable, the context cannot depend on
the structure of the picked interpretation (through constraints): this is the cost of
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E(P)(e1,e2)≜ (∃v1,v2. e1 = v1∧ e2→∗ v2∧P(v1,v2))∨(
∃e′1,e′2. e1→ e′1∧ e2→∗ e′2∧▷E(P)(e′1,e′2)

)
R(ϕ)(u,v)≜ ϕ(u,v)

R(unit)(u,v)≜ u = v = ⟨⟩
R(void)(u,v)≜⊥

R(ν1×ν2)(u,v)≜ ∃u1,u2,v1,v2. u = ⟨u1,u2⟩∧ v = ⟨v1,v2⟩∧
∧

i∈{1,2}
R(νi)(ui,vi)

R(ν1+ν2)(u,v)≜
∨

i∈{1,2}
∃u′,v′. u = inji u′∧ v = inji v′∧R(νi)(u′,v′)

R(ν1→ν2)(u,v)≜ ∀u′,v′.R(ν1)(u′,v′)→E(R(ν2))(u u′,v v′)

R(∀α :: κ. τ)(u,v)≜ ∃e,e′. u = Λ. e∧ v = Λ. e′∧
∀µ ∈ JκK(·). good(µ)→ ▷E(R(JτK[α 7→µ]))(e,e

′)

R(∃α :: κ. τ)(u,v)≜ ∃u′,v′. u = packu′∧ v = packv′∧
∃µ ∈ JκK(·). good(µ)∧▷R(JτK[α 7→µ])(u

′,v′)

R(µκ ϕ σ)(u,v)≜ ∃u′,v′. u = rollu′∧ v = rollv′∧▷R(JϕK· Jµκ ϕK· JσK·)(u′,v′)

R(χ→ν)(u,v)≜ χ true→E(R(ν))(u •,v •)
R(χ×ν)(u,v)≜ ∃u′,v′.u = ⟨•,u′⟩∧ v = ⟨•,v′⟩∧χ true∧R(ν)(u′,v′)

Figure 2.19: The realization of U ♮·
T as relations on values.

working in an environment that can reason about the types and depend on non-trivial
information about their structure.

Representation independence for non-empty lists. To illustrate that our model
supports reasoning about representation independence, we provide a small synthetic
example, in which we show contextual equivalence of two implementations of an
existentially typed module for non-empty lists of natural numbers, with operations for
obtaining the head of a list, constructing a list with a single element, and for inserting
an element into a list:

nelist≜ ∃α :: T. (α→N)×(N→α)×(N→α→α)

The two implementations we consider are lists of natural numbers and vectors of
natural numbers. The vectors are implemented as a GADT; they are indexed by their
size, which we represent as type-level natural numbers. The implementation details
can be found in Figure 2.20. It is worth noting that the GADT enables the definition
of a total head operation for vectors.

We use our logical relation to show that two implementations
I1 = pack⟨head,⟨inj,cons⟩⟩ and I2 = pack⟨vhead,⟨vinj,vcons⟩⟩ are contextually
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natlist :: T
natlist≜ µα :: T. unit+(N×α)

cons : N→natlist→natlist
consxxs≜ roll inj2 ⟨x,xs⟩

inj : N→natlist
injx≜ cons x (roll inj1 ⟨⟩)

head : natlist→N
headxs≜

case unrollxs
| inj1 _. diverge
| inj2 ⟨y,_⟩. y

natvec :: T⇒ T
natvec≜

µϕ :: T⇒ T. λα :: T.
((α≡T void)×unit)
+(N×∃β :: T. (α≡T (β +unit))×(ϕ β ))

nenatvec :: T
nenatvec≜ ∃α :: T. natvec (α +unit)

vcons : N→nenatvec→nenatvec
vconsxxs≜

let(∗,ys) = xs in
packroll inj2 ⟨x,pack⟨•,ys⟩⟩

vinj : N→nenatvec
vinjx≜ vcons x roll inj1 ⟨•,⟨⟩⟩

vhead : nenatvec→N
vheadxs≜

let(∗,ys) = xs in
case unrollys
| inj1 (•,w). abort•
| inj2 ⟨y,_⟩. y

Figure 2.20: F=i
ωµ -encoding of lists and non-empty type-indexed vectors. We use

syntactic sugar throughout.

equivalent8 at the type nelist. The key step in the proof is to choose an appropriate
relation for the existentially quantified type variable α in the nelist type. We use
the following relation, which specifies that both lists must be non-empty, and their
respective head elements must be related as natural numbers:

{(v1,v2) | v1 = roll inj2 ⟨u1,u2⟩∧ v2 = packroll inj2 ⟨u3,u4⟩∧RJNK(u1,u3)} ⊆ Val2.

Parametricity Our model is also strong enough to encompass a number of the
classic consequences of parametricity. To demonstrate that, we present a simple free
theorem: we show that any value v of type ∀α :: T. α→α approximates the identity
function Λ. λx. x.

Proof. It suffices to show that for any η ∈ J∆K(·) such that good(η) and JΦKη hold,
and any substitutions (γ,γ ′) ∈ JΓKη ,

R(J∀α :: T. α→αK)
η
(v[γ],(Λ. λx. x)[γ ′]).

Given the assumption that ∆ | Φ | Γ ⊢ v : ∀α :: T. α→α , by the fundamental
lemma we getR(J∀α :: T. α→αK)

η
(v[γ],v[γ ′]). By the definition of the value inter-

pretation for universal types, v[γ] = Λ. e and v[γ ′] = Λ. e′.
8For brevity, we have not included the standard argument showing that logical relatedness implies

contextual approximation; it is included in the Coq formalization. To show contextual equivalence, we
show logical relatedness in both directions.
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Moreover, ∀µ.▷E(R(Jα→αKη ,α 7→µ))(e,e′). We instantiate this interpretation with
an empty relation. From that we can conclude that either e diverges, in which case
the statement trivially holds, or e terminates at a value f . If e terminates at f , then, it
suffices to prove the following statement:

∀u v µ.▷(R(JαKη ,α 7→µ)(u,v)→E(R(JαKη ,α 7→µ))( f u,v)).

We instantiate the interpretation from the fundamental lemma with a singleton relation
{(u,v)} ⊆ Val×Val. From that and determinism of operational semantics, we can
conclude that either t ≜ f u terminates or diverges. If it terminates, the result is equal
to u by our choice of the relation, in which case the statement trivially holds. If t
diverges, then the statement vacuously holds. □

Note that the proof follows the standard pattern, thus providing evidence that the
known results can be transferred to a calculus with GADTs. While the example we
show here does not explicitly use GADTs, the approach scales: the usual theorems,
such as map-map fusion or the free theorems of Wadler [138], can be proved not just
for lists, but also types that do use equality constraints, such as vectors or perfect
binary trees indexed with type-encoded depth. Note, however, that these properties
reflect the payload type of the data structure (which behaves parametrically, even
though the structure itself uses equality constraints), rather than the index encoding
length or depth, which is much more constrained.

Power and limitations of the relational model As the examples above demon-
strate, our model is powerful enough to transport parametricity and representation
independence results from simpler systems, without internalized, injective equalities.
It is natural to ask whether all such results can be preserved in our model, and whether
GADTs introduce new opportunities for exploiting parametricity.

For the first question, we are aware of certain limitations of our current model.
These stem from the fact that we only allow inert relations as semantic elements of our
open universes. Thus, we have no way of treating higher-kinded parameters semanti-
cally. Thus, for instance, we cannot use an ill-typed but well-behaved implementation
of lists as a type constructor of kind T⇒ T (over the type of elements). In contrast,
concrete instantiation of such a list constructed at known element type do fit into the
setup as presented. Whether this limitation can be lifted is one of the questions left
for future work.

As for the interaction of GADTs with parametricity, it is clear that type construc-
tors with equality-constrained indices cannot be parametric in those indices: this much
is enforced by the model. However, this does not mean that GADTs as a feature are
orthogonal to representation independence, free theorems, etc.: the fact that they can
be used as implementations of abstract data types, used as instances of free theorems,
etc., with correct behavior enforced by virtue of the type system is a consequence of
the model we have presented in this section.
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2.6 Formalization

With the exception of the final part of the non-expressibility theorem in Section 2.3,
all the constructions presented in this paper have been formalized in the Coq proof
assistant. In this section we discuss some aspects of the formalization that we believe
are of wider interest, either from a technical or a methodological standpoint.

2.6.1 Internal Languages vs. Explicit Presheaves

In the informal presentation of our results, we have made liberal use of the internal
language of presheaf categories where possible. For instance, many important con-
structions involved in our NbE–style model lie in the category Pr(K) of presheaves on
the category K of kind contexts and kind-preserving renamings. The most direct and
intuitive presentation of these constructions, then, uses the internal language of K as a
(locally) cartesian closed category. The use of the internal language is well-established
as a way to avoid the proliferation of administrative parameters (quantifying over
future worlds, renamings, etc.) that routinely obscure what are in essence simple
constructions based on simple ideas.

The downside of our use of the internal language is that different parts of our
development must take place in different categories (languages), corresponding to
the boundary between the Pr(K) and Set. Whereas informal mathematical practice
is highly optimized for working rigorously with such abstraction boundaries, the
same does not currently hold of proof assistants like Coq which do not yet support
mixing different type theories in the same development. For this reason, our Coq
formalization explicitly unfolds the internal constructions to external ones; this process
introduces many additional verification conditions (e.g. naturality laws, etc.) that are
automatic in the internal presentation, but which we had to check explicitly in our
Coq development.

2.6.2 Representation of Terms and Binders

The problem of representing abstract syntax with binding in theorem provers spawned
a rich literature, whose review is beyond the scope of this paper. Here, we briefly note
that the approach we use is inspired by Fiore et al.’s [1999] algebraic view of abstract
syntax and variable binding. In particular, both terms and types are constructed as
presheaves, i.e. Type-valued functors on a category of renamings. This is achieved by
parameterizing the Coq type of terms with a type of its variables, and — through the
use of an appropriate library of typeclasses — equipping the resulting type constructor
with a functorial structure. We then equip the functor with a monadic structure that
encodes substitution.
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2.6.3 Normalization by Evaluation: Methodological and Technical
Features

The NbE implementation is the foundation of most of the technical developments
of the paper: both the syntactic, progress-and-preservation proof of type soundness
and the model construction rely on a variant of the procedure. It is, however, also
interesting from the technical, proof-engineering point of view — we leverage the rep-
resentation of syntax based on presheaves over names to interpret types as presheaves.
This has the advantage of baking a lot of the requisite structure of types and their
normal forms into the construction, and thus removing a large part of the reasoning
based on partial equivalence relation that are necessary in less precise encodings in
order to prune the semantic spaces of ill-behaved functions. Compare for instance
the work of Allais et al. [4], whose interpretation of types, while similar at object
level, does not require functoriality: while their implementation may be simpler, it
requires significantly more post-hoc reasoning, some of which is unnecessary if we
interpret the types into spaces with richer structure. Thus, while the particular NbE
implementation we consider is relatively simple, and the categorical notions that we
utilize are fairly well-known in this context [46], we believe that our formalization
goes further towards an NbE that is correct by construction than the state of the art.

2.6.4 Relational Models and Step-Indexed Logics

The logic used in Section 2.5 is not the standard Coq logic; in particular, it internalizes
the step-indexed methods through the use of the later operator and the Löb induction
to define and reason about predicates. Thus we had to choose a framework that allows
reasoning in such a logic.

Since the requirements of the model were only related to constructing relations via
guarded recursion, we decided to use Polesiuk’s IxFree library [102], which provides
features roughly equivalent to the LSLR logic [36]. Alternative choices are available,
however: one is to work in an axiomatic extension of Coq’s type theory, like Sterling
and Harper [124] — although this does come at a price of the final soundness results
being expressed in a different type theory. The other obvious candidate is the Iris
framework [73]: its power to construct solutions of recursive domain equations (via its
invariants feature) would be useful in extending the calculus to include higher-order
mutable state. We chose against using it, for this project, due to its higher complexity,
and the fact that in a simpler logic, such as the one provided by IxFree, we can make
a much more direct use of the host logic (i.e. Coq’s) proof manipulation primitives.

2.7 Related Work

Of the many calculi that were developed to account for GADTs and similar features,
the one most closely related to our work is System FC [127, 140]; the calculus
developed as an intermediate language for the Glasgow Haskell Compiler. While
it accounts for features that we do not handle, such as type functions and equality
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axioms, which are part of GHC, the treatment of GADTs is much closer to the
surface language, through explicitly defined type constructors and their constructors
on term level. The presence of equality constraints leads to similar problems in the
syntactic type soundness, and necessitates considering the problem of consistency
of the equational theory. However, while the calculus is perfectly well suited as an
intermediate language, it is less ideal for the semantic study of the GADTs.

Relational models of higher-kinded polymorphic lambda calculi have been widely
studied since the 1990s [57, 105]. Two examples of interest include the formalized
developments of Atkey [9] and Vytiniotis and Weirich [137]. Atkey formalizes pure
System Fω , but studies type equality expressible within the system, and inductive types
that arise as initial algebras of positive functors. However, the notion of functoriality
he uses is external to the calculus, and the encodings of GADTs he obtains through
the encoding of Johann and Ghani [66] does not seem to allow discrimination based
on distinct types. Instead, he extends Fω with additional kinds, including type-level
natural numbers — which can express some GADT patterns.

Vytiniotis and Weirich build a relational model of an extension of System Fω with
a single built-in GADT [137], and show parametricity properties of this language.
We explore a larger class of programs that can contain arbitrary GADTs, including
the runtime-type representation type R. The nontermination of their System Rω when
the representation type is extended to include universal quantifiers is likely related to
our example in Section 2.2, although the details of the construction differ somewhat.
An interesting feature of their model is the inclusion of syntactic information in
the interpretation of types and type equivalence, which is quite different from our
two-stage interpretation. However, since the closure under type equivalence is only
enforced post-hoc, it is not likely that their construction could be scaled to all type
constructors being injective, rather than just the built-in representation GADT.

The most recent line of work on semantics and parametricity of GADTs comes
from Johann et al. [65, 67, 68, 70]. These are categorical models for languages where
type constructors are considered functorial, and inductive types can be formed out of
strictly positive functors, as appropriate initial algebras. Our calculus is somewhat
more modest, in that the type constructors have no additional structure; on the other
hand, we consider an impredicative system with general recursive types, and thus our
approach to obtaining relational models must be somewhat different.

A complementary line of work on the syntax and elaboration of GADTs is that
of Dunfield and Krishnaswami [38], who have given a proof-theoretic account of
equality constraints in terms of the Girard–Schroeder-Heister elimination rule for
equality [54, 106], which says that Γ,c≡κ d ⊢ J holds if and only if θ ∗Γ ⊢ θ ∗J
holds for all substitutions θ in the complete set of unifiers for c,d :: κ . Unifiability of
two constructors is a syntactic and meta-level concept that does not correspond to any
behavior of semantic models; indeed, most languages have constructor injectivity as
an admissible rule, but it is a special feature of GADTs for these injectivity laws to be
derivable and thus required in models. Dunfield and Krishnaswami [38] achieve these
laws all at once by incorporating syntactic unifiability into their formal theory; we
achieve something analogous in our setting by means of explicit rules. This choice is
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important because our main results pertain to semantic models, a viewpoint that is not
readily accessed from the Girard–Schroeder-Heister perspective.

2.8 Conclusion

In this work, we developed a core calculus that can be used for semantic study of
generalized algebraic data types. We show that the calculus is expressive enough
to encode many of the commonly used programming patterns, and that it is strictly
more expressive than calculi that do not enforce injectivity and discriminability of
constant type constructors. We prove that the calculus is type-safe, and build a novel,
two-stage relational model that uses a variation on the normalization-by-evaluation
construction to enforce the injectivity and discriminability rules. The model is strong
enough to allow for data-abstraction reasoning, the first such for a calculus equipped
with GADTs.

Several directions of future work are apparent. First, integrating other advanced
language features, such as higher-order mutable state or effect handlers, within our
calculus and its model would be an interesting direction that could lead to models that
account for virtually all main features of modern functional programming languages;
the difficulties in modeling these seem largely orthogonal to those we faced in the
current work, so such an extension should be manageable. Second, it seems that even
with the inclusion of “inert” step-indexed predicates in the universe, the model is not
robust enough to ensure termination of the sub-calculus with restricted injectivity
and no recursive types, System F=i

ω — a property that, we believe, ought to hold.
Therefore, we would like to further refine our model, so that it would allow for a
more fine-tuned interpretation of non-injective quantifiers, as well as more refined
data-abstraction principles. Finally, a possible direction would consider adapting the
functorial approach of Johann et al. to a setting with a wider space of type constructors.
This could allow us to enrich practical programming languages with type constructors
that have the mapping action inherently associated with them, including the ability to
quantify over such constructs.
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CHAPTER 3

Context-Dependent Effects in Guarded
Interaction Trees

Abstract

Guarded Interaction Trees are a structure and a fully formalized framework
for representing higher-order computations with higher-order effects in Coq. We
present an extension of Guarded Interaction Trees to support formal reasoning
about context-dependent effects. That is, effects whose behaviors depend on
the evaluation context, e.g., call/cc, shift and reset. Using and reasoning
about such effects is challenging since certain compositionality principles no
longer hold in the presence of such effects. For example, the so-called “bind
rule” in modern program logics (which allows one to reason modularly about
a term inside a context) is no longer valid. The goal of our extension is to
support representation and reasoning about context-dependent effects in the most
painless way possible. To that end, our extension is conservative: the reasoning
principles (and the Coq implementation) for context-independent effects remain
the same. We show that our implementation of context-dependent effects is
viable and powerful. We use it to give direct-style denotational semantics
for higher-order programming languages with call/cc and with delimited
continuations. We extend the program logic for Guarded Interaction Trees to
account for context-dependent effects, and we use the program logic to prove that
the denotational semantics is adequate with respect to the operational semantics.
This is achieved by constructing logical relations between syntax and semantics
inside the program logic. Additionally, we retain the ability to combine multiple
effects in a modular way, which we demonstrate by showing type soundness for
safe interoperability of a programming language with delimited continuations
and a programming language with higher-order store.

3.1 Introduction

Despite a lot of recent progress, representing and reasoning about programming
languages in proof assistants, such as Coq, is still considered a major challenge. The
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design space is wide and many approaches have been considered. Recently, research
on a novel point in the design space was initiated with the introduction of Interaction
Trees [145], or ITrees for short. ITrees were introduced to simplify representation
and reasoning about possibly non-terminating programs with side effects in Coq. In a
sense, ITrees provide a target for denotational semantics of programming languages,
which allows one to abstract from syntactic details often found in models based on
operational semantics. ITrees specifically allow one to easily represent and reason
about various effects and their combinations in a modular way. A wide range of
subsequent applications of ITrees (see, e.g., [78, 115, 146, 147], among others) show
that they indeed work very well for representing and reasoning about first-order
programs with first-order effects. As part of the trade-offs, ITrees could not support
higher-order representations and higher-order effects. To address this challenge,
Guarded Interaction Trees (or GITrees for short) were introduced [49].

While GITrees support higher-order effects, in particular, the challenging case
of higher-order store, they are limited to effects that do not alter the control flow of
the program (more specifically, the continuation). As a consequence, one cannot use
GITrees to give direct-style denotational semantics of programming languages with
context-dependent effects such as call/cc, exceptions, or delimited continuations.
It is of course possible to give semantics to, e.g., call/cc using a CPS translation,
but this would require a global transformation which complicates representation and
reasoning, especially in combination with other effects present. In this paper we
extend GITrees to support direct-style representation and reasoning about higher-
order programs with higher-order context-dependent effects in Coq, and evaluate its
modularity.

We want to stress that our extension to context-dependent effects is not only
theoretically interesting, but also important for scalability, since many real mainstream
programming languages include context-dependent effects. Indeed, exceptions are
now a standard feature in many languages, and while other context-dependent effects
such as delimited continuations are not as widespread in mainstream programming
languages, they are present in the core calculi used for some such languages: for
example, the Glasgow Haskell Compiler core language was recently extended with
delimited continuations to support the introduction of effect systems, which can be
efficiently developed on top of delimited continuations [75]. Moreover, effect handlers,
which rely on control flow operators, have recently been introduced in OCaml 5.0,
and as a design feature in Helium [19], Koka [84, 85], and other languages. Note
that these languages do not only include forms of delimited continuations, but also
other effects, which underscores the importance of considering delimited control in
combination with other effects.

Overview of technical development and key challenges. Similarly to how ITrees
are defined as a coinductive type in Coq, GITrees are defined as a guarded recursive
type (this is to support function spaces in GITrees; in the presence of function spaces
there are negative occurrences of the recursive type and hence one cannot simply
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define the type of GITrees using coinduction). Coq does not directly support guarded
recursive types, so GITrees are defined using a fragment of guarded type theory
implemented in Coq, as part of the Iris framework [62]. To work efficiently with
GITrees we make use of other Iris features like separation logic and Iris Proof Mode
[79], which we use to define custom program logics for different (combinations of)
effects. This enables us to reason about GITrees smoothly in the Iris logic in Coq, in
much the same way as one works directly in Coq. We recall the precise definition of
GITrees in Section 3.2.

Broadly speaking, GITrees model effects in the following way. The type of
GITrees is parameterized over a set of effectful operations. Each operation is given
meaning by a reifier function, using a form of state monad. From this, we define the
reduction relation of GITrees, which gives semantics to computations represented by
GITrees.

To support context-dependent effects, we extend (Section 3.3) the notion of a
reifier so that reification of effects can also depend on the context; technically, the
reifier operation becomes parameterized by a suitable GITrees continuation. This
extension allows us to give semantics to context-dependent effects, but it comes at
a price. In particular, following the change in semantics, we need to reformulate
the program logic for GITrees: in the presence of context-dependent effects (like
call/cc), the so-called “bind”-rule becomes unsound. Of course, we do not want
this reformulation to complicate reasoning about computations that do not include
context-dependent effects. To that end, we parameterize the GITrees (and the program
logic) by a flag, which allows us to recover the original proof rules and make sure that
all of the original GITrees framework still works with our extension.

To motivate the extension to context-dependent effects, we give direct-style de-
notational semantics to a higher-order programming language λcallcc with call/cc
(Section 3.3). Furthermore, we use the derived program logic to construct a logical re-
lation between the denotational and the operational semantics to prove computational
adequacy of our model.

Our main interest, however, lies in the treatment of delimited continuations. In
Section 3.4 we show how to represent delimited continuations as effects in GITrees,
and we use them to define a novel denotational semantics for a programming language
with shift and reset operators. We prove that our denotational semantics is sound
with respect to the operational semantics (given by an extension of the CEK abstract
machine). We additionally use the program logic to define a logical relation, and prove
computational adequacy and semantic type soundness. We recall that semantic type
soundness is interesting because it allows one to combine syntactically well-formed
programs with syntactically ill-typed, but semantically well-behaved programs [133].

As we mentioned, it is important to consider delimited continuations not only on
their own, but in combinations with other effects. And indeed, one of the key points
of ITrees, and therefore also of GITrees, is that they support reasoning about effecting
and language interoperability by establishing a common unifying semantic framework.
In this paper, we consider (in Section 3.5) an example of such interaction: we show a
type-safe embedding of λdelim with delimited continuations into a language λembed

69



Context-Dependent Effects in Guarded Interaction Trees

with higher-order store. We allow λdelim expressions to be embedded into λembed by
surrounding them by simple glue code, and use a type system to ensure type safety of
the combined language. To define the semantics of the combined language we rely
on the modularity of GITrees, and combine reifers for delimited continuations with
reifiers for higher-order store. We prove type safety of the combined language by
constructing a logical relation and use the program logic both to define the logical
relation and to verify the glue code between the two languages. The type system
for the combined language naturally requires that the embedded code is well-typed
according to the type system for λdelim and thus we can rely on the type soundness of
λdelim (proved in the earlier Section 3.4) when proving type safety for the combined
language. At the end of Section 3.5, we give an example of how to verify a more
involved interaction of effects, albeit without the type system.

Summary of Contributions. In summary, we present:

• A conservative (with respect to the old results) extension to GITrees for repre-
senting and reasoning about context-dependent effects (Section 3.3).

• A sound and adequate model of a calculus with call/cc and throw, imple-
mented in a direct style (Section 3.3.3).

• A sound and adequate model of a calculus with delimited continuations, with
operations shift and reset, implemented in a direct style (Section 3.4).

• A type system for interoperability between a programming language with
delimited continuations and a programming language with higher-order store,
with a semantic type safety proof (Section 3.5).

All results in the paper have been formalized in Coq as a modification to the GITrees
library and the previously proved results have been ported to our extension. We
conclude and discuss related work in Section 3.6. Before we go on with the main part
of the paper, we recall some background material on GITrees.

3.2 Guarded Interaction Trees

In this section we provide an introduction to guarded interaction trees. Our treatment
is brief, and we refer the reader to the original paper for details [49].

Iris and Guarded Type Theory. Guarded Interaction trees (GITrees) are defined
in Iris logic. Here we briefly touch Iris, and refer the reader to the literature on
Iris [73] and guarded type theory [24] for more in-depth details. Iris is a separation
logic framework built on top of a model of guarded type theory, the main use of
which is to solve recursive equations and define guarded recursive types, such as the
type of GITrees described below. Moreover, Iris has a specialized proof mode [79],
implemented in Coq. This allows the users of Iris to carry out formal reasoning in
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τ ::= iProp | 0 | 1 | B | Nat | τ + τ | τ× τ | τ → τ |▶τ | I | Σi∈Iτi |Πi∈Iτi | . . .

t ::= x | F(t1, . . . , tn) | abort t | () | (t, t) | πi t | λx : τ. t |
inji t |match t with inji x.t end | next(t) | fixτ | . . .

P ::= False | t =τ t | P∨P | P→ P | ∀x : τ.P | P∗P | P−∗ P |2P | P | ▷P | . . .

Figure 3.1: Grammar for the Iris base logic.

guarded type ITE(A) = Ret : A→ ITE(A)

| Fun :▶(ITE(A)→ ITE(A))→ ITE(A)

| Err : Error→ ITE(A)

| Tau :▶ITE(A)→ ITE(A)

| Vis : ∏
i∈I

(
Insi(ITE(A))× (Outsi(ITE(A))→▶ITE(A))

)
→ ITE(A)

Figure 3.2: Guarded datatype of interaction trees.

separation logic as if they are proving things normally Coq, as we have done in the
formalization of this work. For this reason, in the paper we will work with Iris and its
type theory informally. Still, we need to say a few things about the foundations.

The syntax of Iris, shown in Figure 3.1, contains types, terms, and propositions.
The grammar is standard for higher-order logic, with the exception of the guarded
types fragment, and separation logic connectives. The type of propositions is denoted
iProp. The guarded part of guarded type theory is the “later” modality ▶. Intuitively,
we view all types as indexed by a natural number, where τn contains elements of τ

“at time” n. Then ▶τ contains elements of τ at a later time; that is, (▶τ)n = τn−1.
There is an embedding next : τ →▶τ , and there is a guarded fixed point combinator
fixτ : (▶τ → τ)→ τ , similar to the unguarded version in PCF. We can also lift
functions to ▶: given f : A→ B, we have ▶ f :▶A→▶B.

For the proposition, Iris contains the usual separation logic connectives, and
the two modalities: “later” ▷ and “persistently” 2. The propositional ▷ modality
reflects the type-level later modality ▶ on the level of propositions, as justified by
the following rule: ▷(α =τ β ) ⊣⊢ next(α) =▶τ next(β ). The persistence modality
2P states that the proposition P is available without claiming any resources (as it
normally is the case in separation logic); crucially it makes the proposition duplicable:
2P ⊢ (2P)∗ (2P). An example of a persistent proposition is the invariant proposition
P , which satisfies P ⊢2P .
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Guarded Interaction Trees. Guarded recursive datatypes are datatypes obtained
from recursive equations of the form X = F(▶X). In other words, guarded recursive
datatypes are similar to the regular datatypes you see in normal programming lan-
guages, but every recursive occurrence of the type must be guarded by the ▶ modality.
The datatype we are concerned with here is the type of GITrees, shown in Figure 3.2.
It is parameterized over two types: the ground type A and the effect signature E (more
on it below).

Guarded Interaction Trees represent computational trees in which the leaves
are of the ground type (Ret(a)), error states (Err(e)), and functions (Fun( f )). The
leaves Ret(a) and Fun( f ) are also called values, and we write ITv

E(A) for the type of
ITE(A)-values.

The nodes of the computation trees are of the two kinds. The first one is a
“silent step” constructor Tau(α). It represents an unobservable internal step of the
computation. For convenience, we use the function Tick ≜ Tau ◦next : ITE(A)→
ITE(A) that “delays” its argument. This function satisfies the following equation:
Tick(α) = Tick(β ) ⊣⊢ ▷(α = β ).

The second kind of nodes are effects given by Visi(x,k). The parameters I, Ins
and Outs are part of the effect signature E. The set I is the set of names of operations.
The arities of an operation i ∈ I are given by functors Insi and Outsi. Let us give an
example.

Consider the following signature for store effects. The signature Estate consists of
effects {write,read,alloc} with the following input/output arities:

Inswrite(X)≜ Loc×▶X Insread(X)≜ Loc Insalloc(X)≜▶X

Outswrite(X)≜ 1 Outsread(X)≜▶X Outsalloc(X)≜ Loc

For example, write expect a location and a new GITree as its input, and simply returns
the unit value as an output. We write Viswrite((ℓ,α),λ_.β ) for the computation that
invokes the write effect with arguments ℓ and α , waits for it to return, and proceeds as
β . Thus, the first argument for Visi is the input, and the second one is the continuation
dependent on the output. This continuation determines the branching in (G)Itrees.

For effects like above, it is usually convenient to provide wrappers:

Alloc(α : IT,k : Loc→ IT)≜ Visalloc(next(α),next◦ k)

Read(ℓ : Loc)≜ Visread(ℓ,λx.x)

Write(ℓ : Loc,α : IT)≜ Viswrite((ℓ,next(α)),λx.next(Ret(inj())))

When the signature and the return type are clear from the context, we simply write
IT and ITv for the GITrees and GITree-values.

Equational theory. GITrees come with a number of operations (defined using the
recursion principle) that are used for writing and composing computations. Here we
list some of those operations which we will be using. The function get_val(α, f :
ITv→ IT) are used for sequencing computations, and its corresponding equations
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get_val(Ret(a), f ) = f (Ret(a)) get_val(Tau(t), f ) = Tau(▶get_val(t, f ))

get_val(Fun(g), f ) = f (Fun(g)) get_val(Tick(α), f ) = Tick(get_val(α, f ))

get_val(Err(e), f ) = Err(e) get_val(Visi(x,k), f ) = Visi(x,▶get_val(−, f )◦ k)

Figure 3.3: Example function on Guarded Interaction Trees.

are shown in Figure 3.3. Intuitively, get_val(α, f ) first tries to compute α to a value
(a Ret(a) or a Fun(g)), and then calls f on that value. Similarly, get_fun(α : IT, f :
▶(IT→ IT)→ IT) and get_ret(α : ITE(A), f : A→ ITE(A)) first compute α to a
value; if that value is a function Fun(g) (resp., Ret(a)), then it proceeds with f (g)
(resp., f (a)). Otherwise it results in an runtime error.

Crucially, to work with higher-order computations, GITrees provide the “call-by-
value” application α • β satisfying the following equations:

α • Tick(β ) = Tick(α • β ) α • Visi(x,k) = Visi(x,λy.next(α) (▶•) k y)

Tick(α) • βv = Tick(α • βv) Visi(x,k) • βv = Visi(x,λy.k y (▶•) next(βv))

Fun(next(g)) • βv = Tick(g(βv)) α • β = Err(RunTime) in other cases

where − (▶•) − is defined as the lifting of − • − to ▶ITE(A) → ▶ITE(A) →
▶ITE(A), and βv ∈ ITv

E(A) is either Ret(a) or Fun(g).
The application function α • β simulates strict function application. It first tries

to evaluate β to a value βv. Then it tires to evaluate α to a function f . If it succeeds,
then it invokes f (βv). If at any point it fails, application results in a runtime error.

For the often-used case of GITrees where the ground type includes natural num-
bers, we use the function NatOp : (N→N→N)→ IT → IT → IT which lifts binary
functions on natural numbers to binary functions on GITrees. That is, NatOp f (α,β )
first evaluate GITrees β and α to values. If those values are natural numbers, then it
computes f of those numbers and returns the result as a GITree. Otherwise, it returns
a runtime error Err(RunTime).

Reification and reduction relation. The semantics for effects are given in terms
of reifiers. A reifier for the signature E is a tuple (State,r), where State is a type
representing the internal state needed to reify the effects, and r is a reifier function of
the type given in Figure 3.4. The idea is that ri uses the internal state State to compute
the output of the effect i based on its input.

For example, for the store effects we take State to be a map from locations to ▶IT
(representing the heap); and we define the following reifier functions:

rwrite((ℓ,α),σ) = ((),σ [ℓ 7→ α]) (where ℓ ∈ σ , and None otherwise)

rread(ℓ,σ) = (α,σ) (where σ(ℓ) = α , and None otherwise)

ralloc(α,σ) = (ℓ,σ [ℓ 7→ α]) (where ℓ /∈ σ )

73



Context-Dependent Effects in Guarded Interaction Trees

r : ∏
i∈E

Insi(ITE)×State→ option(Outsi(ITE)×State)

ri(x,σ) = (y,σ ′) k y = next(β )
reify(Visi(x,k),σ) = (Tick(β ),σ ′)

ri(x,σ) = None
reify(Visi(x,k),σ) = (Err(RunTime),σ)

Figure 3.4: Signature of reifiers and the reification function

Given reifiers for all the effects, we define a function reify : IT×State→ IT×State
(as in Figure 3.4) that, given (α,σ) reifies the top-level effect in α using the state σ ,
and returns the reified GITree and the updated state.

The reify function is then used to give reduction semantics for GITrees. We write
(α,σ)⇝ (β ,σ ′) for such a reduction step. The definition of⇝ is given internally in
the logic:

(α,σ)⇝ (β ,σ ′)≜
(
α = Tick(β )∧σ = σ

′)
∨
(
∃i xk.α = Visi(x,k)∧ reify(α,σ) = (Tick(β ),σ ′)

)
That is, either α is a “delayed” computation Tick(β ), which then reduces to β ; or it is
an effect that can be reified. Recall that we write Tick for the composition Tau◦next.

Note that the reify function operates on the top-level effect of the GITree. But what
if the top-level constructor is not Vis, e.g. if we have an effect inside an “evaluation
context”? The role of evaluation contexts in GITrees is played by homomorphisms,
which also allow us to bubble up necessary effects to the top of the GITree.

Definition 3.2.1 (Homomorphism). A map f : IT→ IT is a homomorphism, written
f ∈ Hom, if it satisfies:

f (Err(e)) = Err(e) f (Tick(α)) = Tick( f (α)) f (Visi(x,k)) = Visi(x,▶ f ◦ k)

For example, λx.α • x is a homomorphism, and so is λx.get_val(x, f ). On the
other hand, λx.Visalloc(next(x),k) (for some fixed k) is not a homomorphism.

Program logic. In order to reason about GITrees, we employ the full power of the
Iris separation logic framework. The program logic operates on the propositions of
the form wp α

{
Φ
}

. This weakest precondition proposition intuitively states that the
GITree α is safe to reduce, and when it fully reduces, the resulting value satisfies the
predicate Φ. Another important predicate is has_state(σ), which signifies ownership
of the current state σ .

In Figure 3.5 we show the rules, on which we focus in this work. Let us describe
their meaning. The rule WP-REIFY allows us to symbolically execute effects in GITrees.
It is given in a general form, and is used to derive domain-specific rules for concrete
effects. Another important rule is WP-HOM which allows one to separate the reasoning
about the computation from the reasoning about the context. The reason why WP-HOM

is sound (this is going to be important in the next section when we make it unsound),
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WP-REIFY
has_state(σ)

reify(Visi(x,k),σ) = (Tick(β ),σ ′)
▷
(
has_state(σ ′)−∗ wp β

{
Φ
})

wpVisi(x,k)
{

Φ
} WP-HOM

f ∈ Hom wp α
{

βv.wp f (βv)
{

Φ
}}

wp f (α)
{

Φ
}

Figure 3.5: Selected weakest precondition rules.

is because the reduction⇝ of GITrees satisfies the following properties which allow
one disentangle a homomorphism from the GITree it’s applied to:

Lemma 3.2.2. Let f be a homomorphism. Then,

• (α,σ)⇝ (β ,σ ′) implies ( f (α),σ)⇝ ( f (β ),σ ′);

• If ( f (α),σ)⇝ (β ′,σ ′) then either α is a GITree-value, or there exists β such
that (α,σ)⇝ (β ,σ ′) and ▷( f (β ) = β ′).

Finally, as usual in Iris, the program logic satisfies an adequacy property, which
allows one to relate propositions proved in the logic to the actual semantics:

Theorem 3.2.3. Let α be an interaction tree and σ be a state such that

has_state(σ) ⊢ wp α
{

Φ
}

is derivable for some meta-level predicate Φ (containing only intuitionistic logic
connectives). Then for any β and σ ′ such that (α,σ)⇝∗ (β ,σ ′), one of the following
two things hold:

• (adequacy) either β ∈ ITv, and Φ(β ) holds in the meta-logic;

• (safety) or there are β1 and σ1 such that (β ,σ ′)⇝ (β1,σ1)

In particular, safety implies that β ̸= Err(e) for any error e ∈ Error.

The role of meta-logic is played by the Coq system; thus, the adequacy theorem
allows us to relate proofs inside the program logic (Iris) to the proofs on the level of
Coq. This aspect is important in Iris and GITrees in general, but it is orthogonal to the
work that we present in this paper. See [49] for more details.

3.3 Context-Dependent Reification

In this section we extend reification to handle context-dependent effects, using a
language λcallcc with call/cc as a concrete example. In Section 3.3.1 we present
λcallcc’s syntax and operational semantics (in the usual style with evaluation contexts).
We then show why the current GITrees framework cannot be used as a denotational
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types Ty ∋ τ ::= N | τ1→τ2 | cont(τ)
expressions Expr ∋ e ::= v | x ∈ Var | e1 e2 | e1⊕ e2 | if e1 thene2 elsee3

| call/cc (x. e) | throw e1 to e2
values Val ∋ v ::= n | rec f (x) = e | cont K
eval. cont. Ectx ∋ K ::= □ | ifK thene1 elsee2 | K v | e K | e⊕K | K⊕ v

| throw K to e | throw v to K

call/cc (x. e) 7→K e[cont K/x] K[throw v to cont K′] 7→ K′[v]
e1 7→K e2

K[e1] 7→ K[e2]

Γ,x : cont(τ) ⊢ e : τ

Γ ⊢ call/cc (x. e) : τ

Γ ⊢ e1 : τ Γ ⊢ e2 : cont(τ)

Γ ⊢ throw e1 to e2 : τ
′

Figure 3.6: Syntax and fragments of type system and operational semantics of λcallcc.

model for λcallcc directly. In Section 3.3.2 we introduce our generalization of reifi-
cation for context-dependent effects and corresponding extensions to the GITrees
program logic. In Section 3.3.3 we demonstrate that our extension works as intended:
we give a denotational semantics for λcallcc, and we show how the general program
logic for GITrees specializes to a logic for reasoning about call/cc. We prove
soundness and computational adequacy of denotational semantics using a logical
relation defined within our program logic.

3.3.1 Operational Semantics and Type System for λcallcc

By λcallcc we denote a simply-typed λ -calculus with natural numbers, recursive func-
tions, and call/cc. The relevant pieces of syntax, the type system and the operational
semantics are given in Figure 3.6. The type system includes natural numbers, function
types, and the type cont(τ) of continuations. The call/cc (x. e) expression takes the
current evaluation context and binds it to x in e. The throw e to e′ expression evaluates
passes the first argument (value) to the second argument (continuation, represented as
an evaluation context).

The operational semantics of λcallcc is separated into two layers. The first layer con-
sists of local reductions of primitive expressions (e 7→K e′), and the second layer lifts
local reductions to reductions among complete programs (K[e] 7→ K′[e′]). The local
reductions are parameterized by an evaluation context K, which allows call/cc (x. e)
to capture the evaluation context. Let us now consider what happens if we try to give a
direct-style denotational semantics of λcallcc into GITrees. By direct we mean that we
wish to give a direct interpretation of types and expressions, rather than going through
a global CPS conversion. To define the semantics, we first need to provide an effect
signature, state, and reifiers for each effect, and then we can define the interpretation
of the expressions of the language.

The effect signature, shown in Figure 3.7, contains two effects callcc and throw.
Since call/cc binds a continuation, it is natural to let the input arity for callcc be

76



Context-Dependent Effects in Guarded Interaction Trees

Inscallcc(X)≜ ((▶X →▶X)→▶X) Outscallcc(X)≜▶X

Insthrow(X)≜▶X×▶(X → X) Outsthrow(X)≜ 0

Callcc( f )≜ Viscallcc( f , id) Throw(e, f )≜ Visthrow(e, f ,λx.abort x)

Figure 3.7: Signatures and opertaions on GITrees with call/cc.

a callback (▶IT→▶IT)→▶IT. The output arity is simply ▶IT.
The input arity for throw signifies that throw takes as input an expression and a

continuation, which are represented respectively as▶IT and▶(IT→ IT). The output
arity of throw is simply the empty type 0, because throw never returns.

Note that the input types of callcc and throw have slightly different arities.
However, we can always transform f : (▶X→▶X) into an element of type▶(X→ X)
by performing a silent step in the function’s body: f ′ ≜ next(λx.Tau( f (next(x)))).
And we can always transform f :▶(X → X) into an element of type ▶X →▶X using
the applicative structure of the later modality.

For convenience, we will use the abbreviations Callcc( f ) and Throw(e), defined in
Figure 3.7, for representing denotations of throw and call/cc as effects in GITrees.

To complete all the ingredients for the denotational semantics, we need reifiers for
the callcc and throw effects. Given our operational understanding of continuations,
the natural choice for the local state type State is 1 (since we do not have any state).
However, the current reifier signature (Figure 3.4) poses a problem. Reifiers, as they
are now, cannot access their current continuation, which is essential for both effects.
Callcc( f ) needs to pass the current continuation to f , while Throw must redirect
control to a provided continuation instead of returning normally. The current reifiers
lacks this capability, and in the next subsection we show how to generalize the notion
of reification to context-dependent effects.

3.3.2 Context-dependent Reifiers

This section presents our extension to context-dependent reification, and the limitations
it imposes on the program logic. In order to allow reifiers to manage continuations,
we change the type of reifiers to accept continuations as an extra parameter, as shown
in Figure 3.8. Continuations for a given effect are functions from the effect’s outputs
to GITrees: Outsi(ITE)→▶ITE . Given a set of context-dependent reifiers, we define
a context-dependent reify function, also shown in Figure 3.8. As before, reify
dispatches to the correct individual reifier for the effect. Note that now it is the
user’s responsibility to pass the output of an effect to the given continuation if the
control flow is not supposed to be interrupted. For example, since the evaluation of a
call/cc (x. e) expression does not modify the control flow itself, but simply passes the
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r : ∏
i∈E

Insi(ITE)×State× (Outsi(ITE)→▶ITE)→ option(▶ITE ×State)

ri(x,σ ,κ) = (β ,σ ′)

reify(Visi(x,κ),σ) = (Tau(β ),σ ′)

ri(x,σ ,κ) = None
reify(Visi(x,κ),σ) = (Err(RunTime),σ)

Figure 3.8: Type of context-dependent reifiers and the context-dependent reify function

current continuation to its body, the context-dependent reifier for callcc is simply
rcallcc(x,σ ,κ) = (κ (x κ),σ).

Before we move on to discussing the consequences of this for program logic, we
would like to note that our treatment of continuation (with top-level reifiers dispatching
them) parallels Cartwright and Felleisen’s “extensible direct models” [28], which also
aimed to support extensible denotational semantics in classical domain theory. We
discuss this more in Section 3.6.

Program logic for GITrees in the presence of context-dependent reifiers. To
reflect the generalization to context-dependent reifiers in the program logic, we replace
the proof rule WP-REIFY by WP-REIFY-CTX-DEP, shown in Figure 3.9. This is, however,
not the only change we need to make. In the presence of context-dependent effects, WP-
HOM is not sound! (A similar observation was also made by [130] in their development
of a program logic for call/cc.) The reason is that context-dependent reification
invalidates Lemma 3.2.2. Now, since WP-HOM is not sound anymore, one might expect
that we need to adapt all the other program logic rules to include a homomorphism
similarly to how the rules of [130] were adapted to include an evaluation context.
However, this is not necessary, because our program logic is defined on denotations
on which we have a non-trivial equational theory, which can be used to reason about
‘pure’ GITrees. Only for effectful operations, the proof rules will now have to include
a surrounding homomorphism. E.g., WP-WRITE from [49] is generalized to WP-WRITE-
CTX-DEP, and considers ambient homomorphisms explicitly.

Our context-dependent reification extension, though simple, allows us to build
sound and adequate denotational models for languages with control-flow operators,
including λcallcc (shown in the next subsection). Moreover, our extension is conser-
vative, and we recover previous case studies (computational adequacy of λrec,io and
type safety for λ⊸,ref [49]) with minimal modifications; see the accompanying Coq
formalization.

3.3.3 Denotational Semantics of λcallcc

In this section we show that context-dependent reifiers are sufficient for providing a
sound and adequate semantic model of λcallcc. We define context-dependent reifiers
for callcc and throw, then prove that this gives a sound interpretation w.r.t. opera-
tional semantics. To show adequacy, we define a logical relation, which relates the
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WP-WRITE
heap_ctx ▷ℓ 7→ α

▷(ℓ 7→ β −∗
wpRet()

{
Φ
}
)

wpWrite(ℓ,β )
{

Φ
}

WP-WRITE-CTX-DEP
κ ∈ Hom

heap_ctx ▷ℓ 7→ α

▷(ℓ 7→ β −∗
wp κ (Ret())

{
Φ
}
)

wp κ (Write(ℓ,β ))
{

Φ
}

WP-REIFY-CTX-DEP
has_state(σ)

ri(x,σ ,k) = (next(β ),σ ′)
▷
(
has_state(σ ′)−∗

wp β
{

Φ
})

wpVisi(x,k)
{

Φ
}

Figure 3.9: Program logic in the presence of context-dependent reifiers.

EJxK
ρ
= ρ(x)

EJcall/cc (x. e)K
ρ
= Callcc(λ ( f :▶IT→▶IT).EJeK

ρ[x 7→Fun(next(λy.Tau( f (next(y)))))])

EJthrow e1 to e2Kρ
= get_val(EJe1Kρ

,λx.get_fun(EJe2Kρ
,λ f .Throw(x, f )))

VJcont KK
ρ
= Fun(next(λx.Tau(KJKK

ρ
(▶•) next(x))))

KJthrow K to eK
ρ
= λx.get_val(KJKK

ρ
x,λy.get_fun(EJeK

ρ
,λ f .Throw(y, f )))

KJthrow v to KK
ρ
= λx.get_val(VJvK

ρ
,λy.get_fun(KJKK

ρ
x,λ f .Throw(y, f )))

Figure 3.10: Denotational semantics of λcallcc (selected clauses).

denotational and operational semantics. The logical relation is defined in the (updated)
program logic for GITrees (following the approach in [49]), and validates the utility
of the program logic.

Interpretation of λcallcc. The denotational semantics of λcallcc is shown in Fig-
ure 3.10 (selected clauses only; see Coq formalization for the complete definition).
The interpretation is split into three parts: EJ−K for expressions, VJ−K for values,
and KJ−K for contexts. For the interpretation of throw e1 to e2, the left-to-right
evaluation order is enforced by the functions get_val and get_fun. They first evaluate
their argument to a GITree value, and then pass it on (c.f. Figure 3.3).

The context-dependent reifiers for the effects callcc and throw are defined as
follows:

rcallcc( f ,(),κ) = (κ ( f κ),()) rthrow((α, f ),(),κ) = ( f α,())
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To show that the denotational semantics is sound, we need the following lemma
that shows that interpretations of expressions in evaluation contexts are decomposed
into applications of homomorphisms.

Lemma 3.3.1. For any context K and an environment ρ , we have KJKK
ρ
∈Hom. For

any context K, expression e, and an environment ρ , EJK[e]K
ρ
= KJKK

ρ
(EJeK

ρ
).

With these results at hand, we can show soundness of our interpretation:

Lemma 3.3.2. Soundness. Suppose e1→ e2. Then (EJe1Kρ
,())⇝∗ (EJe2Kρ

,()),
where () : 1 is the unique element of the unit type, representing the (lack of) state.

Program logic for λcallcc. We now specialize the general program logic rule WP-
REIFY-CTX-DEP using the reifiers for callcc and throw to obtain the following
program logic rules:

WP-THROW
κ ∈ Hom has_state(σ)

▷(has_state(σ)−∗ wp f x
{

Φ
}
)

wp κ (Throw(next(x),next( f )))
{

Φ
}

WP-CALLCC
κ ∈ Hom has_state(σ)

▷(has_state(σ)−∗ wp κ ( f κ)
{

Φ
}
)

wp κ (Callcc(next◦ f ))
{

Φ
}

where κ is a homomorphism representing the current evaluation context on the level of
GITrees. The reader may wonder why these rules include the has_state(σ) predicates,
since it is just ’threaded around’. The reason is that these rules also apply when there
are other effects around and the state is composed of different substates for different
effects, cf. the discussion of modularity in Section 3.2.

Adequacy and logical relation. Having established soundness, we now turn our
attention to adequacy, which is usually much more complicated to prove.

Lemma 3.3.3. Adequacy. Suppose that /0 ⊢ e : N and (EJeK /0 ,σ1)⇝∗ (Ret(n),σ2),
for a natural number n. Then e 7→∗ n.

To prove Lemma 3.3.3, we define a logical relation between syntax (λcallcc

programs) and semantics (GITrees denotations) using the program logic from Fig-
ure 3.11. To handle control effects, we use a biorthogonal logical relation [97],
adapted from [130] for adequacy, following the Iris approach [133].

The core observational refinement O(α,e) ensures that if α reduces to a GITree
value ITv, then this value is a natural number, and e also reduces to the same number.
The evaluation context relation K(P)(κ,K) relates homomorphisms and evaluation
contexts when they map related arguments to expressions satisfying O. The expres-
sion relation E(P)(α,e) connects related IT’s and expressions in related evaluation
contexts. Types are inductively interpreted: functions relate if they map related argu-
ments to related results, and continuations relate via the context relation. For open
terms, the validity judgment Γ ⊨ e : τ uses closing substitutions, with e[γ] denoting
applying a substitution γ to e.
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O(α,e)≜ has_state(())−∗ wp α
{

β .∃v.(e 7→∗ v)∗ JNK(β ,v)∗has_state(())
}

O : ERel

K(R)(κ,K)≜2 ∀(β ,v).R(β ,v)−∗ O(κ β ,K[v]) K : VRel→ CRel

E(R)(α,e)≜ ∀(κ,K).K(R)(κ,K)−∗ O(κ α,K[e]) E : VRel→ ERel

JNK(α,v)≜ ∃n : N.α = Ret(n)∧ v = n JτK : VRel

Jτ1→τ2K(β ,v)≜ ∃ f .β = Fun( f )∧2 ∀(α,v′). Jτ1K(α,v′)−∗ E(Jτ2K)(Fun( f ) • α,v v′)

Jcont(τ)K(β ,v)≜ ∃κ K.β = Fun(next(λx.Tick(κ x)))∧ v = cont K∧K(JτK)(κ,K)

JΓK(ρ,γ)≜ ∀(x : τ) ∈ Γ.JτK(ρ x,γ x)

Γ ⊨ e : τ ≜2 ∀(ρ,γ). JΓK(ρ,γ)−∗ E(JτK)(EJeK
ρ
,e[γ])

CRel≜ Hom×Ectx→ iProp

VRel≜ ITv×Val→ iProp

ERel≜ IT×Expr→ iProp

Figure 3.11: Logical relation for λcallcc.

The proof of adequacy relies on the fact that the interpretation of evaluation
contexts are homomorphisms, which allows us to use a limited version of the bind
rule:

Lemma 3.3.4. Limited bind rule. If E(P)(α,e) and K(P)(κ,K), then O(κ α,K[e]).

With this in mind we show the fundamental lemma, stating that every well-typed
expression is related to its own interpretation:

Lemma 3.3.5. Fundamental lemma. Let Γ ⊢ e : τ then Γ ⊨ e : τ .

Computational adequacy now follows easily from the fundamental lemma.

of Lemma 3.3.3. By Lemma 3.3.5, we have that /0 ⊢ e : N implies that /0 ⊨ e : N. Now,
the statement follows from Theorem 3.2.3 and the assumption that EJeK /0 ,σ1 ⇝∗

Ret n,σ2. □

3.4 Modeling Delimited Continuations

In this section we scale our approach to delimited continuations, which is a chal-
lenging example of context-dependent effects. We provide a denotational semantics
for a programming language λdelim with shift/reset, and prove its soundness and
adequacy relative to an abstract machine semantics [18]. The semantics and proofs
are more complex than for λcallcc due to the nature of delimited continuations and as-
sociated type system. To the best of our knowledge, this represents the first formalized
sound and adequate direct-style denotational semantics for delimited continuations.
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Γ;α ⊢ e : τ;β

Γ ⊢pure e : τ
types Ty ∋ τ,σ ,α,β ,δ ,γ ::= N | τ/α→σ/β | cont(τ,α)
expressions Expr ∋ e ::= v | x | e1 e2 | e1⊕ e2

| if e1 thene2 elsee3 | S x. e | D e | e1 @ e2
values Val ∋ v ::= n | rec f (x) = e | cont K
eval. contexts Ectx ∋ K ::= □ | K[if□ thene1 elsee2] | K[v□] | K[□ e]

| K[e⊕□] | K[□⊕ v] | K[□@ v] | K[e @□]

Γ ⊢pure e : τ

Γ;α ⊢ e : τ;α

Γ,x : cont (τ,α);σ ⊢ e : σ ;β

Γ;α ⊢ S x. e : τ;β

Γ;τ ⊢ e : τ;σ

Γ ⊢pure D e : σ

x : τ ∈ Γ

Γ ⊢pure x : τ

Γ, f : σ/α→τ/β ,x : σ ;α ⊢ e : τ;β

Γ ⊢pure rec f (x) = e : σ/α→τ/β

Γ;γ ⊢ e1 : σ/α→τ/β ;δ

Γ;β ⊢ e2 : σ ;γ

Γ;α ⊢ e1 e2 : τ;δ

Γ;β ⊢ e1 : N;α Γ;σ ⊢ e2 : τ;β Γ;σ ⊢ e3 : τ;β

Γ;σ ⊢ if e1 thene2 elsee3 : τ;α Γ ⊢pure n : N

Γ;α ⊢ e1 : N;β Γ;β ⊢ e2 : N;σ

Γ;α ⊢ e1⊕ e2 : N;σ

Γ;σ ⊢ e1 : cont (τ,α);δ Γ;δ ⊢ e2 : τ;β

Γ;σ ⊢ e1 @ e2 : α;β

Figure 3.12: Syntax and typing rules of λdelim.

⟨e⟩term 7→ ⟨e, □, []⟩eval
⟨K :: mk, v⟩mcont 7→ ⟨K, v, mk⟩cont

⟨[], v⟩mcont 7→ ⟨v⟩ret
⟨□, v, mk⟩cont 7→ ⟨mk, v⟩mcont

⟨K[□@ v], cont K′, mk⟩cont 7→ ⟨K
′, v, K :: mk⟩cont

⟨K[e @□], v, mk⟩cont 7→ ⟨e, K[□@ v], mk⟩eval
⟨v, K, mk⟩eval 7→ ⟨K, v, mk⟩cont

⟨e0 @ e1, K, mk⟩eval 7→ ⟨e1, K[e0 @□], mk⟩eval
⟨D e, K, mk⟩eval 7→ ⟨e, □, K :: mk⟩eval
⟨S k. e, K, mk⟩eval 7→ ⟨e[K/k], □, mk⟩eval

metacontinuations:
Mcont ∋ mk ::= [] | K :: mk

abstract machine config.:
Config ::= ⟨e, K, mk⟩eval |

⟨K, v, mk⟩cont |
⟨mk, v⟩mcont |

⟨e⟩term |
⟨v⟩ret

Figure 3.13: Operational semantics of λdelim (excerpt).

3.4.1 Syntax and Operational Semantics of λdelim

The syntax and the type system of λdelim is given in Figure 3.12. It is similar to λcallcc,
but instead of call/cc (−. −) there are operators D e (delimit the current evaluation
context, also known as reset) and S x. e (grab the current delimited continuation,
and bind it to x in e, also known as shift).

The type system follows Danvy and Filinski [32], extending simply-typed λ -
calculus with answer types α , β . The main typing judgment Γ;α ⊢ e : τ;β means:
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under the typing context Γ, expression e can be plugged into a context expecting a
value of type τ and producing a value of type α; in that case the resulting program
will have the type β . You can think of it a computation Γ→ (τ → α)→ β under the
CPS translation. Thus, the type of the (delimited) continuation corresponds to τ → α ,
while the type of the overall expression is β . The pure typing judgment Γ ⊢pure e : τ

indicates e does not depend on the surrounded context, and is context-independent for
any answer types. Expressions can change their context’s answer type, as seen in the
S x. e typing rule.

For example, suppose we extend the type system with booleans, B, and add a
primitive function isprime that does not modify answer types. That is /0;α ⊢ isprime :
N/β→B/β ;α . The expression D ((rec f(x) = isprime (S k. x−1)) 2) is well-typed
in this type system as a N, even though it changes the answer type from B to N.

Answer types appear in both judgments and type constructors. Continuation type
cont (τ,α) represents contexts expecting something of the type τ and producing
something of the type α . Function type σ/α→τ/β , in addition to the input type σ

and the output type τ , record the typing of the surrounding context at the point of the
function call. See [32] for details.

The operational semantics for λdelim uses a CEK machine, following [17, 18, 44].
Selected reduction rules appear in Figure 3.13 (see Coq formalization for the full set
of rules). The abstract machine operates on various configurations, which can be of
several forms. The first one is the initial configuration ⟨e⟩term, which is just a starting
state for evaluating expressions. Similarly, there is a terminal configuration ⟨v⟩ret
signifying that the program has terminated with the value v.

From the initial configuration, we go on to ⟨e, K, mk⟩eval, which signifies that
we are evaluating an expression e inside the current delimited context K, with the
metacontinuation mk (a stack of continuations based on different delimiters). It is this
configuration type which takes care of delimited control operations. The D operator
saves the current continuation on top of the metacontinuation, limiting the scope of
S x. e. The S x. e operation behaves similarly to call/cc (x. e), except that it prevents
later control operators from capturing its evaluation context.

The last two configuration types are for dealing with continuations and meta-
continuations. A configuration ⟨K, v, mk⟩cont signifies that we are trying to plug
in the value v into the context K, with the metacontinuation mk. A configuration
⟨mk, v⟩mcont signifies that we are done with the current continuation (ending with the
value v), but we still have to unwind the continuation stack mk.

3.4.2 Denotational Semantics of λdelim

Our model represents delimited continuations with effects mimicking an abstract ma-
chine, operating on semantic rather than syntactic components. The effect signature
and reifiers (Figure 3.14) define a state with a stack of continuations, manipulated
explicitly. The effect signature Eλdelim

includes four operators:
{reset,shift,pop,appcont}. The signature of reset simply tells us that the cor-
responding effect does not directly modify its argument. The auxiliary effect pop,
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Insreset(X)≜▶X Insshift(X)≜ (▶X →▶X)→▶X

Inspop(X)≜▶X Insappcont(X)≜▶X×▶(X → X)

Outsreset(X)≜▶X Outsshift(X)≜▶X

Outspop(X)≜ 0 Outsappcont(X)≜▶X

rreset(e,σ ,κ) = (e,κ :: σ) rshift( f ,σ ,κ) = ( f κ,σ)

rpop(e, [],_) = (e, []) rpop(e,κ :: σ ,_) = (κ e,σ)

rappcont((e,κ),σ ,κ ′) = (κ e,κ ′ :: σ) P(β )≜ get_val(β ,Pop)

Reset(e)≜ Visreset(e, id) Shift( f )≜ Visshift( f , id)

Appcont(e, f )≜ Visappcont((e, f ), id) Pop(e)≜ Vispop(e,λx.abort x)

Figure 3.14: Effects for λdelim.

which does not have an equivalent in the surface syntax, is used to enforce unwinding
of the continuation stack. As the output arity of pop signifies, it does not return. We
describe the importance of that below. The rest of the signature is more straightfor-
ward: shift and appcont are defined exactly as callcc and throw. The semantics
of these effects, in terms of reification, is more intricate. As we mentioned, the state
for reification is State = List(▶IT→▶IT).

In comparison with call/cc (x. e), the control operator S x. e does not necessarily
continue from the same continuation; hence, the corresponding reifier passes the
current continuation to the body, but does not return control back. The reifier for
reset simply saves the current continuation κ onto the stack σ . It is then the job of
the pop operation to restore the continuation from the stack. The reifier for shift
is similar to that of callcc, except that it removes the current continuation entirely.
The reifier for appcont, in comparison with throw, does not simply pass control,
but also saves the current continuation on the stack. This corresponds to the fact that
whenever a delimited continuation is invoked, the result is wrapped in a reset; that is
done to prevent the continuation from escaping the delimiter. As part of instantiating
GITrees with these effects, we obtain the specialized program logic rules shown in
Figure 3.15. We will use those rules later for defining a logical relation between the
syntax and the semantics of λdelim. As mentioned above, we will use Pop to unwind
the continuation stack and restore the continuation after finishing with a reset. This
means that we will need to insert explicit calls to Pop in the interpretation of λdelim.
For these purposes, we use an abbreviation P(β ), which first evaluates β to a value,
and then executes the pop operation.

The interpretation of λdelim uses this auxiliary function and is given in Figure 3.16.
Similarly to the operational semantics, the interpretation is divided into five categories.
First, we have EJ−K and VJ−K for the interpretation of expressions and values, which
is what we need for the surface syntax. All of those interpretations return GITrees.
Note that in the interpretation of D − we insert explicit calls to P, and similarly in the
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WP-SHIFT
has_state(σ)

▷(has_state(σ)−∗ wp β
{

Φ
}
)

▶P( f (▶κ)) = next(β )
wp κ(Shift( f ))

{
Φ
}

WP-RESET
has_state(σ)

▷(has_state(▶κ :: σ)−∗ wp P(e)
{

Φ
}
)

wp κ(Reset(next(e)))
{

Φ
}

WP-POP
has_state(σ)

κ
′ = κ if σ = κ :: σ

′ and id otherwise
▷(has_state(tail(σ))−∗ wp κ

′(v)
{

Φ
}
)

wp P(v)
{

Φ
}

WP-APPCONT
has_state(σ)

▷(has_state(▶κ :: σ)−∗ wp β
{

Φ
}
)

▶κ
′(e) = next(β )

wp κ(Appcont(e,κ ′))
{

Φ
}

Figure 3.15: Weakest precondition rules for delimited continuations.

interpretation of continuations.
The other group of interpretations, KJ−K, MJ−K and SJ−K, are for interpret-

ing continuations, metacontinuations, and other configurations; these are used for
showing soundness (preservation of operational semantics by the interpretation). The
interpretation KJ−K of continuations returns a semantic continuation (a function
IT→ IT). Similarly, the interpretations MJ−K (resp. SJ−K) of metacontinuations
(resp. configurations) returns a stack of semantic continuations (resp. a semantic
configuration).

We now show that our interpretation is sound w.r.t. the abstract machine semantics.
For this we prove lemmas similar to Lemma 3.3.1, and put them to use in the soundness
theorem:

Theorem 3.4.1. Soundness. Let c0,c1 ∈Config and suppose c0→ c1. Then SJc0K⇝∗

SJc1K.

3.4.3 Logical Relation and Adequacy

We now show that our denotational semantics is adequate with regards to the abstract
machine semantics. Specifically, we show the following result:

Theorem 3.4.2. Adequacy. Suppose /0;N ⊢ e : N;N is a well-typed term, and that
(P(EJeK /0), [])⇝

∗ (Ret(n),σ) for a natural number n and a metacontinuation σ .
Then ⟨e⟩term 7→∗ ⟨n⟩ret.
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EJD eK
ρ
= Reset(P(EJeK

ρ
))

EJS x. eK
ρ
= Shift(P◦ (λκ.EJeK

ρ,x 7→Fun(next(λy.Tau(κ(nexty))))))

EJe1 @ e2Kρ
= get_val(EJe2Kρ

,λx.get_fun(EJe1Kρ
,λy.Appcont(next(x),y)))

VJcont KK
ρ
= Fun(next(λx.Tick(P(KJKK

ρ
x))))

KJK[□@ v]K
ρ
= λx.KJKK

ρ
(EJx @ vK

ρ
)

MJmkK
ρ
= map(λk.P◦KJkK

ρ
)mk

SJ⟨e, K, mk⟩evalKρ
=
(

P(EJK[e]K
ρ
),MJmkK

ρ

)
SJ⟨K, v, mk⟩contKρ

=
(

P(EJK[v]K
ρ
),MJmkK

ρ

)
SJ⟨mk, v⟩mcontKρ

=
(

P(VJvK
ρ
),MJmkK

ρ

)
SJ⟨e⟩termK

ρ
=
(

P(EJeK
ρ
), []

)
SJ⟨v⟩retKρ

=
(

VJvK
ρ
, []
)

Figure 3.16: Denotational semantics for a calculus with delimited control (selected
clauses).

We prove adequacy using a logical relation. It relates expressions to their interpre-
tations and also connects syntactic and semantic configurations. The logical relation
is shown in Figure 3.17. It is again a form of biorthogonal logical relation, with the
main focus being the observational refinement O: two configurations are related if
they reduce to the same natural number. This coincides with what we want to show
in Theorem 3.4.2. To facilitate this we then lift O to the levels of metacontinuations,
continuations and expressions. The relationM(P), where P : VRel is a relation on
values, states that two metacontinuations are related if, whenever we plug in P-related
values, the resulting configurations become O-related. BothM and O are then used
to define the relation between semantic and syntactic continuations. The relation
K(Q,P), where P,Q : VRel are relations on values, states that two continuations are
related if, whenever we plug them into Q-related metacontinuations with P-related
values, the resulting configurations become O-related. Finally, we use K,M, and
O to define the relation between GITrees and λdelim terms. The relation E(P,Q,R),
where P,Q,R : VRel are relations on values, states that β is related to e if, whenever
we plug them into (P,Q)-related continuations and an R-related metacontinuation, the
resulting configurations become O-related.

The relations E and K are used to give semantics JτK to types. The idea is that
E(JτK ,JαK ,Jβ K) relates terms /0;α ⊢ e : τ;β to their semantic counterparts. This is
then used, as expected for logical relations, for defining the logical relation for function
types and for open terms. The relation JΓK(ρ,γ) relates the semantic environment
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SynConf≜ Expr×Ectx×Mcont

SemConf≜ IT×Hom×List(Hom)

ConfRel≜ SemConf×SynConf→ iProp

MRel≜ list Hom×Mcont→ iProp

CRel≜ Hom×Ectx→ iProp

ERel≜ IT×Expr→ iProp

VRel≜ ITv×Val→ iProp

O : ConfRel
M : VRel→MRel
K : VRel→ VRel→ CRel
E : VRel→ VRel→ VRel→ ERel

JτK : VRel

O
(
(α,κ,σ),(e,K,mk)

)
≜

has_state(σ)−∗
wpP(κ α)

{
β .∃v.(⟨e, K, mk⟩eval 7→∗ ⟨v⟩ret)

∗(β ,v) ∈ JNK∗has_state([])
}

M(P)(σ ,mk)≜ ∀(α,v).P(α,v)−∗ O((α, ı,σ),(v,□,mk))

K(Q,P)(κ,K)≜
2 ∀(α,v).Q(α,v)−∗ ∀(σ ,mk).M(P)(σ ,mk)−∗
O((α,κ,σ),(v,K,mk))

E(P,Q,R)(β ,e)≜
∀(κ,K).K(P,Q)(κ,K)−∗ ∀(σ ,mk).M(R)(σ ,mk)−∗
O((β ,κ,σ),(e,K,mk))

JNK(β ,v)≜ ∃n ∈ N.β = Ret(n)∧ v = n

Jτ/α→σ/β K(θ ,v)≜ ∃F.θ = Fun(F)∧2 ∀(η ,w). JτK(η ,w)−∗
E(JσK ,JαK ,Jβ K)(θ • η ,v w)

Jcont(τ,α)K(β ,v)≜ ∃κ K.β = Fun(next(λx.Tick((P◦κ) x)))∧ v = cont K∧
K(JτK,JαK)(κ,K)

JΓK(ρ,γ)≜ ∀(x : τ ∈ Γ).2 ∀Φ.E(JτK ,Φ,Φ)(ρ(x),γ(x))

Γ ⊨pure e : τ ≜2 ∀(ρ,γ). JΓK(ρ,γ)−∗ ∀Φ.E(JτK ,Φ,Φ)(EJeK
ρ
,e[γ])

Γ;α ⊨ e : τ;β ≜2 ∀(ρ,γ). JΓK(ρ,γ)−∗ E(JτK ,JαK ,Jβ K)(EJeK
ρ
,e[γ])

Figure 3.17: Logical relation for λdelim.

ρ : Var→ IT to the syntactic substitution γ : Var→ Expr; they are related if they map
the same variables to related GITrees/expressions. Then we say that an expression
e is semantically valid, Γ;α ⊢ e : τ;β , if its interpretation EJeK

ρ
is related to e[γ]

under related substitutions ρ,γ . Note that if we ignore the answer types we can see
that the logical relation exhibits a lot of similarities to the logical relation we gave in
Section 3.3.3, and follows the same roadmap.

For this logical relation we obtain the fundamental property, which we will use
for the proof of adequacy.

Lemma 3.4.3. Fundamental lemma. Let Γ;α ⊢ e : τ;β then Γ;α ⊨ e : τ;β ; and if
Γ ⊢pure e : τ then Γ ⊨pure e : τ .

of Theorem 3.4.2. Note that the empty (meta)continuation is related to its denotation:
K(P,P)(id,□) andM(P)([], []) hold for any relation P.
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types Ty ∋ τ ::= N | 1 | τ→σ | ref(τ)
expressions Expr ∋ e ::= x | () | e1 e2 | e1⊕ e2 | n | λx.e

| ℓ | ref(e) | !e | e1← e2 | embed e

/0 ⊢pure e : N
Γ ⊢ embed e : N

Figure 3.18: Syntax and the new typing rule of the λembed.

With this, we instantiate /0;N |= e : N;N (that we get from Lemma 3.4.3) with the
empty continuation/metacontinuation, and get the observational refinement between e
and EJeK. □ □

This completes our treatment of denotational semantics of λdelim. The next section
examines interoperability of delimited continuations and other effects.

3.5 Modeling Interoperability Between Languages

A key advantage of using (G)Itrees for semantics is that they can provide a common
framework for multi-language interaction. This section presents a case study on
the interaction between the languages λembed (with higher-order store effects) and
λdelim (with delimited continuations). Specifically, we allow embedding closed λdelim

programs into λembed, and equip λembed with a type system that guarantees safe
interoperability.

The embedding we provide is restrictive, preventing programs with delimited
continuations from accessing outer-language continuations. We leave developing a
more permissive type system for future work. At the end of the section we give an
example of how to verify a more involved interaction of effects, albeit without the
type system.

In this section we reuse the semantics of λdelim from the previous section and
higher-order store effects from Section 3.2. For λdelim, we reuse the semantics from
the previous section and higher-order store reifiers from [49] In this section, we use
magenta to explicitly highlight programs written in λdelim, and for the interpretation
functions of the denotational model of λdelim.

Language λembed. λembed is a λ -calculus with base types N and 1, references types
ref(τ) and function types τ→σ , with syntax given in Figure 3.18. Additionally, it
includes a construct embed e for embedding λdelim programs. The typing rules are all
standard, except for the new typing rule for the embedding.

The idea behind the rule is that we can embed an expression from λdelim if it is
a “pure” expression that can evaluate to a natural number. The use of pure typing
judgment for the embedded program ensures that it does not to alter the answer type.
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EJ−K : Expr→ (Var→ IT)→ IT

EJembed eK
ρ
= Reset(next(EJeK /0))

EJxK
ρ
= ρ(x)

EJℓK
ρ
= Ret(ℓ)

EJref(e)K
ρ
= get_val(EJeK

ρ
,λx.Alloc(x,Ret))

EJ!eK
ρ
= get_val(EJeK

ρ
,λx.Read(x))

EJe1← e2Kρ
= get_val(EJe2Kρ

,λx.
get_ret(EJe1Kρ

,λy.Write(y,x)))

VRel≜ ITv→ iProp

ERel≜ IT→ iProp

O : VRel→ ERel

O(P)(β )≜ clwp β
{

x. P x∗has_state([])
}

E : VRel→ ERel

E(P)(β )≜ heap_ctx−∗ has_state([])−∗
O(P)(β )

JτK : VRel

J1K(β )≜ β = ()

JNK(β )≜ ∃n.β = Ret(n)

Jτ→σK(β )≜ ∃F.β = Fun(F) ∧
2 ∀β . JτK(β )−∗
E(JσK)(Fun(F) • β )

Jref(τ)K(β )≜ ∃ℓ.β = Ret(ℓ) ∧
∃ν . ℓ 7→ ν ∗ JτK(ν)

JΓK(ρ)≜ ∀(x : τ ∈ Γ).2 E(JτK)(γ x) Γ ⊨ e : τ ≜ ∀ρ. JΓK(ρ)−∗ E(JτK)(EJeK
ρ
)

Figure 3.19: Denotational semantics (selected clauses) and logical relation for λembed.

This means that we can treat an embedded expression as a “complete” program, that
does not require outer continuation delimiters, even though it may rely on delimited
continuations internally. Those restrictions are crucial for the type safety of the
embedding. The typing guarantees that e does not expect any additional delimiters,
but it does not, by itself guarantee that any continuations in e escape the embedding
boundary. To prevent that we enforce the continuation delimiter along the embedding
boundary in the interpretation of embedded expressions.

Denotational model of λembed. For denotational semantics of λembed, we start by
defining reifiers for the effect signature, which includes higher-order store operations
(allocating, reading, and storing references) as Estate, and effects related to delimited
continuations (Eλdelim

). Then the combined effect signature is Eλdelim
×Estate, and thus

we also let State≜ Statedelim×Statestate, and reifiers are defined component-wise.
Figure 3.19 shows the key parts of the denotational semantics. For most of the

syntactic constructs we give the standard interpretation. For embed e we use the
interpretation EJ−K for λdelim from Section 3.4.2, and explicitly wrap the resulting
GITree in a Reset. This continuation delimiter acts as a sort of glue code to protect
the rest of the program from being captured by control operators from the embedded
λdelim program.

To show type safety of λembed, we construct a logical relation (shown in Fig-
ure 3.19), which is similar to the other logical relations we considered in this paper,
mainly different in the observation relation O. Given that the type system for λembed

effectively prevents expressions of λdelim to access contexts from λembed, we refine
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the observation relation to get access to a version of the WP-HOM rule for expression
interpretations of well-typed programs of λembed, which we do not have in general, as
discussed in Section 3.3.

Instead of the standard weakest precondition wp, we utilize a context-local weakest
precondition clwpre which bakes-in the bind rules [130].

Definition 3.5.1. Context-local weakest precondition (clwp) is defined as follows:
clwp α

{
Φ
}
≜ ∀κ (Ψ : ITv→ iProp).(∀v.Φ v−∗ wp (κ v)

{
Ψ
}
)→ wp (κ α)

{
Ψ
}

Note that clwp always implies wp and validates a form of the bind rule:

clwp α
{

β . clwp (κ β )
{

Φ
}}
⊢ clwp (κ α)

{
Φ
}

for any homomorphism κ . We use the clwp in the definition of observational re-
finement in the model. Observational refinement asserts that if the evaluation of
a top-level expression of λembed starts with an empty continuation stack, then the
evaluation does not introduce new elements into the continuation stack. By using
clwp we get a semantical bind lemma, which can be seen as a version of WP-HOM

for semantically valid expressions of λembed. As before, we then obtain fundamental
lemma and denotational type soundness.

Lemma 3.5.2. Semantical bind. E(λx : ITv.E(P)(κ x))(β ) implies E(P)(κ β ) for
any homomorphism κ .

Lemma 3.5.3. Fundamental lemma. Let Γ ⊢ e : τ then Γ ⊨ e : τ .

Lemma 3.5.4. Denotational type soundness. Let /0 ⊢ e : τ and (EJeK /0 , [])⇝
∗ (α,σ),

then (∃β σ ′.(α,σ)⇝ (β ,σ ′))∨ (α ∈ ITv).

Unrestricted interaction of delimited continuations and higher-order state. Even
though the type system we considered here is restrictive, we can still reason about
unrestricted interactions of events in the “untyped” setting. Here we show an example
of such an unrestricted interaction, and demonstrate how to reason about context-
dependent and context-independent effects at the same time. While this kind of
interactions is forbidden by our type system, we can still write and prove meaning-
ful specifications for such programs. Consider the program in Figure 3.20, written
in GITrees directly. The function prog utilizes both delimited continuations and
state. It takes a reference y as its argument and begins by allocating the value 1
in the store at reference x. Then it captures the continuation get_ret(y,(λ l.Let p =
NatOp+(Read(l), . . .) inWrite(l, p))) as k. Invoking the continuation k with a number
n increments the current value of y by n. The program then invokes this continuation
twice. First with the original value of x. Then, with an incremented value of x. Since
the starting value of x is 1, the reference y is incremented first by 1 and then by 2. We
capture this behavior in the specification for prog stated in Figure 3.20.

It is important to note that this program features a bidirectional interaction between
state and continuations. Specifically, the body of Shift involves state operations, while
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prog≜ Fun(next(λy.

Letx = Alloc(Ret(1)) in Initial offset value
Letn = Shift(λk.next( Capture continuation as k

Appcont′(Read(x),k) ; First call to k with the init. value of x

Letm = NatOp+(Read(x),Ret(1))
inWrite(x,m) ; x := x+1

Appcont′(Read(x),k)))

inget_ret(y,(λ l.

Let p = NatOp+(Read(l),n)

inWrite(l, p))))) y := y+n

where Appcont′(x,y)≜ Appcont(next(x),next(Tau◦ y◦next))

heap_ctx has_state(σ) y 7→ Ret(n)
wp (Reset(next(prog • Ret(y))))

{
y 7→ Ret(n+3)∗has_state(σ)

}
Figure 3.20: Example program with delimited continuations and state and its specifi-
cation.

the result of Shift is subsequently used to increment a value in the heap. As we have
seen, while this type of interaction is not allowed in the type system, we can still
reason about them in program logic. We stipulate that our proposed type system
could potentially be extended to support embedding “pure” functions, allowing for bi-
directional interaction between the two languages. We believe that such an extension
would require implementing answer-type polymorphism, following the approach of
Asai and Kameyama [8].

3.6 Discussion and Related Work

We conclude the paper by discussing related work and future directions.
This paper extends GITrees to handle context-dependent effects, which allows us

to model higher-order languages with control operators like call/cc (x. e) and S x. e.
We showed this extension supports interoperability between languages with different
context-dependent effects, while preserving reasoning about context-independent
effects. Our approach leverages the native support for higher-order functions and
effects in GITrees. This differs from the first-order effect representation of effects in
ITrees [145], which would require explicitly first-order representation of functions
and continuations, if we want to model first-class continuation. Such model would
mix syntactic and semantic concerns, which is part of what we are trying to avoid by
working with (G)ITrees.

Another difference with ITrees is our approach to reasoning. While ITrees use
bisimulation-based equational theory, we follow GITrees in using tailored program
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logics and defining refinements. Our logic are expressive enough to define logical
relations and carry out computational adequacy proofs. In future work, it would be
interesting to develop techniques for reasoning about weaker notions of equality than
the basic equational theory that GITrees comes equipped with, see the more extensive
discussion of this point in [49].

The “classical” domain theory remains an important source of inspiration and
ideas for our development, and we want to mention some of the related work along
those lines. Cartwright and Felleisen [28] introduced a framework of extensible direct
models for constructing modular denotational semantics of programming languages.
Their framework centers on an abstract notion of resources for representing effects
(such as store or continuations) and a central admin function that manages these
resources. Each language extension defines both the types (domains) of additional
values and resources, and specifies the actions that the admin function can perform
on these resources. Building on this framework, Sitaram and Felleisen [117] demon-
strated that such models can provide direct-style fully abstract semantics for control
operators. Their approach interprets effects, including continuations, by delegating
them to a top-level handler. Our work adopts several key ideas from this line of
research but reformulates them in the context of GITrees rather than classical domain
theory. In our framework, effect signatures define resources, reifiers specify actions,
and the reduction relation serves as the central authority dispatching the effects. The
transition to GITrees enables us to formalize the extensibility of this approach in a
practical manner, and it allows us to develop program logics where “resources” (as
above) become resources in separation logic.

Compared to other programming languages paradigms and effects, type systems
and logical relations for delimited continuations have not been studied as comprehen-
sively. The original type system for shift/reset is due to Danvy and Filinski [32],
where they employ answer-type modification. Materzok and Biernacki [88] general-
ized this type system to account for more involved control operators shift0/reset0;
an alternative substructural type system for these operators was designed by Kiselyov
and Shan [77]. Dyvbig, Peyton Jones, and Sabry [40] provide a typed monadic ac-
count of CPS for delimited continuations with dynamic prompt generation. Asai and
Kameyama [8] present a polymorphic variant of the Danvy and Filinski’s type system.

Biernacka and Biernacki [17] prove termination for a language with S x. e andD e
(but without recursion) using logical relations based on abstract machine semantics.
The shape of their logical relation is similar to our logical relation used for showing
adequacy in that they also have relations for configurations, metacontinuations, etc.
Asai [7] uses type-directed logical relations to verify a direct-style specializer (partial
evaluator) for a language with S x. e and D e, proving correctness against evaluation-
context based operational semantics. In contrast with those works, we define our
logical relations on denotations, using the semantics of GITrees and the derived
program logics.

In our interoperability example we showed type safety of a combined language,
with respect to denotational semantics. In future work we would like to examine other
properties: for example, that λdelim expressions cannot disrupt λembed’s control flow,
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perhaps establishing some form of well-bracketedness as in [132].
We would also like to study other context-dependent effects like exceptions,

handlers, and algebraic effects [12, 14, 101, 135, 143]. In particular, it would be
interesting to give a denotational semantics to a language with handlers, derive
program logic rules for it, and compare the resulting program logic to the one in [34].
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CHAPTER 4

Solving Guarded Domain Equations in
Presheaves Over Ordinals and

Mechanizing It

Abstract

Constructing solutions to recursive domain equations is a well-known,
important problem in the study of programs and programming languages. Math-
ematically speaking, the problem is finding a fixed point (up to isomorphism)
of a suitable functor over a suitable category. A particularly useful instance,
inspired by the step-indexing technique, is where the functor is over (a sub-
category of) the category of presheaves over the ordinal ω and the functors
are locally-contractive, also known as guarded functors. This corresponds to
step-indexing over natural numbers. However, for certain problems, e.g., when
dealing with infinite non-determinism, one needs to employ trans-finite step-
indexing, i.e., consider presheaf categories over higher ordinals. Prior work on
trans-finite step-indexing either only considers a very narrow class of functors
over a particularly restricted subcategory of presheaves over higher ordinals,
or treats the problem very generally working with sheaves over an arbitrary
complete Heyting algebra with a well-founded basis.

In this paper we present a solution to the guarded domain equations problem
over all guarded functors over the category of presheaves over ordinal numbers,
as well as its mechanization in the Rocq Prover. As the categories of sheaves and
presheaves over ordinals are equivalent, our main contribution is simplifying
prior work from the setting of the category of sheaves to the setting of the
category of presheaves and mechanizing it — presheaves are more amenable to
mechanization in a proof assistant.

4.1 Introduction

Recursive Domain Equations and Step-Indexing Recursive definitions are
prevalent in computer programming. Thus, one of the important problems in the
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study of programs and programming languages is finding recursive mathematical
objects to construct models of programs or the mathematical tools to study them,
e.g., program logics. This problem is often stated as a so-called domain equation
[118] in terms of a fixed point (up to isomorphism) of an endo-functor F : C → C on
a suitable category C, i.e., an object X of C such that F(X)≃ X .1 The problem was
first studied by Dana Scott [107, 108] in the category of continuous lattices in order
to give denotational semantics to untyped λ -calculi. Scott’s construction [108] takes
the inverse limit of an ω-tower of continuous lattices obtained through successive
applications of the functor. As observed by Lawvere [108], the essence of the proof
showing that this construction indeed constructs a fixed point is that the inverse limit
coincides with the direct limit (of a related diagram). This has since been named the
limit-co-limit coincidence theorem [118]. Wand [139] later observed that the essential
point, rather than the category itself, is the structure of its hom-sets. Wand [139],
Smyth, and Plotkin [118] give an abstract account of solving domain equations for
endo-O-functors on O-categories, i.e., categories that are enriched over the category
of ω-cpos and ω-continuous functions and functors over them whose actions on
morphisms is ω-continuous.2 America and Rutten [5] solve domain equations in a
certain category of metric spaces. Birkedal et al. [22] generalize the results of America
and Rutten by constructing solutions to domain equations over so-called M-categories,
categories enriched over the category of ultra-metric spaces and non-expansive maps,
where the functors considered are locally contractive in the sense that the functors’
action on morphisms is a contractive function. This generalization is inspired [22] by
the relationship between bounded bisected ultra-metric spaces (where the distances
belong to the set {0}∪

{ 1
2n

∣∣n ∈ N
}

) and the technique of step-indexing [2, 6, 23, 90].
Birkedal et al. [24] later generalize these results further to a setting where the category
is enriched over the category of sheaves over a complete Heyting algebra with a
well-founded basis; ordinals in general, and ω in particular, being such complete
Heyting algebras. These results [22, 24] have served as a foundation for a multitude
of works based on step-indexing, e.g., to give denotational semantics to programs
[30, 93], to construct the model of the Iris program logic framework [73].

The Need for Step-Indexing Over Higher Ordinals It is well known [25, 27]
that if one uses the step-indexing technique to reason about a programming language
with countable non-determinism, it is no longer sufficient to consider step-indexing
over ω . One must [27] instead use step-indexing over ω1 (the first uncountable
ordinal). Another way to look at this issue is through the lens of the step-indexed
logic. The pertinent problem to consider here is the question of when existence of an
object inside the step-indexed logic implies its existence outside. This is dubbed “the
existential property” by Spies et al. [119]. Say we are given a predicate φ over a set A
for which we have that ∃x : A. φ(x) is a valid sentence in the model of the step-indexed

1In this paper we assume the reader is familiar with basic concepts in category theory found in
standard textbooks [11, 83].

2See Section 4.3 for a brief explanation of enriched categories and functors. More details can be
found in the book of Kelly [74] on the subject.
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logic, i.e., |= ∃x : A. φ(x). The existential property states that |= ∃x : A. φ(x) implies
that there exists some a ∈ A for which we have |= φ(a). Question: when does the
existential property hold? Answer: if the cardinality |A| is strictly smaller than that of
the ordinal γ we are step-indexing over (provided that γ is a regular ordinal). Indeed,
if |A| is not smaller than the step-indexing ordinal γ , there are predicates for which
the existential property does not hold. For a detailed, formal discussion of the need
for step-indexing over higher-ordinals see Appendix A.1.

Spies et al. [119], motivated by this need, extend the step-indexed logic underlying
the Iris program logic to trans-finite ordinals. Their work is also mechanized on top
of the Rocq Prover. However, their domain equation solver can only be used to solve
domain equations of functors of a special form. This special form is suitable for
constructing Iris’s higher-order resources [72], but is not sufficient for arbitrary locally
contractive functors, e.g., the functor for constructing so-called guarded interaction
trees [49]. We will further discuss the relation between our work and Spies et al. [119]
in Section 4.6.

Step-Indexing Over All Ordinals In the rest of this paper we talk about step-
indexing over (all) ordinals, e.g., we speak of sheaves or presheaves over Ord, the
set of all ordinals (which we also consider to be a preorder category under the usual
order). This is to be understood as the set of all ordinals definable in a certain
Grothendieck universe. (In our Rocq formalization, the type Ord is a universe
polymorphic definition corresponding to the type of all ordinals in the universe.) In
terms of (pre)-sheaves over Ord, this should be understood as (pre)-sheaves over the
ordinal that is the supremum of all ordinals in Ord — which obviously itself lives in
a version of Ord in a larger Grothendieck universe. The upshot of step-indexing over
all ordinals in the universe is that then the existential property holds for any set/type
in the universe (see Appendix A.1).

The only downside of working with Ord is that it is not closed under suprema.
That is, there are subsets A ⊆ Ord such that sup(A) does not exist (technically it
does but it lives in a copy of Ord in a larger universe). To compensate for this
issue, many of our definitions and constructions are parameterized by an arbitrary
downwards-closed subset of ordinals instead of ordinals. This can intuitively be
thought of as working with the completion of Ord as a lattice instead of Ord itself.
This significantly simplifies the presentation, and more importantly mechanization of
our results; see Section 4.5.

Equivalence of Categories of Sheaves Over Ordinals and Presheaves Over
Ordinals As we will discuss in Section 4.2 the category of sheaves over ordinals,
Sh(Ord), is equivalent (in fact adjoint equivalent) to the category of presheaves
over Ord, PSh(Ord). Thus, technically speaking, the results of Birkedal et al. [24]
subsume the results we present in this paper. That is, since Birkedal et al. [24]
construct solutions to guarded domain equations over sheaves over complete Heyting
algebras with a well-founded basis, and ordinals are a particular instance of such
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Heyting algebras, one can obtain solutions to equations over PSh(Ord) from solutions
to equations over Sh(Ord). This is similar to how one obtains solutions to classical
domain equations (over category Dom of domains) from those over the equivalent
category CUSL of conditional upper semi-lattices with a least elements [125, chapter
4].

Contributions Notwithstanding the point above regarding the equivalence of
categories of presheaves and sheaves over ordinals, the main contribution of this paper
is simplifying and mechanizing the results of Birkedal et al. [24] to the setting of
presheaves over ordinals and locally contractive functors on them which is much more
amenable to mechanization. In fact, the aforementioned equivalence is the reason
we were convinced that a simplification to the setting of presheaves, and a direct
solution construction in that setting is achievable and mechanizable. In this paper
we present this simplified version and its mechanization in the Rocq Prover. We
also mechanize the symmetrization argument [48] to solve mixed-variance recursive
domain equations and provide an example of solving a concrete mixed-variance
equation using our framework. All results marked with are mechanized [121] in
the Rocq Prover. We only present a few high-level proofs in this paper which help the
reader appreciate the results. For the rest we refer to our Rocq mechanization [121].

The Structure of the Rest of the Paper Section 4.2 introduces some basic
constructions over the category of sheaves and presheaves over ordinals, including
their equivalence. In Section 4.3 we present categories enriched over (the cartesian
structure of) presheaves over ordinals, including the central concepts of enriched
and locally contractive functors. We also present the concepts of ordinal-partial
isomorphism and enriched-pointwiseness of limits, which play an important role
in our construction of solutions of domain equations. Section 4.4 gives details of
our construction of solutions to domain equations as well as their uniqueness. The
technicalities involved in the mechanization of the results are discussed in Section 4.5.
In Section 4.6 we discuss other works related to ours, and present our future work and
concluding remarks in Sections 4.7 and 4.8 respectively. The Appendix A.1 presents
discusses the need for higher ordinals, while Appendices A.2 to A.4 include some
details omitted from the main text.

Remark 4.1.1 (Notation). We fix the following notational convention for the rest of
the paper:
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Notation Convention / Meaning

X := Y X is defined as Y
α,β ,γ, . . . Ordinals
α+ Successor of α

α ≺ β ,α ⪯ β Order of ordinals
F,G,H, . . . (Pre)sheaves, functors
A,B,C, . . . Objects, could be (pre)sheaves
η ,ξ ,ζ , . . . Natural transformations

f ,g,h, . . .
Morphisms, could be natural
transformations

ΠL
A

Projection from L onto F(A)
when L is the limit of the func-
tor F

F |A
Restrict the domain of the functor
(or function) F to A

Y The Yoneda embedding
A≃ B Isomorphism

f : A ≃−→ B
The morphism f : A→ B has an
inverse and A and B are isomor-
phic

Fβ⪯α

The map F(β )→ F(α) induced
by the (pre)sheaf F

lim
β≺α

F(β )

Limit of the diagram F whose
domain is (restricted to)
{β |β ≺ α}; when obvious, we
drop the β ≺ α part

lim
β

fβ

The unique morphism from A to
lim

β

F(β ) when fβ : A→ F(β )

curry( f ) The exponential transpose of f

4.2 On Sheaves and Presheaves Over Ordinals

We start by giving a few basic definitions in the category of presheaves over ordi-
nals, PSh(Ord). In particular, there are two important endo-functors on PSh(Ord)
called later (▶ : PSh(Ord)→ PSh(Ord)), and earlier (◀ : PSh(Ord)→ PSh(Ord)).
These functors are defined as follows:

▶F(α) := lim
β≺α

F(β )

(▶F)β⪯α := lim
γ≺β

Π
▶F(α)
γ

◀F(α) := F(α+)

(◀F)β⪯α := Fβ+⪯α+

The object map of ▶, at each stage, takes the limit (in Set) of the diagram induced
by the object (presheaf) it is mapping at all smaller stages. In particular, ▶F(0)
is always the terminal (singleton) set, and ▶F(α+) ≃ F(α) (see Lemma A.4.1 in
Appendix A.4). The morphism map of the functor ▶, (▶F)β⪯α is defined as the
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amalgamation of projections Π
▶F(α)
γ :▶F(α)→ F(γ) of the limit that is (▶F)(α).

The functoriality of ◀ is trivial. The functoriality of ▶, on the other hand, follows
from properties of limits. It is well-known that these two functors, later and earlier,
form an adjunction [24]: ◀ ⊣ ▶ .

There is an important natural transformation Next : idPSh(Ord) → ▶. The map
(morphism in Set) NextF(α) : F(α)→ ▶F(α) is constructed as follows: given an
element x ∈ F(α), ({∗} ,

{
Fβ≺α

}
β≺α

) is a cone on the diagram F |{β |β≺α} in Set —
the vertex of this cone, {∗}, is the terminal object of Set. Since ▶F(α) is the limit of
this diagram, there is a unique map from the {∗} into ▶F(α). We take the image this
map to be the result of Next:

NextF(α)(x) :=
(

lim
β≺α

Nx
β

)
(∗)whereNx

β
(∗) := Fβ≺α(x)

That this construction is natural both in F and α , like most properties that are related
to later, naturality follows from properties of limits.

4.2.1 Equivalence of the Category of Sheaves Over Ordinals and the
Category of Presheaves Over Ordinals

Sheaves are presheaves that additionally satisfy the so-called “sheaf condition” [87].
In the particular case of ordinals (seen as a topological space) the sheaf condition boils
down to the following: at any limit ordinal, including zero, the value of the sheaf must
be the (categorical) limit of all the sets below it. That is, a presheaf F : Ordop→ Set
is a sheaf if and only if we have both that F(0)≃ {∗} and that F(λ )≃ limα≺λ F(α)
via mediating morphisms, for any limit ordinal λ .

As per the sheaf condition above, by construction,▶F is always a sheaf, regardless
of F . Thus, ▶ is also a functor from the category of presheaves over ordinals the
category of sheaves over ordinals. On the other hand, ◀F need not be a sheaf, even if
F is. When viewed as functors between the category of sheaves and presheaves, the
earlier and later functors form not only an adjunction, as noted above, but an adjoint
equivalence.3 That is, the following isomorphisms hold and are both natural in F :

◀(▶(F))≃ F for any presheaf F and ▶(◀(F))≃ F for any sheaf F

These isomorphisms and their naturality rely on Lemma A.4.1 in Appendix A.4.

Remark 4.2.1. The discussion above of the adjoint equivalence of Sh(Ord) and
PSh(Ord) in fact holds generally for any limit ordinal λ , i.e., for showing adjoint
equivalence of Sh(λ ) and PSh(λ ).

4.2.2 Contractive Morphisms and Their Fixed Points

Here, we define contractive morphisms in the category of presheaves (natural transfor-
mations) and show that they always have unique fixed points — the construction and

3This equivalence was noticed in a discussion the second author had with Daniel Gratzer.
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the proof are very similar to the classical Banach fixed point theorem. Fixed points of
contractive morphism are useful in defining so-called guarded recursive predicates
which are particularly useful when working in step-indexed logics [21]. In addition to
this, we present contractive morphisms and construction of their fixed points not only
to highlight the difference in the construction compared to Birkedal et al. [24], but
also because they are used in proving uniqueness of solutions of domain equations —
an important fact in our development; see Section 4.4.3.

We say a morphism in PSh(Ord), i.e., a natural transformation, is contractive, if
it factors through Next. We write ContrMorph(η) when η is contractive.

Definition 4.2.2 ( ). A natural transformation η : F → G is contractive,
i.e., ContrMorph(η), if there is a natural transformation η ′ : ▶F → G such that
η = η ′ ◦NextF . We call η ′ a witness of contractivity of η .

Lemma 4.2.3 ( ). Let η : F → G be a contractive morphism, i.e., ContrMorph(η),
with η ′ a witness of contractivity. Then the following holds for any ξ : H→ F and
any ζ : G→ H:

ContrMorph(η ◦ξ ) witnessed by η
′ ◦▶ξ

ContrMorph(ζ ◦η) witnessed by ζ ◦η
′

Definition 4.2.4 (Fixed Points ). We define three notions of fixed points of mor-
phisms:

1. ξ : B→ A is a fixed point of η :▶A×B→ A if η ◦ ⟨NextA ◦ξ , idB⟩= ξ

2. ξ : 1→ A is a fixed point of η :▶A→ A if η ◦NextA ◦ξ = ξ

3. ξ : 1→ A is a fixed point of the contractive morphism η : A→ A if η ◦ξ = ξ

Remark 4.2.5 ( ). Definition 4.2.4 defines three kinds of fixed points each weaker
than the one before in that if (unique) solutions to one kind of fixed point exist, so
do (unique) solutions to the next kind. Theorem 4.2.6 below immediately implies
existence of unique fixed points of the first kind and thus existence of unique fixed
points of all kinds. We will write fix( f ) for the unique fixed point of map f for any of
these kinds of fixed points.

In order to construct these fixed points we show that there is a general fixed point
combinator fixA : A▶A→ A. Note that here the fixed point combinator fixA is a natural
transformation (a morphism in the category of presheaves) from the exponential object
A▶A to A.

Theorem 4.2.6 ( ). For any presheaf A, there is a natural transformation fixA :
A▶A → A in the category of presheaves over ordinals that acts as the fixed point
combinator constructing unique fixed points. That is, for any η : ▶A× B → A
we have fixA ◦ curry(η) is the unique natural transformation from B to A such that:
η ◦⟨NextA ◦fixA ◦ curry(η) , idB⟩= fixA◦curry(η) where curry(η) is the exponential
transpose of η .
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Remark 4.2.7. The proof of Theorem 4.2.6 differs from the proof given by Birkedal et
al. [24] in that working in the category of sheaves, the value of the fixed point presheaf
is uniquely determined at 0 and all limit ordinals. In contrast, our construction
applies η at every single stage of the construction including at 0 and limit ordinals.
In other words, at 0 and limit ordinals, we apply η “one more time” after computing
what one would compute in the case of sheaves. To see this, note that a natural
transformation fixA : A▶A→ A essentially amounts to maps (morphisms in Set) ζα :
(Yα ×▶A→ A)→ A(α) that are natural in α — each ζα is a map from the set of
natural transformations (Yα ×▶A→ A) to the set A(α). Thus, at 0, we are given a
function, say f : Yα(0)×▶A(0)→ A(0) and need to produce an element of A(0), for
which we will use f . Intuitively, the function f here is the natural transformation η at
stage 0, i.e., the natural transformation we are taking the fixed point of.

4.3 Enrichment Over Categories of Presheaves Over
Ordinals

Enrichment is often studied over monoidal categories [74]. Here, we work specifically
with the monoidal structure of the cartesian closedness of the enriching category,
i.e., the category PSh(Ord). We briefly present the basic definitions here just to fix
notation. Our notion of locally contractive functor is exactly that in Birkedal et al.
[24].

4.3.1 Enriched Categories and Functors; Locally Contractive Functors

Definition 4.3.1 (Enriched Category ). We say a category C is enriched over a
cartesian closed category E if we have the following:

• An internal hom object in E , written EhomC
A,B , for any pair of objects A and B in C

• A map ⌈·⌉ : HomC(A,B)→ HomE(1,EhomC
A,B ) embedding C morphisms into E

• A map ⌊·⌋ : HomE(1,EhomC
A,B )→ HomC(A,B) projecting C morphisms out of E

• The maps ⌈·⌉ and ⌊·⌋ are inverses of one another

• Internal composition morphisms: EcompC
A,B,C : EhomC

A,B ×EhomC
B,C → EhomC

A,C

• Expressed in terms of equality of morphisms in E , we have that EcompC
A,B,C is in

agreement with composition in C, is associative and respects identity morphisms

Definition 4.3.2 (Enriched Functor ). Let C and D be two E-enriched categories.
We say a functor F : C → D is E-enriched if there are morphisms EhmF

A,B : EhomC
A,B →

EhomD
F(A),F(B) in E that acts as the E-internal functor action of F and, expressed in terms of

equality of morphisms in E , the morphisms EhmF
A,B preserve identity and composition.
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Following Birkedal et al. [24] we define a locally contractive functor to be an
enriched functor (over the category of presheaves) that also has a contracted internal
functor action morphism. Intuitively, what we want is to say that a functor is locally
contractive if its internal functor action is a contractive morphism in the sense of
Definition 4.2.2. The definition below furthermore requires the witness of contractivity
of the internal functor action to also act functorially in the sense that it must also
preserve compositions and identities. This extra requirement, as also pointed out
by Birkedal et al. [24], is the reason why we can develop the theory of ordinal-
partial isomorphisms and enriched-pointwise limits as we present in this section.
Birkedal et al. [24] present the theory of ordinal-partial isomorphisms but do not
make enriched-pointwise limits formal — they only mention intuitively that “since
limits are computed pointwise, . . . ” when presenting their approach to constructing
solutions to domain equations. Because we mechanize our solution to the domain
equation problem we had to formalize and mechanize this intuitive line of argument.

Definition 4.3.3 (Locally Contractive Functors ). Let C and D be two PSh(Ord)-
enriched categories. We say a PSh(Ord)-enriched functor F : C → D is locally
contractive if the internal action morphisms of F, EhmF

A,B , are contractive with the
witness of contractivity being morphisms E▶hmF

A,B :▶EhomC
A,B → EhomD

F(A),F(B). Furthermore,
expressed in terms of equality of morphisms in PSh(Ord), the morphisms E▶hmF

A,B

must preserve identity and composition.

Lemma 4.3.4 (Composition of Enriched and Locally Contractive Functors ). Let
C, D, and B be three E-enriched categories and F : C →D and G :D→B be two E-
enriched functors. The composition G◦F is also an E-enriched functor. Furthermore,
G◦F is locally contractive if at least one of F or G is.

Enriched functors are closed under many useful constructions: constant functors,
the identity functor, products of functors, their sums, diagonal functors (∆n : A 7→ An),
etc. In particular, this includes all finitary polynomial functors. Lemma 4.3.4 shows
that there also exists a similarly large collection of locally contractive functors because
the later functor,▶ : PSh(Ord)→ PSh(Ord) is both enriched and locally contractive;
see Appendix A.2 where we also show that the earlier functor ◀ : PSh(Ord)→
PSh(Ord) is not even enriched, let alone locally contractive.

4.3.2 Ordinal-Partial Isomorphisms

In this section, following Birkedal et al. [24], we define a notion of ordinal-partial
isomorphisms, indexed over ordinals, for categories enriched over PSh(Ord) and
prove a few useful lemmas about such morphisms that we will later use in solving
domain equations.

Definition 4.3.5 (Ordinal-Partial Isomorphism ). Let C be a category enriched over
PSh(Ord) and f : A→ B be a morphism in C. We say that f is an α-isomorphism if
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we have an element x ∈ EhomC
B,A (α) called partial inverse of f at stage α such that

EcompC
B,A,B (α)(x,⌈ f ⌉(α)(∗)) = ⌈idB⌉(α)(∗) (part-iso-left-id)

EcompC
A,B,A (α)(⌈ f ⌉(α)(∗),x) = ⌈idA⌉(α)(∗) (part-iso-right-id)

By functoriality of EhomC
B,A and naturality of EcompC

A,B,A and EcompC
B,A,B , we know that if f

is an α-isomorphism it is also β -isomorphism for any β ⪯ α . Given a downwards-
closed subset of ordinals A⊆Ord, we say a morphism f is an A-isomorphism if it
is an α-isomorphism for any α ∈ A. Whenever A has a maximal element γ being an
A-isomorphism is equivalent to being a γ-isomorphism. However, A-isomorphisms
are in general useful for working with morphisms that are A-isomorphisms for an
unbounded downwards-closed subset A. Intuitively, f being an α-isomorphism means
that it behaves like an isomorphism up to stage α , even though an inverse morphism
may not even exist.

Remark 4.3.6. Although we define ordinal-partial isomorphisms almost exactly as
Birkedal et al. [24] do, due to the differences between sheaves and presheaves, in
the setting of Birkedal et al. [24] every morphism is a 0-isomorphism, and also
any morphism that is a {α|α ≺ λ}-isomorphism for some limit ordinal λ is also a
λ -isomorphism. This is not the case in our setting.

Lemma 4.3.7 ( ). Let C be a PSh(Ord)-enriched category and let f : A→ B a
morphism in C. The morphism f is an isomorphism, i.e., there is a morphism g : B→ A
such that f ◦ g = idB and g ◦ f = idA, if and only if f is an α-isomorphism for all
α ∈Ord.

Lemma 4.3.8 ( ). Let C andD be two PSh(Ord)-enriched categories and F : C →D
an PSh(Ord)-enriched functor. For any α-isomorphism f : A→ B in C, F( f ) is an
α-isomorphism.

Lemma 4.3.9 ( ). Let C andD be two PSh(Ord)-enriched categories and F : C →D
a locally contractive functor. Furthermore, let f : A→ B in C be a {β |β ≺ α}-
isomorphism. The image of f under F, F( f ), is an α-isomorphism in D.

4.3.3 Enriched-Pointwise Limits

In this section we develop the theory of enriched-pointwise limits in categories
enriched over PSh(Ord). This is an abstract way of representing the idea that limits
are suitably “pointwise”. In particular, when we consider the self-enrichment of
PSh(Ord) and the enrichment of (PSh(Ord))op over PSh(Ord) this notion directly
corresponds to (co-)limits in PSh(Ord) being pointwise; see Appendix A.4.3. We
will use enriched-pointwise limits to state and prove the important Lemma 4.3.13 and
Corollary 4.3.14.

Definition 4.3.10 (Enriched-Pointwise Cones ). Let C be a category enriched over
PSh(Ord) and F : J → C be a J -shaped diagram in C. Given an ordinal α , an
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enriched-pointwise cone (V,
{

x j
}

j∈J) at stage α over the diagram F consists of a

vertex object V in C together with elements x j ∈EhomC
V,F( j) (α) such that for any morphism

f : j→ j′ in J we have EcompC
V,F( j),F( j′)(α)(x j,⌈F( f )⌉(α)(∗)) = x j′ .

Since F( j) is a functor (presheaf) and EcompF
V,F( j),F( j′) is natural, a cone at stage α is

also a cone at stage β ⪯ α . In addition, given a cone (V,
{

S j
}

j∈J ) over a diagram
F : J → C we obtain an enriched-pointwise cone (V,

{⌈
S j
⌉
(α)

}
j∈J ) of diagram F

at any stage α .

Definition 4.3.11 (Enriched-Pointwise Cone Homomorphisms ). Let C be a category
enriched over PSh(Ord) and F : J → C be a J -shaped diagram in C. Moreover,
let (V,

{
x j
}

j∈J) and (V ′,
{

x′j
}

j∈J
) be two enriched-pointwise cones over F both at

stage α . A cone homomorphism from V to V ′ is an element h ∈ EhomC
V,V ′ (α) such that

EcompC
V,V ′,F( j)(α)(h,x′j) = x j.

Definition 4.3.12 (Enriched-Pointwise Limits ). Let C be a category enriched
over PSh(Ord) and F : J → C be a J -shaped diagram in C. Furthermore, let
(V,

{
S j
}

j∈J ) be a limit cone of diagram F in C. We say this limit is enriched-
pointwise if we have that for any enriched-pointwise cone (W,

{
x j
}

j∈J ) at stage α

there is a unique enriched-pointwise cone homomorphism from (W,
{

x j
}

j∈J ) to the
enriched-pointwise cone (V,

{⌈
S j
⌉
(α)

}
j∈J ).

Lemma 4.3.13 ( ). Let J be a strongly connected preorder category, i.e., for any two
objects j, j′ ∈ J , HomJ ( j, j′)∪HomJ ( j′, j) ̸= /0. Furthermore, let C be a category
enriched over PSh(Ord) and F : J → C be a diagram such that for any f : j→ j′ in
J , the morphism F( f ) is an α-isomorphism. Finally, let the limit of F be enriched-
pointwise in the sense of Definition 4.3.12. Under these circumstances every projection
of the limit of F is an α-isomorphism.

Corollary 4.3.14 ( ). Let C a category enriched over PSh(Ord) and
F : {β |β ≺ α} → C be a diagram whose limit is enriched-pointwise. Fix δ ≺ α .
Assume that for any δ ⪯ γ ≺α the morphism Fδ⪯γ is a δ -isomorphism. The projection
Πδ : limF → F(δ ) is a δ -isomorphism.

4.4 Solving Domain Equations

In this section we show that for a PSh(Ord)-enriched category C, any locally contrac-
tive functor F : C → C has a unique solution up to isomorphism.

4.4.1 Uniqueness of Solutions up to Isomorphism

By a well-known result attributed to Lambek [118], the initial F-algebra for a functor
F is an isomorphism, and hence a solution to the domain equation for F . The following
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theorem establishes the converse for locally contractive functors showing uniqueness
of solutions.

Theorem 4.4.1 ( ). Let C be a PSh(Ord)-enriched category and F : C → C a locally
contractive functor. The F-algebra (S,s) induced by a solution s : F(S) ≃−→ S is an
initial algebra.

Proof. The proof we have mechanized is the exact proof given by Birkedal et al. [22,
24]. Given an F-algebra (A,φA) we need to construct a unique F-algebra morphism
from (S,s) to (A,φA). Observe that a morphism h : S→ A is an F-algebra morphism
if and only if we have h = φA ◦F(h) ◦ s−1. A different way to look at this fact is
that given a morphism h : S→ A, we can construct another morphism from S to A by
taking φA ◦F(h)◦ s−1. This mapping induces the following morphism in PSh(Ord):

µ := compLφA
A ◦ compRs−1

S ◦E
hmF
S,A : EhomPSh(Ord)

S,A → EhomPSh(Ord)
S,A

By Lemma 4.2.3 the morphism µ is contractive because F is locally contractive.
Thus, by Theorem 4.2.6 and Remark 4.2.7 µ has a unique fixed point for which
⌊fix(µ)⌋ = φA ◦F(⌊fix(µ)⌋) ◦ s−1. Hence, ⌊fix(µ)⌋ is the unique algebra morphism
we needed. □

4.4.2 Constructing the Solution

In Section 4.4.1 we discussed that the solution to the domain equation is an F-algebra
(A,φA) where φA is an isomorphism. Accordingly, our strategy to solving domain
equations is to find such an F-algebra (A,φA) where φA is an isomorphism. This
approach differs from the approach of Birkedal et al. [24] in that Birkedal et al. [24]
work directly in the category C instead of Alg(F); see Remark 4.4.9. Although this
aspect of the difference is rather superficial, it does help simplify the construction
in the sense that it breaks the construction into a few simpler concepts and lemmas
which are ultimately nicer to mechanize; see (canonical) partial solutions, dominating
cones, etc. as presented below. Nevertheless, the fact that finding solutions to domain
equations can be reduced to finding (initial) algebras is common knowledge [118].

Let us assume for the rest of this section that we are given a locally contractive
endo-functor F : C → C over a PSh(Ord)-enriched category C which is complete, and
for which all limits are enriched-pointwise. We start by defining a notion of a partial
solution.

Definition 4.4.2 (Partial Solution ). Let A ⊆ Ord be a downwards-closed subset
of ordinals. An A-partial solution is an Aop-shaped diagram P in the category of
F-algebras such that:

PS-1 For any α ∈ A, φP(α) : F(P(α))→ P(α) is an α-isomorphism.

PS-2 For any β ⪯ α ∈ A, Pβ⪯α : P(α)→ P(β ) is a β -isomorphism.

106



Solving Guarded Domain Equations in Presheaves Over Ordinals and Mechanizing It

The definition of partial solutions above is local in that the conditions (PS-1)
and (PS-2) only refer to individual objects or individual morphisms. As a result,
given an A-partial solution P, restricting P (as a diagram and hence a functor) to a
downwards-closed subset B⊆ A, written P|B, is again a B-partial solution.

Definition 4.4.3 (Dominating Cone ). Let A⊆Ord be a downwards-closed subset
of ordinals and P an A-partial solution. We say that a cone ((D,φD),{Sα}α∈A) over
P dominates P if we have:

DA-1 For any α ∈ A, Sα : D→ P(α) is an α-isomorphism.

DA-2 The map φD is an α-isomorphism for any α for which we have {β |β ≺ α} ⊆ A.

Note that the condition (DA-2) above is equivalent to saying that φD is a (supA)-
isomorphism in the event supA does exist. In particular, the condition (DA-2) implies
that if P is a Ord-partial solution, then a cone dominating it is a solution to the domain
equation; see the proof of Theorem 4.4.8.

Lemma 4.4.4 ( ). Let A ⊆ Ord be a downwards-closed subset of ordinals and P
an A-partial solution. By Remark A.4.4 (Appendix A.4) the functor F applied to the
limiting cone of P is also a cone on P. We will write DCone(P) for this cone. The
cone DCone(P) dominates P.

Proof. Let us write ((L,φL),
{

ΠL
α

}
α∈A) for the cone that is the limit of P.

First we show that φL is an A-isomorphism by showing that it is an α-isomorphism
for any α ∈ A. Observe that by (PS-2) we know that Corollary 4.3.14 applies and thus
ΠL

α is an α-isomorphism, and by Lemma 4.3.8 so is F(ΠL
α). Furthermore, as ΠL

α is
a morphism in the category of F-algebras, which means that the following diagram
commutes for any α ∈ A:

F(L) A

F(P(α)) P(α)

φL

F(ΠL
α ) ΠL

α

φP(α)

Also, by condition (PS-1), φP(α) is an α-isomorphism. Thus, by Remark A.3.1
(Appendix A.3), φL is an α-isomorphism since the three other sides of the diagram
above are α-isomorphisms.

The cone DCone(P) that we wish to show dominates P is the following:

DCone(P) =
(
(F(L),F(φL)),

{
φP(α) ◦F(ΠL

α)
}

α∈A

)
We already established (DA-1) when we argued that the diagram above consists of
α-isomorphisms. For (DA-2), let us assume we are given an ordinal α for which we
have {β |β ≺ α} ⊆ A. We just observed that φL is an A-isomorphism and thus also a
{β |β ≺ α}-isomorphism. Hence, by Lemma 4.3.9 F(φL) is an α-isomorphism. □
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Next we define what we call canonical partial solutions and show how to patch
canonical partial solutions together in order to construct larger ones. The latter is
used in Theorem 4.4.8 for constructing partial solutions by well-founded induction on
ordinals.

Definition 4.4.5 (Canonical Partial Solutions ). Let A ⊆ Ord be a downwards-
closed subset of ordinals and P an A-partial solution. We say P is a canonical partial
solution if it is constructed at all stages via the construction in Lemma 4.4.4. That is,
if for any α ∈ A we have(

P(α),
{
Pβ⪯α

}
β⪯α

)
= DCone

(
P|{β |β≺α}

)
are equal cones of the diagram P|{β |β≺α}.

Lemma 4.4.6 ( ). Let P and Q be two canonical A-partial solutions. We have P=Q
(as diagrams, i.e., functors).

On paper, the Lemma 4.4.6 above is proven through a simple argument by transfi-
nite induction. However, as we will discuss in Section 4.5, it is far from obvious to
mechanize.

Lemma 4.4.7 ( ). Let {Pα}
α∈A be a collection of canonical partial solutions in-

dexed by some downwards-closed subset of ordinals A such that Pα is a canonical
{β |β ⪯ α}-partial solution. We can construct a canonical A-partial solution Q by
patching the partial solutions {Pα}

α∈A together. That is, we take Q(α) := Pα(α)
and take Qβ⪯α := Pα

β⪯α
.

Note that the proof, and even the well-formedness of the statement of Lemma 4.4.7
above depends on Lemma 4.4.6. In particular, note that Qβ⪯α must be a morphism
from Q(α) to Q(β ), or equivalently from Pα(α) to Pβ (β ), whereas the morphism
Pα

β⪯α
is a morphism from Pα(α) to Pα(β ). Thus, one would need to prove Pα(β ) =

Pβ (β ) for it to even make sense to take Qβ⪯α := Pα

β⪯α
. This is the case because by

Lemma 4.4.6 Pα |{γ|γ⪯β} = Pβ . However, in type theory, in our Rocq mechanization,

one needs to work up to the equality Pα(β ) = Pβ (β ) (transport along this equality)
when defining Q, which also includes establishing its functoriality, that it is a partial
solution, and its canonicity. We will discuss these subtleties in Section 4.5.

Theorem 4.4.8 ( ). The locally contractive functor F has a solution.

Proof. We first construct a canonical Ord-partial solution P. By Lemma 4.4.7 it
suffices to construct canonical {β |β ⪯ α}-partial solutions for all α ∈ Ord. We
do so by well-founded induction on α . Thus, let us assume that we have canoni-
cal {γ|γ ⪯ β}-partial solutions for all β ≺ α . We use Lemma 4.4.7 to construct a
canonical {β |β ⪯ α}-partial solution as required. The solution is the F-algebra of
DCone(P). We only need to show that the map φDCone(P) is an isomorphism. By
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Lemma 4.3.7 it suffices to show that φDCone(P) is an α-isomorphism for all α ∈Ord.
However, by Lemma 4.4.4 DCone(P) dominates P. Hence, by the property (DA-2)
of dominating cones we only need to show that {β |β ≺ α} ⊆ Ord, which holds
trivially. □

Remark 4.4.9. In addition to the difference of working with the category of F-algebras
as opposed to working directly in C, our approach to solving domain equations differs
from that presented by Birkedal et al. [24] in how we treat zero and limit ordinals.
Working with sheaves, Birkedal et al. [24] at zero and limit ordinals simply take the
limit of the construction at stages below. By contrast, we apply F to the obtained
cone of the limit at every single stage of the construction and not just at successor
ordinals. Another way to look at this difference is if we look at the sequence of objects
constructed in these two approaches (in our case the carrier objects of the algebras
we compute). Up to isomorphism, what we compute is the sequence X below while
what Birkedal et al. [24] compute is the sequence Y :

X0 := F(1); X1 := F(F(1)); X2 := F(F(F(1))); · · · Xω := F( lim
α≺ω

Xα ); Xω+ := F(Xω ); · · ·

Y0 := 1; Y1 := F(1); Y2 := F(F(1)); · · · Yω := lim
α≺ω

Yα ; Yω+ := F(Yω ); · · ·

4.4.3 Mixed-Variance Domain Equations

In addition to covariant functors of the form C → C, we in general need to [24] solve
domain equations for mixed-variance functors of the form Cop×C → C.

Example 4.4.10 ( ). As a simple minimal example we have used our development
to solve the domain equation for the following mixed-variance functor which is a
simplified version of the functor used by Frumin et al. [49]:

F(X ,Y ) := ∆(N)+▶(Y X)+▶Y

where ∆(A) is the constant presheaf mapping all ordinals to the set A.

The following lemma shows that mixed-variance locally contractive functors
F : Cop×C → C like the one in Example 4.4.10 have unique solutions.

Lemma 4.4.11 ( ). Let C be a PSh(Ord)-enriched category and F : Cop×C → C
be a locally contractive functor (if C is enriched, so is Cop and also their product).
Furthermore, assume that C is complete and co-complete with enriched-pointwise
limits and co-limits. The functor F has a unique solution.

Proof. Define the functor F̃(A,B) := (F(B,A),F(A,B)) from Cop×C to Cop×C. The
functor F̃ is also locally contractive and hence, by Theorem 4.4.8, has a solution,
say (X ,Y ) for which F̃(X ,Y ) ≃ (X ,Y ). In that case, by symmetry of F̃ , we have
F̃(Y,X)≃ (Y,X). Thus, by Theorem 4.4.1, (X ,Y )≃ (Y,X) which implies that X ≃Y ,
and hence, F(X ,X)≃ X . □

109



Solving Guarded Domain Equations in Presheaves Over Ordinals and Mechanizing It

4.5 Rocq Mechanization

All results that have been marked by a symbol throughout the paper and the
appendices are mechanized [121] in the Rocq Prover. For this mechanization we have
used the step-indexing interface of Spies et al. [119] which abstracts a step-indexing
structure that Spies et al. [119] instantiate twice: once with natural numbers in Rocq
(for step-indexing over ω), and once with ordinal numbers. Spies et al. [119] use
the mechanization of ordinal numbers by Kirst et al. [76]. We use the following
axioms in our mechanization: axiom of choice (and its consequence excluded middle),
propositional extensionality (and its consequences proof irrelevance and uniqueness of
identity proofs (UIP)), and functional extensionality. The first two of these axioms are
already assumed by Kirst et al. [76] to construct a model of set theory in Rocq. The
inclusion of functional extensionality, on the other hand, is necessary for formalization
of category theory, at least the way we have; we will discuss this below.

The Notion of Equality of Homorphisms in Type Theory There are many
efforts mechanizing category theory in type-theory-based proof assistants [3, 55, 59,
60, 89, 94, 131, 134, 141]. Hu and Carette [59] give an extensive survey comparing
existing type-theory-based category theory mechanizations across multiple different
axes. One important design point in mechanizing category theory in type theory is
representing equality of morphisms. Roughly speaking, this design decision divides
mechanizations into two camps: those using setoids, also known as Bishop sets [26],
for representing morphisms [59, 60, 94, 141] and those using equality [3, 55, 89, 131,
134] (including those working in HoTT [134] settings where equality plays a key
role).

There are multiple advantages to using setoids as pointed out by Hu and Carette
[59]. Hu and Carette [59] work in Agda and state “Our principal theoretical contribu-
tion is to show that setoid-based proof-relevant category theory works just as well as
various other ‘flavours’ of category theory by supporting a large number of definitions
and theorems.” One of the main advantages of using setoids is avoiding axioms such
as functional extensionality (for proving equality of functors, natural transformations,
etc.) and classical axioms (for constructing quotient types, e.g., for co-limits in Set
or presheaf categories) — of course, works based in HoTT admit these as theorems.
Indeed, our development also started with implementing the necessary basic concepts
in category theory using setoids. However, we discovered an issue that fundamentally
precludes the use of setoids for morphisms in our mechanization. This problem arises
in the proof of Lemma 4.4.6. For this lemma, we need to show that two F-algebras are
equal which are constructed based on the limits of two diagrams that are equal (by our
transfinite induction hypothesis). However, the natural notion of equality of functors
in setoid settings is to ask that the morphism maps of functors map setoid-equal
morphisms into setoid-equal morphisms. Consequently, the best one can prove is that
equal functors in this sense produce isomorphic limits. Thus, instead of Lemma 4.4.6,
one could prove that canonical partial solutions are naturally isomorphic. However,
as remarked after Lemma 4.4.7 in Section 4.4.2, this is not even sufficient for the
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statement of Lemma 4.4.7 to be well-formed. This is why we chose to change our
mechanization to use the equality notion from Rocq’s standard library instead of setoid
equality. It appears that existing mechanizations of category theory that formalize
collections of morphisms as setoids have never attempted formalizing a construction
such as ours that involves defining a functor on ordinals by transfinite induction where
the construction at each stage involves taking the limit of the construction up to below
that stage.

Working With All Ordinals in The Universe As we discussed in Section 4.1,
we work with the category of presheaves over all ordinals in the universe, i.e., the set
Ord which is not closed under suprema. Thus, many of our definitions are parameter-
ized by a downwards-closed subset of ordinals. The collection of downwards-closed
subsets of ordinals, ordered by the subset relation, can be thought of as the ideal com-
pletion of Ord. In particular, the total set Ord is the maximal element of this order
which represents the supremum of the entire set Ord. This means that the key lemma
of our formalization, Lemma 4.4.7, is applicable to both proper downwards-closed
subsets of ordinals (which represent ordinals that do happen to be in Ord) as well
as the aforementioned supremum of the entire set Ord (which itself is not in Ord).
This is why we can apply Lemma 4.4.7 twice in the proof of Theorem 4.4.8, once for
constructing {β |β ⪯ α}-partial solutions for all α ∈Ord by transfinite induction on
α , and once to put all those together to construct a Ord-partial solution. This is key
in significantly reducing the size of the mechanization as otherwise a mechanization
working with all ordinals in the universe would have to prove two different versions
of Lemma 4.4.7 for the two different use cases in Theorem 4.4.8; once for individual
ordinals, and once for all ordinals. Spies et al. [119] also work with the collection of
ordinals in the universe; as mentioned above we took their notion of step-indexing
and ordinals verbatim in our mechanization. And, they indeed duplicate Lemma 4.4.7
as we just explained. This requires them to repeat multiple definitions and lemmas for
these two versions of our single Lemma 4.4.7.

Well-Behaved Subset Types in Rocq Working with downwards-closed subsets
of ordinals, we need to formalize them in our Rocq mechanization. In our mecha-
nization, we define downwards-closed subsets of ordinals as subset types which we
represent as a record that packages an ordinal together with a proof that said ordinal
is in the downwards-closed subset. We first define downwards-closed predicates over
ordinals, downset_pred, as a record type consisting of a predicate together with a
proof that this predicate is downwards-closed (ignore the decidability part for now,
we will get back to it):

Polymorphic Record downset_pred (SI : indexT) := MkDownSetPred {
dsp_pred :> SI → Prop;
dsp_pred_dec : ∀ α, Decision (dsp_pred α);
dsp_pred_downwards : ∀ α β, α ⪯ β → dsp_pred β → dsp_pred α;

}.
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Here, indexT is the generalized type exposed by the step-indexing interface of Spies
et al. [119]; the type of all ordinals in the universe being an instance of this structure.
Based on the downwards-closed predicates defined above, we would like to define
downwards-closed subsets essentially as a record type that packages together an
ordinal, together with a proof that it belongs to the provided downwards-closed
predicate. However, a naïve encoding as such a record type leads to a problem: given
a downwards-closed predicate over ordinals, two elements of such a type with the
same ordinals but different proofs would not be definitionally equal — of course, they
are propositionally equal as we assume proof irrelevance. This problem is especially
noticeable when we look at two downwards-closed subsets where one is included in
the other. We define the inclusion relation between two downwards-closed predicates
dsp and dsp’ as one would expect: ∀ α, dsp α → dsp’ α . This allows us to define
a simple function that lifts ordinals from the smaller downwards-closed subset to the
larger one. We use this function in our Rocq mechanization to define the restriction
operation in Section 4.4.2 on presheaves over downwards-closed subsets of ordinals.

We solve the issue discussed above by defining the record type downset as follows:

#[projections(primitive = yes)]
Record downset {SI} (dsp : downset_pred SI) := MkDS {
ds_idx :> SI;
ds_in_dsp : squashed (dsp ds_idx);

}.

where the type squashed is exactly as defined in Gilbert et al. [53]:

Inductive squashed (P : Prop) : SProp := squash : P → squashed P.

The idea here is that since squashed is in the universe SProp of definitionally proof-
irrelevant propositions, and the fact that type downset is defined as a record with
primitive projections (and hence it is subject to the η conversion law for records), two
terms of the type downset dsp are definitionally equal as soon as their underlying
ordinal, the projection ds_idx, are definitionally equal. Now, the problem is that when
working with elements of downset dsp, we need to have a proof that the underlying
ordinal is indeed in dsp, i.e., we need something of type dsp ds_idx, whereas we are
only given a proof of squashed (dsp ds_idx). Importantly, the type squashed above
cannot be eliminated to produce a term of a type that is outside the universe SProp—
in technical terms, this is because the first argument of the constructor squash (the
argument with type P) is non-forced, and is also not in SProp [53]. Nevertheless,
inspired by the constant map from identity proofs to identity proofs in the proof of
Hedberg’s theorem [58], we prove the following lemma which allows us to recover a
proof of dsp ds_idx from an element of squashed (dsp ds_idx):4

Lemma unsquash {P : Prop} ‘{!Decision P} (s : squashed P) : P.

The lemma above is the reason why we included a proof of decidability of the subset
predicate in the definition of downset_pred above.

4Gilbert et al. [53] use the name unsquash for the eliminator of their squashed type (which
they call squash, and its constructor sq) that only eliminates into other SProp types.
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4.6 Related Works

Domain Theory We have already discussed works on domain theory that are
most closely related to ours in Section 4.1, including the most closely related work to
ours [24] which our work is closely based on, and which we have compared our work
to throughout the paper.

Fixed Points in Type Theory When working with inductive and co-inductive
types and proofs in type theory, it is required to follow restrictive syntactic checks
(e.g., productivity and guardedness for co-induction). These overly strong syntactic
conditions protect mechanizations against inconsistencies, but reject many valid
definitions. Motivated alleviate this situation, Di Gianantonio and Miculan [51]
introduce complete ordered families of equivalences (COFEs) as a unifying theory
for mixed-variance recursive definitions that support construction of fixed points.
They define COFEs over an arbitrary well-founded order and prove a generalized
fixed point theorem for contractive endofunctions over these COFEs. In a subsequent
work, Di Gianantonio and Miculan [52] generalize this result to sheaf categories over
topologies with a well-founded basis — this is very close to the setting of Birkedal et
al. [24] upon which we have based our work. The main difference between the works
of Di Gianantonio and Miculan [51, 52] and Birkedal et al. [24], and thereby also
our work, is that the former only constructs fixed points of morphisms (similar to our
results in Section 4.2.2) whereas the latter also constructs fixed points of functors.

Mechanizations of Solutions to Domain Equations Benton et al. [15] mech-
anize solution to domain equations over directed-complete partial orders (DCPOs)
in the Rocq Prover based on the mechanization of DCPOs by Paulin-Mohrig [92].
Huffman [61] constructs a universal domain into which all bifinite domains can be
embedded. Dockins [35] mechanizes solutions of domain equations over the category
of profinite domains [56] in Rocq. All these works are based on classical domain the-
ory, and as also pointed out by Sieczkowski et al. [112], unlike our guarded domains,
do not appear to be suitable for modeling higher-order program logics like Iris [73].

The most closely related works to us are Rocq mechanizations of the domain
equation solver of the ModuRes library [112], the domain equation solver of the
Iris program logic [72] which is a nicer reimplementation of the domain equation
solver of the ModuRes library, and the domain equation solver of transfinite Iris [119].
The former two mechanizations work with the category of COFEs (these are COFEs
over ω and not over an arbitrary ordered set like Di Gianantonio and Miculan [51]),
a representation of the category of complete bisected bounded ultra metric spaces
(CBUlt) [22] that is particularly amenable to mechanizations [112]. These works only
support step-indexing up to ω . Transfinite Iris, inspired by Birkedal et al. [24], extend
the definition of OFEs (COFEs without completeness requirement) and COFEs over
ω to those over Ord. However, Transfinite Iris, unlike the ModuRes library and Iris,
only solves domain equations for functors of the form OFEop×OFE→ COFE and
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not COFEop×COFE→ COFE. An example of a functor that is not supported by
transfinite Iris as a result of this limitation is our Example 4.4.10.

Mechanizations of Category Theory We mentioned the existing mechaniza-
tions of category theory in Section 4.5. We refer to Hu and Carette [59] who give an
extensive survey comparing these mechanizations. Regarding our mechanization of
category theory, we only mention that its span is not significant compared to the works
cited, compared, and contrasted by Hu and Carette [59]. We have only mechanized
what was necessary for formalizing our main results: Theorem 4.4.1, Theorem 4.4.8
and Lemma 4.4.11.

4.7 Future Work

Our main future goal is to build a step-indexed (program) logic similar to the Iris
framework [73] based on our development. We hope to use such a step-indexed logic
to study weak bisimulation of guarded interaction trees, i.e., objects similar to the
one shown in Example 4.4.10. This requires transfinite step-indexing because we
need to allow either side of the bisimulation relation to take finitely many silent steps
(τ-steps). However, as we discussed in Section 4.6, the existing work on transfinite
step-indexing does not support equations like that in Example 4.4.10. However, there
is a significant amount of nontrivial technical work that needs to be done before
we can put our mechanization to use for constructing a user-friendly step-indexed
(program) logic framework, e.g., providing an interactive proof mode similar to that of
the Iris framework [79, 80]. In principle, the main limiting factor is the complexity of
working with presheaves compared to COFEs in proof assistants; using our solution
forces one to always use categories and categorical constructions. For instance, maps
between COFEs are non-expansive functions (Rocq functions with a side-condition),
while maps between presheaves are natural transformations (families of functions
with a naturality side-condition relating these families). Thus, while presheaves are
more amenable to mechanization than sheaves, there remains a substantial amount
of work required to build a user-friendly (program) logic framework on top of our
category theoretic development. This makes developing a user-friendly system on top
of our development very challenging, which we leave as an important future work.

4.8 Conclusion

After motivating the need for solving domain equations over the category of presheaves
over ordinals, we presented the theory of solving such domain equations and discussed
its mechanization as well as the challenges we faced mechanizing this theory. As
demonstrated by our Example 4.4.10, this domain equation solver can be used to
solve domain equations stated as mixed-variance functors like those that are needed
for guarded interaction trees [49] or program logics [119].
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APPENDIX A

Solving Guarded Domain Equations in
Presheaves Over Ordinals and

Mechanizing It

A.1 The Need for Step-Indexing Over Higher Ordinals

As we discussed in Section 4.1, the main issue is that when working with step-indexing
over ω the existential property fails to hold. That is, if we know that |= ∃x : A. φ(x)
holds, we do necessarily get that there exists an a ∈ A such that |= φ(a) holds. In this
appendix, we first discuss why the existential property fails when step-indexing over
ω . We then present a proof for a general criterion of when the existential property
does hold, and based on this criterion motivate our choice (and that of Spies et al.
[119]) to use step-indexing over all ordinals in a Grothendieck universe.

A.1.1 Failure of the Existential Property

Recall that in step-indexing over ω the set of truth values is the Heyting algebra of
the downwards-closed subsets of ω . In this setting, the interpretation of φ , JφK, is a
function from A into this Heyting algebra, and we have J∃x : A. φ(x)K =

⋃
x∈A JφK(x).

Thus, |= ∃x : A. φ(x) is equivalent to saying that
⋃

x∈A JφK(x) = ω , i.e., that the
interpretation of ∃x : A. φ(x) is the truth value ⊤, which in our Heyting algebra is
the entire set ω . Now, take A := N and φ(n) := �n⊥. Readers not familiar with
step-indexed logics can ignore the exact definition of φ . (These readers are kindly
referred to Jung et al. [73] for a detailed explanation of the syntax and semantics
of the step-indexed logic Iris). What is important for us is that J�n⊥K = {k|k < n}.
Based on this interpretation one can easily see that

⋃
n∈N J�n⊥K = ω but there is no

n ∈ N such that J�n⊥K = ω .
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A.1.2 A General Criterion for the Existential Property to Hold

Here, we present a general criterion of when the universal property holds. This section
is based on a blog post by the second author [129].

Theorem A.1.1 ( ). If the step-indexing is a regular ordinal and the cardinality of
the set quantified over is strictly smaller than that of the step-indexing ordinal, then
the existential property holds.

Remark A.1.2. The Rocq mechanization of Theorem A.1.1 does not use ordinals
or a step-indexed logic. It follows very closely the ideas in the blog post [129]. It
first defines an analogue of regularity for an arbitrary Rocq type A with a relation
R⊆A×A on it. Then, it shows that ∀a : A. ∃b : B.P(a,b) implies ∃b : B. ∀a : A.P(a,b)
whenever the type A is regular, the cardinality of B is strictly smaller than that of
A, and furthermore P is downwards-closed with respect to R, i.e., if ∀a,a′ ∈ A,b ∈
B. R(a,a′)∧P(a′,b) =⇒ P(a,b).

Below, we first give the definition of regular ordinals (which can be found in most
standard textbooks on set theory [64]) and then give the proof of Theorem A.1.1.

Definition A.1.3. We say an ordinal γ is regular, if the supremum of any sequence
of ordinals strictly smaller than γ , indexed by an ordinal strictly smaller than γ , is
also strictly smaller than γ . In other words, for any sequence of ordinals {βα}α⪯δ

indexed by an ordinal δ , if we have both that δ ≺ γ , and that ∀α ⪯ δ . βα ≺ γ , then⋃
α⪯δ βα ≺ γ .

Proof of Theorem A.1.1. Let us assume that we are working with a logic step-indexed
over a regular ordinal γ — thus, the set of truth values is the Heyting algebra of
downwards-closed subsets of γ . Furthermore, let us assume we are given a set A
whose cardinality is strictly smaller than that of γ . (More specifically, let us assume
that A= {aα |α ⪯ δ} for some δ ≺ γ .) Finally, assume we are given a predicate φ over
A such that J∃x : A. φ(x)K =

⋃
x∈A JφK(x) = γ . We show, using proof by contradiction,

that there exists an element a ∈ A such that JφK(a) = γ .
Assume, to the contrary that there is no element a ∈ A such that JφK(a) = γ . In

other words, for any a ∈ A there is an ordinal β ≺ γ such that β ̸∈ JφK(a). Now,
since A = {aα |α ⪯ δ}, this forms a sequence of ordinals {βα}α⪯δ

such that ∀α ⪯
δ . βα ≺ γ and that ∀α ⪯ δ . βα ̸∈ JφK(aα). Thus, by regularity of γ , we have that⋃

α⪯δ βα ≺ γ , and by the fact that for any a the set JφK(a) is downwards-closed, we
have that ∀α ⪯ δ .

⋃
α⪯δ βα ̸∈ JφK(aα). Hence, it must be the case that

⋃
α⪯δ βα ̸∈⋃

α⪯δ JφK(aα) =
⋃

x∈A JφK(x) = J∃x : A. φ(x)K, which is a contradiction. □

We remark that the set of all ordinals in the universe acts basically as a regular
ordinal — indeed, this must be understood as step-indexing over the supremum of
that set which is regular. In other words, we have by definition that for any function
A→ Ord where A is a set/type in the universe, the supremum of the image of the
function is again an ordinal in Ord. Thus, when step-indexing over all ordinals
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in the universe, by Theorem A.1.1, we get that the existential property holds for
quantification over any set in the universe.

A.2 Later is Locally Contractive, Earlier is not Even
Enriched

Theorem A.2.1 (Later is Enriched and Locally Contractive ). The functor ▶ :
PSh(Ord)→ PSh(Ord) is an enriched and locally contractive functor.

Remark A.2.2 (Earlier is not Enriched). The category PSh(Ord) is enriched over
itself. Hence, we can ask whether the functor ◀ : PSh(Ord)→ PSh(Ord) is an
enriched functor? The answer is negative. Here we give an intuitive explanation as to
why this is not the case. We will formally prove this negative answer in Lemma A.2.3.

To understand why earlier is not enriched note that we need to produce a natural
transformation for the internal action of the earlier functor. That is, a natural
transformation GF → ◀G◀F . By adjunction of exponentiation it is the same as
requiring a natural transformation GF ×◀F → ◀G. Let us look at an arbitrary
component of this natural transformation at stage α . That is, a function (morphism in
Set) (Yα ×F → G)×F(α+)→ G(α+). Such a map, given a natural transformation
η : Yα ×F → G and an element x ∈ F(α+) must produce a an element of G(α+).
The only possibility here is to use ηα+ : Yα(α

+)×F(α+)→ G(α+). However, set
Yα(α

+) = {∗|α+ ⪯ α} is empty.

As a simple corollary of uniqueness of solutions for locally contractive functors
we prove that the functor earlier cannot be an enriched functor.

Lemma A.2.3. The functor ◀ : PSh(Ord)→ PSh(Ord) is not an enriched functor
for the self-enrichment of the category PSh(Ord).

Proof. Assume that◀ is an enriched functor. In that case, by Lemma 4.3.4 the functor
◀◦▶ would be a locally contractive functor as ▶ is by Lemma A.2.1. However,
the functor ◀◦▶ is naturally isomorphic to idPSh(Ord). Recall that the co-unit of the
adjunction ◀ ⊣ ▶ is a natural isomorphism. Hence, any presheaf is a solution for
the locally contractive functor ◀◦▶, i.e., for any presheaf F we have ◀(▶F)≃ F .
Consequently, by Lemma 4.4.1 all presheaves over ordinals must be isomorphic which
is a contradiction. □

An alternative proof could be given through violating Lemma 4.3.8. Consider
the unique morphism f : ▶0→ 1 (0 and 1 being the initial and terminal presheaf
respectively). This morphism is a 0-isomorphism while◀ f : 0→ 1 (note that◀▶0 =
0 and ◀1 = 1) is not a 0-isomorphism.

119



Solving Guarded Domain Equations in Presheaves Over Ordinals and Mechanizing It

A.3 Omitted Properties of Ordinal-Partial Isomorphisms

Remark A.3.1 ( ). Ordinal-partial isomorphisms satisfy many properties that ordi-
nary isomorphisms do. In particular, we remark the properties listed below which are
all easy to show:

PIso-1 Identity morphisms idA are α-isomorphisms for any α .

PIso-2 For any α-isomorphism f : A→ B and any g,h ∈ EhomC
B,C (α):

EcompC
A,B,C (α)(⌈ f ⌉(α)(∗),g) = EcompC

A,B,C (α)(⌈ f ⌉(α)(∗),h) =⇒ g = h

PIso-3 For any α-isomorphism f : A→ B and any g,h ∈ EhomC
C,A (α):

EcompC
C,A,B (α)(g,⌈ f ⌉(α)(∗)) = EcompC

C,A,B (α)(h,⌈ f ⌉(α)(∗)) =⇒ g = h

PIso-4 For any α-isomorphism f : A→ B where x ∈ EhomC
B,A (α) is f ’s partial inverse

and any g,h ∈ EhomC
A,C (α):

EcompC
B,A,C (α)(x,g) = EcompC

B,A,C (α)(x,h) =⇒ g = h

PIso-5 For any α-isomorphism f : A→ B where x ∈ EhomC
B,A (α) is f ’s partial inverse

and any g,h ∈ EhomC
C,B (α)

EcompC
C,B,A (α)(g,x) = EcompC

C,B,A (α)(h,x) =⇒ g = h

PIso-6 If f : A→ B and g : B→C are both α-isomorphisms then so is g◦ f .

PIso-7 For any f : A→ B and g : B→C, if g ◦ f is an α-isomorphism, then f is an
α-isomorphism if and only if g is an α-isomorphism.

A.4 Some Categorical Definitions and Constructions

Here we present a few basic and well-known category theoretic facts and constructions
that are nevertheless worth presenting here so that we can refer to them in the main
text.

A.4.1 Some Properties of Presheaves Over Ordinals

Lemma A.4.1 ( ). Let F be a presheaf over ordinals and γ ⪯ α be two ordinal
numbers. The set F(α) is the limit of the diagram F |{β |γ⪯β⪯α} being the functor F
where the domain is restricted to the set of ordinals {β |γ ⪯ β ⪯ α}.

120



Solving Guarded Domain Equations in Presheaves Over Ordinals and Mechanizing It

A.4.2 Extending Partial Ordinal-Shaped Diagrams

Here, by a partial ordinal-shaped diagram we mean diagram F : {β |β ≺ α}op→ C
whose index category is ordinals strictly below a certain ordinal α . We show that
given a cone (V,

{
Sγ

}
γ∈{β |β≺α}) on F , we can extend the diagram into a diagram

whose index is {β |β ⪯ α}op. We write FExt(V ) for this extended diagram.

FExt(V )(γ) =

{
V if γ = α

F(γ) otherwise

FExt(V )
δ⪯γ

=


idV if γ = α and δ = α

Sδ if γ = α and δ ≺ α

Fδ⪯γ otherwise

The fact that (V,
{

Sγ

}
γ∈{β |β≺α}) is a cone on F ensures that FExt(V ) is a functor and

hence a {β |β ⪯ α}op-shaped diagram.

A.4.3 (Co-)Limits in Functor Categories are Pointwise

Consider the category of functors from C to D and natural transformation between
them. It is well known that the category DC is complete whenever D is. Furthermore,
in that case limits are pointwise. We state this fact formally here. Consider a diagram
F : J →DC . Given an object A of C, we define the pointwise diagram FA : J →D
as the functor defined as follows:

FA(J) := F(J)(A)

FA(h) := F(h)(idA) for any morphism h : J→ J′

Theorem A.4.2 (Limits in Functor Categories ). Given a diagram F : J →DC , a
functor L : C → D is the limit of the diagram F if and only if for any object A of C,
L(A) is the limit of the diagram FA.

Similarly, co-limits in functor categories are pointwise — the functor category is
co-complete whenever the co-domain category is.

A.4.4 On Algebras of Endo-Functors and their Categories

Recall that given an endo-functor T : C → C, a T -algebra is a pair (A,φA) of an object
A of C together with a morphism φA : T (A)→ A. Furthermore, an algebra morphism
from (A,φA) to (B,φB) is a morphism h : A→ B such that the following diagram
commutes:

T (A) A

T (B) B

φA

T (h) h

φB

(alg-hom)
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For any endo-functor T , T -algebras together with T -algebra morphisms form a cate-
gory Alg(T ). We write UAlg(T ) :Alg(T )→C for the forgetful functor of Alg(T ).

Theorem A.4.3 ( ). Let T be an endo-functor on C. The categoryAlg(T ) is complete
whenever C is.

Proof. Let F : J →Alg(T ) be a diagram of T -algebras. We endow the limit of the
C diagram UAlg(T ) ◦F with an algebra structure. Let L be the limit of this diagram
with projections ΠL

J : L→ F(J). The morphisms φF(J) ◦T (ΠL
J ) : T (L)→ F(J) form a

cone on the diagram UAlg(T ) ◦F . We define φL : T (L)→ L as the unique morphism
into the limit L from this cone. That is,

φL := lim
J∈J

(
φF(J) ◦T (ΠL

J )
)

It remains to show that the projections of the limit ΠL
J : L→ F(J) are algebra homo-

morphisms, and that given any cone over F in the category Alg(T ) there is a unique
T -algebra homomorphism from that cone to (L,φL). We leave the latter as a simple
exercise. As for the former, we need to show that the following diagram commutes

T (L) A

T (F(J)) F(J)

φL

T (ΠL
J ) ΠL

J

φF(J)

which simply holds by the definition of φL above. □

Remark A.4.4 ( ). For any T -algebra (A,φA), (T (A),T (φA)) is also a T -algebra.
Furthermore, if h is a T -algebra morphism, so is T (h). Thus, T forms an endo-functor
on the category of T -algebras. Consequently, the image of any commutative diagram
in Alg(T ) under T is also a commutative diagram. Hence, for a diagram F : J →
Alg(T ) of T -algebras and a cone

(
(A,φA),

{
S j : A→ F(J)

}
j∈J

)
on diagram F, the

cone below is also a cone on diagram F:(
(T (A),T (φA)),

{
φF(J) ◦T (SJ) : T (A)→ F(J)

}
j∈J

)
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