
Modular verification of liveness
properties in higher-order concurrent

languages
Egor Namakonov

PhD Dissertation

Department of Computer Science
Aarhus University

Denmark





Modular verification of liveness
properties in higher-order concurrent

languages

A Dissertation
Presented to the Faculty of Natural Sciences

of Aarhus University
in Partial Fulfilment of the Requirements

for the PhD Degree

by
Egor Namakonov
November 7, 2026





Abstract

Concurrent software is central to modern computing, powering systems such as operat-
ing systems, databases, and distributed applications. Ensuring its correctness is crucial,
yet inherently difficult due to unpredictable interactions between concurrently execut-
ing threads. Among correctness guarantees, liveness properties—such as termination
or non-blocking progress—are particularly challenging. Unlike safety properties,
which deal with finite execution prefixes and can be tested for, liveness properties
concern potentially infinite behaviors and therefore require a different approach.

Formal verification provides a way to establish such guarantees by modeling
programs mathematically and reasoning about all their possible executions. How-
ever, verifying liveness properties of concurrent programs faces a major challenge of
modularity. Ideally, one verifies complex programs by separately verifying their indi-
vidual components and composing the results. While this is well-developed for safety,
achieving similar modularity for liveness is difficult due to complex dependencies
between components and their environment, including the scheduler. Capturing these
dependencies in reusable specifications has been a non-trivial task. Moreover, the
reasoning methods used in verifying safety of higher-order programs are not directly
applicable to verifying liveness.

This thesis proposes a solution for modular verification of liveness properties in
higher-order concurrent languages. The approach combines two key ideas. First, it
builds on a refinement-based Trillium framework which enables reasoning about live-
ness in a higher-order setting. Second, it incorporates the abstractions of obligations
(inspired by Sassy) to specify and verify liveness behavior compositionally. Together,
these techniques yield the Lawyer program logic that supports modular reasoning
about liveness, in a way analogous to established approaches for safety. The entire
development is mechanized in the Rocq proof assistant on top of the Iris framework,
ensuring a high degree of trust in the results.

I use the Lawyer logic for verifying two kinds of properties. First, I establish
termination of closed programs under different scheduling assumptions. Second, I
show that certain specifications imply wait-freedom of individual operations, even in
unknown higher-order contexts.

Thus, the thesis established by this work is: Refinement-based program logic,
combined with obligations-based reasoning, allows one to modularly verify live-
ness properties of blocking and non-blocking higher-order concurrent programs.

i





Resumé

Samtidig software er central for moderne databehandling og driver systemer som
operativsystemer, databaser og distribuerede applikationer. Det er afgørende at sikre
dens korrekthed, men i sagens natur vanskeligt på grund af uforudsigelige interak-
tioner mellem samtidigt eksekverende tråde. Blandt korrekthedsgarantier er livlighed-
egenskaber - såsom afslutning eller ikke-blokerende fremskridt - særligt udfordrende.
I modsætning til sikkerhedsegenskaber, der beskæftiger sig med endelige eksekver-
ingspræfikser og kan testes for, vedrører livlighed-egenskaber potentielt uendelig
adfærd og kræver derfor en anden tilgang.

Formel verifikation giver en måde at etablere sådanne garantier ved at modellere
programmer matematisk og ræsonnere over alle mulige eksekveringer af dem. Veri-
fikation af livlighedegenskaber for samtidige programmer står dog over for en stor
udfordring med modularitet. Ideelt set verificerer man komplekse programmer ved
separat at verificere deres individuelle komponenter og sammensætte resultaterne.
Selvom dette er veludviklet for sikkerhed, er det vanskeligt at opnå lignende modu-
laritet for livlighed på grund af komplekse afhængigheder mellem komponenter og
deres miljø, inklusive planlægger. At indfange disse afhængigheder i genanvendelige
specifikationer har været en ikke-triviel opgave. Desuden er de ræsonnementsmetoder,
der anvendes til at verificere sikkerheden af højere ordens programmer, ikke direkte
anvendelige til at verificere livlighed.

Denne afhandling foreslår en løsning til modulær verifikation af livlighed-egenskaber
i højere ordens parallelle sprog. Tilgangen kombinerer to nøgleideer. For det første
bygger den på et forfiningsbaseret Trillium-rammeværket, der muliggør ræsonnement
om livlighed i en højere ordens kontekst. For det andet inkorporerer den abstraktioner
af forpligtelser (inspireret af Sassy) for at specificere og verificere livlighed-adfærd
kompositionelt. Sammen giver disse teknikker Lawyer-programlogikken, der under-
støtter modulær ræsonnement om livlighed på en måde, der er analog med etablerede
tilgange til sikkerhed. Hele udviklingen er mekaniseret i Rocq-bevisassistenten oven
på Iris-rammeværket, hvilket sikrer en høj grad af tillid til resultaterne.

Jeg bruger Lawyer-logikken til at verificere to slags egenskaber. For det første
etablerer jeg afslutning af lukkede programmer under forskellige planlægningsan-
tagelser. For det andet viser jeg, at visse specifikationer indebærer ventefrihed for
individuelle operationer, selv i ukendte højere ordens kontekster. Tesen, der etableres
i dette arbejde, er således: Forfiningsbaseret programlogik, kombineret med
forpligtelsesbaseret ræsonnement, gør det muligt modulært at verificere livlighed-
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egenskaber for blokerende og ikke-blokerende samtidige programmer af højere
orden.
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Chapter 1

Open problems of liveness
verification

In this chapter, I explain the research problem addressed by this thesis: formal
verification of liveness properties. I start in Section 1.1 by explaining what liveness
properties are, why formal methods are necessary to establish them, and what the
challenges are in doing so. Then, in Section 1.2 I explain how the existing work
addresses these challenges and what remains to be solved. Finally, in Section 1.3 I
state which open challenges this work addresses.

1.1 Ensuring liveness of concurrent programs with formal
methods

Concurrent programs—i.e. those consisting of several computations potentially exe-
cuting in parallel and accessing shared resources—are prevalent in modern software.
In some areas, such as operating systems, databases and distributed computing, con-
currency is a part of system behavior, whereas in others, such as high-performance
computing, it enables higher performance via parallelization.

However, it is very challenging to ensure that such programs are correct. There
are various ways a concurrent execution can fail: having multiple program threads
simultaneously access memory and corrupt it as a result [78], producing unexpected
behaviors of a library [3], or failing to terminate when it is expected [74]. Some of
these errors, such as one described in [78], may lead to failure in a life-critical system.
It is thus crucial to make sure that concurrent programs behave correctly.

Strictly speaking, to show a program correct, one has to ensure the absence of
errors in all possible executions of that program. Achieving this with testing (running
the concrete program with specific inputs and comparing its output with the expected
one) alone is rarely viable for realistic programs: the number of program executions
to check can be huge or even infinite. This is especially relevant for concurrent
programs, where thread interaction exponentially increases the number of possible
executions. Therefore, an approach complementary to testing is formal verification.
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4 CHAPTER 1. OPEN PROBLEMS OF LIVENESS VERIFICATION

In this approach, a program is represented as a mathematical object, which is then
formally shown to exhibit the needed property, such as complete absence of errors.
If the mathematical abstraction represents the concrete program precisely enough, it
allows one to conclude the correctness of that program.

Formal methods are particularly useful for establishing liveness properties. These
are the properties stating that “good things eventually happen during the execution”, or
more formally, the properties that can only be violated by full, possibly infinite execu-
tion traces. This is in contrast to safety properties stating that “bad things never happen
during the execution” that can be violated by finite prefixes of full execution traces.
Examples of liveness properties include termination of every program thread, fairness
(i.e. that every non-terminated thread always takes a step eventually), non-blocking
progress properties (guaranteeing that a given thread cannot be indefinitely blocked
by others) such as wait-freedom, livelock-freedom (i.e. the absence of infinite busy-
waiting) etc., whereas safety properties include memory safety (that is, the memory is
accessed according to the language-level abstractions), functional correctness (i.e. the
program computes the expected result), deadlock-freedom1and non-interference (that
is, confidential information is not indirectly revealed during the computation), among
others. Importantly, the testing-based approaches are suitable for checking safety, as
they assume the program under consideration terminates, but not for liveness, where
termination (or more generally, eventually reaching a specific program state) itself is
a property to be checked. Therefore, ensuring termination requires formally modeling
the program and analyzing its potentially infinite executions.

Formally establishing liveness of concurrent programs has a number of challenges,
the main one of which is modularity. By modularity of a verification approach I
mean that verifying a composite program amounts to, up to a moderate extra effort,
independently verifying program modules it consists of. Modularity enables the reuse
of correct program modules and simplifies verification of large, realistic programs.
However, the non-deterministic thread interaction makes it difficult to even state, let
alone prove, properties of concurrent program modules. When it comes to liveness,
this is further complicated by the intricate dependencies of modules on the execution
environment and on each other, as we will see below.

The example in Figure 1.1 illustrates that liveness properties of an individual pro-
gram module can be quite non-trivial. There, one would like to establish termination
of client in Figure 1.1a—a program where one thread writes to a shared variable
flag and another waits for this write to happen. To prevent unexpected behaviors
arising from simultaneous access to flag2, we make this access exclusive by pro-
tecting it with a lock. The concrete lock implementation is a parameter to client;
as example implementations, we consider ticketlock and spinlock in Figures 1.1b
and 1.1c. Note that termination of such a program requires a fair scheduler, i.e. the

1If the language includes blocking primitives.
2Such a situation is known as a data race. The exact definition and effect of a data race varies

between the languages. In particular, in C it leads to undefined behavior of the entire program [7],
whereas in Java it allows non-sequentially-consistent behaviors [1].
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(* Client program is parameterized
with newLock which must return
an (acquire, release) pair *)

let left flag (acquire, release) =
acquire (); flag := true; release ()

let rec right flag (acquire, release) =
acquire ();
let c = !flag in
release ();
if c then () else
right flag (acquire, release)

let client () =
let flag = ref false in
let lk = newLock () in
left flag lk || right flag lk

(a) Client using the lock

let newLock () =
let (ow, tk) = (ref 0, ref 0) in
let acquire () =
let t = FAA(tk, 1) in
let rec wait () =
let o = !ow in
if (t == o)
then ()
else wait ()

in wait ()
in let release () =
ow := !ow + 1

in (acquire, release)

(b) Ticket lock implementation

let newLock () =
let l = ref false in
let rec acquire () =
if CAS(l, false, true)
then ()
else acquire ()

in let release () =
l := false

in (acquire, release)

(c) Spinlock implementation

Figure 1.1: A program built using locks, written in an ML-like language. FAA and
CAS are correspondingly “fetch-and-add” and “compare-and-swap” atomic primitives

guarantee that every thread that has not terminated yet is always eventually scheduled
for execution. This is needed to ensure that e.g. the left thread eventually sets the flag.

To simplify the proof of client termination, we would like to reduce it to
establishing termination of each function call in it. Since the lock implementation is a
parameter to client, it cannot prove the termination of lock-related functions on
its own—rather, the lock implementation must provide the termination guarantees of
these functions. Among them, acquire has the most intricate guarantees. Let us
first consider the ticketlock implementation in Figure 1.1b. First, it requires that every
single previous call to acquire has been followed by exactly one call to release.
Second, similar to above, it requires the scheduler to be fair, in particular, that any
thread holding the lock is always eventually scheduled. With these two assumptions, a
call to the ticketlock implementation of acquire eventually terminates. When used
in client, these assumptions are indeed satisfied, which allows one to show the
termination of client. Note, however, that termination of other implementations of
acquire may require more assumptions. For example, the spinlock implementation
in Figure 1.1c additionally requires that acquire is only being called a finite, fixed
number of times; otherwise, a given call to acquire might never succeed. This
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additional requirement cannot be satisfied by client, as the number of calls to
acquire depends on the scheduler. Thus, the general specification for acquire
that client relies on can include the first two termination conditions, but not the
additional one required by spinlock. Then, the specification must include the mutual
exclusion guarantee to ensure that accessing flag does not introduce unwanted
behaviors. Stating all of these guarantees in the same specification, let alone using
them in the client termination proof, is highly non-trivial.

Besides modularity, there are other challenges in verifying liveness of concurrent
programs.

• “Termination” almost always means safe termination, i.e. that all threads suc-
cessfully complete their execution without e.g. getting stuck in the process.
Thus, the verification framework should support reasoning about safety proper-
ties as well.

• Second, the formal semantics of a language considered by the verification
framework must be detailed enough to capture realistic programs. For example,
while many works on verifying concurrency consider the parallel composition
as a language primitive, real-world languages operate at the level of the fork-join
model, which brings its own challenges for liveness verification. In fact, the
parallel composition operator || used in Figure 1.1 is also a derived construct
in our language that must be given a specification and verified as well.

• Third, note that the program in Figure 1.1 is higher-order: the newLock
returns a closure over the internal lock state. Verifying it requires reasoning
about first-class functions.

• Some liveness guarantees, such as non-blocking progress properties, describe
the execution of a given program module in an arbitrary environment. Thus,
a framework supporting these properties must provide a way to reason about
unverified, possibly unknown code.

• A framework supporting all the above is bound to be a complex system on its
own. Using it for ensuring program correctness requires trusting the framework
itself. Instead of simply assuming that the framework is sound, it is better
to make it foundational in some meta-level logic. That is, both the language
semantics and the target property are expressed in that logic, and the verification
framework merely provides a convenient tool for establishing the property in
that logic, which removes the need for trusting the framework itself. Proof
assistants, such as Rocq [2] and Lean [4], provide such meta-level logics,
along with the mechanization tools that allow one to automatically check the
correctness of resulting proofs.

• Finally, to ease the verification process, it is desirable to automate it to a certain
degree.
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1.2 Existing approaches to verifying liveness

Below, I explain how the challenges stated in Section 1.1 are addressed by the existing
work in the area. I first consider approaches to verifying termination, as it is the most
developed line of work, and the issues related to it apply to other liveness properties.
Then, I consider approaches to verifying progress of individual program modules.

Proving termination

In the context of verification of concurrent programs, “termination” usually means safe
termination (as described in Section 1.1) of each program thread, possibly assuming
fair scheduling (i.e. that every thread always eventually takes a step until it terminates).
Note that bounded termination (i.e. termination in a fixed number of steps known in
advance) is a safety property: proving it only requires considering finite executions
up to a certain length. In the review below, I concentrate on proving unbounded
termination, where the number of steps a program takes is not known in advance.

Many approaches to proving termination rely on establishing, in one way or
another, a well-founded measure on program execution state which is then shown
to decrease during the execution. This idea, originally proposed by Floyd [31], has
been later developed under the name of ranking functions [84]. This line of work
focuses on automatic inference of ranking functions for closed, sequential, first-order
programs represented as transition systems [16, 102, 121]. Some works extend it to
concurrent programs [72, 83, 86]. Some of the solutions [18] achieve a degree of
modularity by establishing ranking functions for each module being used. However,
this approach does not consider blocking concurrency and modular specification of
e.g. lock libraries. Most of the works in this area have limited support for safety
verification and are not mechanized in proof assistants (see Ströder et al. [114] and
Meng et al. [87] for examples of exceptions).

The approaches above either try to automatically infer the termination measure, or
require the user to provide it. An alternative to that is to design a type system where
typing derivations embed the construction of that measure, and thus well-typed terms
are guaranteed to terminate. The benefit of this approach is modularity: typing a term
reduces to verifying its subterms. Moreover, some of the works listed below, such as
those by Shoshi et al. [111] and Voirol et al. [125], automate the termination proofs
with (limited) type inference. There are two main branches of such type systems.
First, some of them establish termination of sequential programs written in pure
functional languages [123, 125, 126]. These systems do not address the question of
verifying fine-grained blocking concurrency. Second, there is a considerable number
of type systems for variations of pi-calculus that account for liveness properties,
including termination [21, 67, 111, 126]. These systems inherently target concurrent,
possibly blocking programs. However, they also have a number of limitations. First,
pi-calculus terms have a high degree of abstraction and are hard to use for modeling
fine-grained imperative programs. Second, there are no type systems expressive
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enough for capturing the complex termination conditions such as those of the lock
library in Figure 1.1.

Another line of work developed as a part of the CertiKOS project [39, 40] models
program modules as concurrent game strategies [107]. In this approach, program
execution is represented by a trace of abstract events. An event represents executing
either a language primitive or an entire function call, which simplifies reasoning about
concurrent interleavings. The semantics of a single program module is then defined
as a strategy, i.e. a function that extends the current execution trace with the next
event. This approach is very general and supports verification of a variety of program
properties, including liveness: a case study on MCS lock verification [65] shows
that this approach is capable of establishing modular termination specifications of
programs written in a C-like language. Moreover, this line of work is mechanized
in Rocq. However, these specifications are noticeably more complex than those
established by the approaches below. Moreover, proving liveness specifications such
as one in [65] requires direct reasoning about the scheduler. Finally, this line of work
has not been yet applied to verifying higher-order programs and thus is not capable
of verifying closures in Figure 1.1. In a similar line of work, Ioannidis et al. [51]
denote their language in a variation of Interaction Trees [127] that supports liveness
reasoning. This work so far has not been applied to verifying blocking concurrency.

Then, termination of a program can be shown by refinement. In general, refinement
means that all observable program behaviors are also observable for another program
that serves as a specification. In the context of proving termination, one establishes
termination-sensitive refinement, i.e. prohibiting non-terminating executions if they
are prohibited by the specification program. Most of the solutions [33, 117] that
establish termination-sensitive refinement are developed for verifying compilation
correctness. Therefore, these solutions do not consider giving precise specifications
for e.g. lock libraries. A notable exception is the work by Lee et al. [75] that
refines a ticketlock implementation from Figure 1.1b to an abstract “lock specification”
program. However, such a specification program is almost as complicated as the
actual program that refines it and contains special primitives that expose the effects
of the scheduler at the language level. In fact, the follow-up work by Lee et al. [76]
simplifies working with such refinement by employing a more advanced program
logic—an approach discussed in more detail below. All of the aforementioned works
establishing refinement are mechanized in Rocq.

Finally, there are program logics for proving termination. Among them, there are
logics for verifying sequential and concurrent programs with no thread interaction
[8, 85, 112] and for verifying bounded termination [88]. However, these works do
not cover the most challenging aspects of termination verification—thread interaction
and scheduler fairness. Thus, another line of work [15, 52] considers languages with
blocking primitives and ensures termination by enforcing a well-founded order on
using these primitives. While these logics support verifying programs like client in
Figure 1.1 by treating acquire and release as primitives, they are not sufficient
for verifying the actual implementations of these lock functions. Therefore, the most
advanced branch of program logics for termination addresses fine-grained blocking
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concurrency. Among them, Fairis logic [118] supports a wide variety of liveness
properties, including fair termination, but compromises on modularity. So far, all
program logics [26, 28, 76, 104] capable of modular termination verification of fine-
grained blocking concurrency are obligations-based—I cover this approach in more
detail in Section 2.3. A considerable number of recent program logics for termination
are mechanized in proof assistants. However, the modularity of these logics is limited
compared to similar logics for safety verification in higher-order languages. In
particular, none of the aforementioned works establishes a general lock specification
similar to the one by Birkedal and Bizjak [12]. This lock specification quantifies
over an arbitrary property protected by the lock (i.e. a property that is guaranteed to
hold upon lock acquisition and is required to be reestablished before lock release),
allowing the lock client to instantiate it as needed. The semantic mechanism that
ensures soundness of such quantification is known [112] to be incompatible with
liveness reasoning in general.

For completeness, I also briefly mention work on termination outside of the
concurrent, possibly blocking setting. There has been work [20, 106] on using
abstract interpretation for establishing termination of sequential programs. Also, the
problem of proving termination has been explored in a probabilistic setting, leading to
notions such as almost-sure termination [37].

Proving progress of independent modules

Termination is a property of a closed program, not the individual modules it consists
of. Despite most of the aforementioned approaches achieve modularity in a sense
that every module is given a specification and verified independently, the end result
of verification—proof of termination—is established only for composition of these
modules. However, there are situations where the progress of an individual module is
important on its own, regardless of the environment it executes in. For example, OS
kernel threads must never become unresponsive, even if user-mode applications might
do so. Therefore, it is important to verify progress of individual modules.

Liang and Feng [80] propose to characterize a module’s progress based on how it
is affected by the environment. When a module stalls because of its environment’s
actions, it is called delay, and when it happens because of the environment’s inactivity,
it is called blocking. That classification introduces four progress properties: deadlock-
freedom and starvation-freedom both allow blocking, whereas lock-freedom and wait-
freedom both prohibit it; only the first property in each pair allows delays. Lili, the
framework introduced in the same work by Liang and Feng [80], is the only one so far
that supports the verification of all four properties. It does so by refining the program
module to an abstract concurrent object. However, this solution makes a simplification
to the programming language that cannot be implemented in higher-order languages
that we consider.

Verification of deadlock-freedom is a well-developed problem. It is often treated
as a safety property: if the language under consideration has blocking primitives, one
can track the threads that execute them and verify that the threads are never blocked all
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together. There are a number of program logics and type systems (both for pi-calculus
and realistic languages) that ensure deadlock-freedom in that way [42, 55, 56, 67, 97].
However, this approach does not help with verifying the absence of a livelock—a
situation where threads technically continue execution, but in fact only by waiting for
a certain event to happen. Approaches such as Lili and the one by Kobayashi [66]
treat deadlock as a liveness property and thus allow one to rule out livelocks. Then,
verification of starvation-freedom is a less developed problem; besides Lili, there is a
bespoke rely-guarantee program logic [109] designed for that.

Among the properties of non-blocking concurrent programs, lock-freedom is stud-
ied the most. One approach to verifying it is by reducing lock-freedom to termination
[50, 59, 101]. Besides that, lock-freedom has been verified with the use of temporal
logic [120]. Wait-freedom is verified with a number of program logics [36, 99];
besides that, there exist universal constructions [19, 29] that convert a sequential
implementation of a data structure into a wait-free one. Moreover, Herlihy et al. [44]
suggested another non-blocking property—obstruction-freedom—that requires an
operation to progress only in the absence of other concurrent operations. So far, only
Li and Feng [79] have proposed a program logic for verifying obstruction-freedom.

In verifying the progress of a given module, all the aforementioned work makes a
critical assumption that the environment of the module is safe, i.e. it does not modify
the module’s internal state in an unintended way. For example, Liang and Feng [80]
restrict the language under consideration, whereas other works [36, 101] assume that
all the interaction of the module with its environment satisfies a certain property.
The former solution cannot be implemented for a realistic higher-order language;
the latter means that the progress guarantee can only be established for a concrete,
verified environment. Besides that, most of the existing work on progress verification
considers first-order languages and is not mechanized (with some exceptions such as
work on deadlock-freedom by Jacobs and Balzer [55]). Most of the aforementioned
approaches provide some degree of modularity in proving the progress property in
question: for example, wait-freedom of specifications by Pinto et al. [101] is preserved
by sequential composition. However, since these works consider first-order languages,
they do not provide means of proving that e.g. a mapping function on lists, specialized
to a wait-free function argument, is also wait-free.

1.3 Scope of this thesis

In this thesis, I develop a solution for modular verification of liveness properties in
higher-order languages. Specifically, I design a program logic inspired by the variation
of the obligations-based approach implemented by Sassy [28]. To work around the
modularity limitation mentioned in Section 1.2, I build on top of Trillium [118] that
suggests a way to establish liveness properties when reasoning in a higher-order logic.

I use this logic for proving two kinds of liveness properties. First, I use it for
establishing termination (bounded and unbounded, as well as under fair and unfair
schedulers) of closed programs. Second, I show that a particular specification format
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in this logic implies wait-freedom of a given operation, even if it executes in an
unknown, higher-order context.

By building on top of Trillium (and the underlying Iris [62] framework) and by
employing obligations-based reasoning, this work addresses almost all challenges
listed in Section 1.1. The modularity of individual modules’ liveness specifications is
similar to that of state-of-the-art safety specifications. In particular, I verify termination
of client in Figure 1.1 by relying on a general, liveness-aware lock specification
similar to the one by Birkedal and Bizjak [12]; I prove this specification separately for
the ticketlock implementation. For wait-freedom, modularity is achieved in verifying
higher-order functions, such as a list mapping function applied to a wait-free function
argument. Then, this program logic establishes safe progress (when applicable)
and operates with a higher-order language with fork-based concurrency. It allows
establishing wait-freedom of an operation in an unknown, higher-order context. All
the results in the thesis are mechanized in the Rocq proof assistant [43] using the Iris
Proof Mode [71]. The only challenge this work does not address is automation: this
aspect of verification is less developed within program logics and only recently started
to get more attention [90, 108]. Thus, the automation in this work consists of Rocq
tactics only, which is on par with most of the existing works on Iris.





Chapter 2

Background

In this chapter, I explain the foundations that this work builds upon. The key com-
ponent is the Iris separation logic framework discussed in Section 2.1. Then, in
Section 2.2 I explain why the basic approach of Iris falls short when dealing with
liveness, and introduce Trillium—the recent extension to Iris that allows, in theory,
establishing liveness. To make it practical, one needs to instantiate it with a con-
crete formal system for liveness reasoning. For that, I choose the obligations-based
approach described in Section 2.3.

In this thesis, I consider programs written in a higher-order ML-like language with
general references and concurrency. Its semantics is provided further in the thesis; for
now, it is sufficient to know that the expression reduction relation⇝ of this language
is defined on pairs of an expression and a heap (partial function from locations to
language values). For example, the reduction

(ℓ := v, h[ℓ 7→ _])⇝ ((), h[ℓ 7→ v])

states that, for any heap h with location ℓ present, and value v, the expression ℓ := v
reduces to the unit value () in a single execution step, while updating the value under ℓ
to v. Then, these expression reductions are lifted to language configurations consisting
of a thread pool (a list of expressions; the next reduction of each is determined by the
evaluation context) and a heap, producing the small-step semantics →.

2.1 Iris

In this section, I introduce Iris as a concurrent separation logic for safety reasoning.
Technically, Iris only provides a minimal base logic that does not include any primi-
tives specific for program verification—the user must derive them instead. This allows
to use Iris for proving a variety of properties for programs written in various languages.
However, a common instantiation of Iris, presented e.g. in Iris Lecture Notes [12],
targets the aforementioned ML-like language for which it allows to prove functional
correctness and safety (explained below). The work presented in this thesis uses a
similar instantiation which is partially shown in Figure 2.1 and will be explained

13
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P,Q ::=True | False | P∧Q | P ⇒ Q | ∀x. P | ∃x. P | x = y (higher-order logic)

P∗Q | 000 | 111 | (separation logic with ghost resources)

{P} (e : Expr) {v.Q}E | (ℓ : Loc) 7→ (v :Val) | P
N

(program logic)

▷P | (step-indexing)

. . .

Figure 2.1: Selected propositions of Iris logic. Expr,Val and Loc are the sets of our
language’s expressions, values and location correspondingly.

throughout this section. Thus, here by “Iris” I will mean this specific instantiation and
will use it to illustrate the main concepts of concurrent separation logic.

Broadly speaking, Iris is a example of Hoare logic—a formal system for reasoning
about program behavior. The central notion of such systems, originally proposed
by Hoare [48], are the propositions (later dubbed as Hoare triples) of the form
{P} e {v.Q}. Intuitively, such a triple states that for any execution of program e that
starts when the precondition P holds and terminates by reducing to some value v, the
postcondition Q(v) holds. The program logic provides Hoare triples for language’s
primitives and rules to compose them. By using these, in the end the user obtains
a Hoare triple for the closed program. The following adequacy theorem states that
proving such a Hoare triple within Iris implies safety and functional correctness of the
closed program.

Theorem 1 (Adequacy of Iris for safety, simplified). Let e be a language expression
and φ be a meta-level predicate on language values (such as being equal to some fixed
value). If ⊢ {True} e {v.φ} holds, i.e. this triple is provable in Iris logic, then any
execution of e (with any starting heap) is safe (i.e. it executes safely without getting
stuck), and if it terminates by reducing to some value v, then postcondition φ(v) holds.

{True}
let l =

{True}
ref 0
{ℓ.ℓ 7→ 0}

in
{l 7→ 0}
FAA(l, 1);
{l 7→ 1}
!l
{v.v = 1}

Figure 2.2: Verification of
a sequential program

Establishing Hoare triples for simple programs
amounts to composing triples for language primitives.
These primitive triples denote how the program configu-
ration changes on every execution step, thus internalizing
the expression reduction relation⇝ in the logic. To ac-
count for heap, we use points-to proposition ℓ 7→ v which
states that the location ℓ currently stores the value v and
also assumes exlcusive ownership of that location (more
on ownership below). Figure 2.3 shows a number of rules
provided by Iris for primitive Hoare triples and for com-
posing them. Using these rules, we can prove a Hoare
triple for a simple sequential program, namely

{True} let l = ref 0 in FAA(l, 1); !l {v.v = 1}
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IRIS-HT-REF

{True} ref v {ℓ.ℓ 7→ v}
IRIS-HT-LOAD

{ℓ 7→ vℓ} !ℓ {v.v = vℓ∧ ℓ 7→ vℓ}

IRIS-HT-SEQ

{P} e1 {Q} {Q} e2 {R}
{P} e1;e2 {R}

IRIS-HT-FAA
{ℓ 7→ n} FAA(ℓ,k) {m.m = n∧ ℓ 7→ (n+ k)}

IRIS-HT-LET
{P} e1 {v.Q} ∀v. {Q[v/x]} e2[v/x] {R}

{P} let x = e1 in e2 {R}

IRIS-HT-CSQ{
P′} e

{
Q′} P ⇒ P′ ∀v. Q′(v)⇒ Q(v)

{P} e {Q}

Figure 2.3: Selected rules for basic Hoare triples

IRIS-HT-FRAME
{P} e {Q}

{P∗R} e {Q∗R}

IRIS-HT-PAR
{P1} e1 {Q1} {P2} e2 {Q2}

{P1 ∗P2} e1||e2 {Q1 ∗Q2}

SEP-WEAKEN

P∗Q ⇒ P

IRIS-HT-INV
{R∗▷P} e {Q∗▷P}E \N e is atomic N ⊆ E{

R∗ P
N
}

e {Q}E

IRIS-INV-ALLOC
{P} e {Q∗R}

{P} e
{

Q∗ R
N
}

Figure 2.4: Concurrent separation logic of Iris

Figure 2.2 illustrates this proof by showing the intermediate assertions that hold
between the program steps.

However, the rules in Figure 2.3 are not sufficient on their own. For example, they
do not suffice to verify a sequence of FAA’s accessing different locations. Indeed, it
is not clear how to apply IRIS-HT-FAA (that assumes a single points-to as the sole
precondition) when the heap contains multiple locations (which would be represented
with multiple points-to in the logic). More generally, we need a way for composing
the specifications for programs that operate on disjoint parts of the heap.

This specification style and reasoning rules are achieved with separation logics. In
such logics, propositions denote ownership of resources, such as points-to. In general,
resources are disjoint: the separating conjunction P∗Q denotes a resource that can
be separated into two resoures satisfying P and Q correspondingly; for example,
ownership of x 7→ 0 ∗ y 7→ 1 comprises of ownership of x 7→ 0 and y 7→ 1 where x
and y are guaranteed to be distinct memory locations. In contrast, P∧Q denotes a
single resource that satisfies both P and Q. In general, resources are non-duplicable:
P ̸⊢ P∗P for an arbitrary P; for example, there can be only one points-to resource for
any given location.
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{True}
let x = ref 0 in
{x 7→ 0}
let y = ref 0 in
{x 7→ 0∗ y 7→ 0}
FAA(x, 1) || {y 7→ 0}

FAA(y, 1)
{y 7→ 1}

{x 7→ 1∗ y 7→ 1}
!x +

{y 7→ 1}
!y
{v.v = 1∧ y 7→ 1}

{v.v = 2}

Figure 2.5: Verification of a
program with disjoint paral-
lelism

Separation logic is very useful for verifying concur-
rent programs. Namely, it enables to split the ownership
of heap between the threads, verify them separately and
then conclude the fact about the whole heap again. In
particular, Figure 2.5 illustrates the proof of a Hoare
triple for a program that features two threads incre-
menting their own locations. To verify it, we use the
IRIS-HT-PAR rule that allows to distribute the resources
between the two threads and then combine them back.
The separation logic is also useful in the sequential
setting: to verify e.g. the last load of y, we use IRIS-
HT-FRAME to strip irrelevant resources (i.e. points-to
for x) in order to apply the load rule. Note that the Iris
logic is affine: the SEP-WEAKEN rule allows to discard
resources, which is formally needed to establish the
final postcondition in Figure 2.5.

However, these rules are not sufficient to verify programs with shared state con-
currency. Consider, for example, proving the same specification as in Figure 2.5 but
for a program where threads operate on the same location:

{True} let l = ref 0 in (FAA(l, 1) || FAA(l, 1)); !l {v.v = 2}

Intuitively, it must hold, as the location gets incremented twice. However, we cannot
use IRIS-HT-PAR, as there is only one points-to resource, and both threads must use it.

{000∗000∗111∗111}
let l =

{111∗111}
ref 0

{ Halves N }
in

{000∗000∗ Halves N }
FAA(l, 1) || { Halves N∗000}

FAA(l, 1)
{111}

{111∗111∗ Halves N }
!l
{v.v = 2}

Figure 2.6: Verification of
shared concurrency with the
notion of fictional separation

In fact, we can verify a triple very similar to one
above if, instead of reasoning about the heap directly
with the points-to resource, we reasoned more ab-
stractly. Namely, it is better to consider the contribu-
tions that each of the two threads make towards the to-
tal value at l. Consider the proof outline in Figure 2.6;
for now, ignore the precondition and the initialization
of location l. Once l is initialized to 0, contributions
of both threads are 0 as well—expressed as ownership
of two 000 resources. When a thread executes FAA, its
own contribution—and the value under l—increases
by 1; in the logic, this is expressed by replacing the
000 resource with 111. After both increments complete,
we own two 111 resources, representing the total con-
tribution of 2 to the l value; we expect that at that
moment reading l will indeed return 2. Importantly,
despite l is shared, now we can use IRIS-HT-PAR—
the contribution resources can be distributed between the two threads and collected
back. This is an example of fictional separation [24]—the contributions of each thread
are treated as disjoint resources, even despite they both refer to the same location.
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Since Dinsdale-Young et al. [24], this concept has been implemented in a variety of
separation logics [23, 25, 58, 62, 100].

To support the verification process as outlined in Figure 2.6, Iris provides the
two key concepts: ghost resources and invariants. Ghost (i.e., not directly tied to
the program configuration) resources are chosen by the user. To conduct the proof
outlined in Figure 2.6, we use the ghost resources 000 and 111. Compared to e.g. the
points-to resources the composition of which is only valid for disjoint locations, the
composition rules for ghost resources can vary. For example, the key rule for 000 and 111
is that they denote a contribution of one of exactly two threads, meaning that holding
more than two instances of either resource is impossible:

CONTRIB-ZERO-HALF

000∗000∗000⇒ False
CONTRIB-ONE-HALF

111∗111∗111⇒ False

Then, an invariant P
N

states that proposition P holds on every step of execution.
That is, each thread can assume that P holds before taking a step, but must also prove
that P still holds after that step. Thus, resources that P consists of are not owned by
any thread—rather, they can be thought as “owned” by an invariant and borrowed
by a thread for a single execution step. The namespace N is an invariant identifier
explained below; in the thesis, it is omitted if irrelevant. A common use case for
invariants is enforcing the aforementioned fictional separation by connecting the state
of a shared physical resource to ownership of ghost resources. In our example, we
would like to match each increment to l with an instance of 000 or 111 depending on
whether or not the increment has happened. For this, we use the invariant Halves
that maintains the following proposition:

Halves ≜ ∃n. l 7→ n∗ (n = 0∗111∗111∨n = 1∗000∗111∨n = 2∗000∗000)

Before the increments happen, two 000 resources should be held by threads. Therefore,
we establish the invariant by providing the rest of resources of the precondition in
Figure 2.6:

{111∗111} ref 0
{

l. Halves N
}

The main rule used to prove this triple is IRIS-INV-ALLOC that allows to move the
resources held by a thread to an invariant. In our case, we move the two 111 resources
and a newly created l 7→ 0 resource into an invariant. We identify this invariant with
an arbitrary namespace N .

To verify FAA’s made by each thread, we use IRIS-HT-PAR. Crucially, invariant
propositions can be soundly duplicated: P

N ⊢ P
N ∗ P

N
; each of the concurrent

threads can thus obtain a copy of the invariant. Thus, in each thread we prove{
000∗ Halves N

}
FAA(l, 1) {111}

To update l, we now need to use, or open, the invariant with the rule IRIS-HT-INV,
which has a number of side conditions. First, an invariant can only be opened for a
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single atomic step, such as FAA. Then, an invariant can only be opened once per step;
otherwise, IRIS-HT-INV could be used to duplicate non-duplicable resources and thus
become unsound. This is enforced by the mask E that annotates the Hoare triple and
consists of the namespaces of invariants that can be opened in proving the triple—this
is denoted by the N ⊆ E condition. The full mask, i.e., one that allows to open any
invariant, is denoted as ⊤ or is simply omitted. Finally, the later modality ▷ will be
explained in Section 2.2; for so-called “timeless” invariants[63] such as Halves (and
all the invariants formally presented in this thesis1) it can be ignored. Thus, after
applying IRIS-HT-INV, we need to prove

{000∗Halves} FAA(l, 1) {111∗Halves}⊤\N

In general, when accessing the invariant, we do the following: conclude the current
state of the shared physical resource using the opened invariant and other resources,
then take the execution step to update the physical resouce, and finally match the
updated resource with the available ghost resources to reestablish the invariant. By
combining 000 and Halves, we can conclude (using CONTRIB-ZERO-HALF) that the
current value under l is 0 or 1. Assume it is 0 (the other case proceeds similarly);
then proving the above triple can be reduced to the following:

{000∗ l 7→ 0∗111∗111} FAA(l, 1) {111∗ l 7→ 1∗000∗111}⊤\N

Here, we essentially swap 000 (held by the thread) and 111 (stored in the invariant) to
reestablish Halves. We prove this triple using IRIS-HT-FRAME and IRIS-HT-FAA.

Finally, we verify the final read of l by proving{
111∗111∗ Halves

}
!l {v.v = 2}

Similarly to above, we open the invariant and conclude that l indeed points to 2 using
CONTRIB-ONE-HALF.

Note that the notion of ghost resources is much more powerful than presented
here. First, it is not necessary to pre-allocate these resources and provide them
in the precondition—they can be allocated dynamically; thus, one can prove the
{True} . . . {v.v = 2} triple for the program in Figure 2.6. Second, ghost resources
provide rules for sound updates; with it, Figure 2.6 can be verified with a single
contribution resource contrib(n : N) that generalizes 000 and 111. I omit these aspects of
Iris resources, because the majority of ghost resources used in this thesis come from
the Trillum framework and have their own, custom laws.

Finally, the entire Iris framework—language semantics, base logic and the instan-
tiation shown in Figure 2.1, proof rules and adequacy – is mechanized in Rocq proof
assistant [43] with Iris Proof Mode [71]. Here, the meta-level propositions about
program executions are expressed in Calculus of Inductive Constructions [98]. To
establish them, the user proves Iris specifications with the custom proof mode that
embeds the separation logic reasoning into the general proof assistant interface.

1Except for the location case of value relation in Definition 15.
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2.2 Trillium

In this section, I explain why Iris logic is useful for proving safety, but not liveness
properties. In particular, I explain, on a high level, the model of Iris propositions that
ensures their soundness, and why this model is geared towards representing safety
properties. Then, I introduce Trillium—a recent extension of Iris that addresses this
issue—and illustrate proving program liveness with it. Finally, I explain why the
Trillium methodology on its own does not solve the challenge of modular liveness
reasoning.

First of all, the flexibility of Iris logic requires some caution. Note that the propo-
sitions such as Hoare triples and invariants are impredicative: they are parameterized
by arbitrary propositions of Iris logic, potentially including other Hoare triples and
invariants. Moreover, they can reference themselves: Svendsen and Birkedal [115]
show an example of a module specification that relies on a lock specification—which
in turn controls the access to a resource that mentions the module specification again.
However, allowing such self-referential specifications with no restrictions leads to liar-
like paradoxes and makes the logic unsound [63]. Thus, there should be a mechanism
that ensures the soundness of impredicative definitions.

Iris achieves soundness of impredicative propositions by employing a step-indexed
model [10, 63]. Intuitively, in such a model validity of propositions is established
for a fixed number of remaining execution steps. With this intuition, a proposition
P can be defined recursively by requiring that it continues to hold after one step
of execution, expressed with later modality ▷P. If the recursive occurences only
occur under later, Iris guarantees the soundness of such a definition. This modality
appears when opening invariants (see IRIS-HT-INV), but often can be eliminated [63];
moreover, recent Iris developments [113] provide a more flexible way of working
with it.

Now, let’s take a step back from the Iris model and see how the approaches listed
in Section 1.2 ensure termination of a program. Among them, a common idea is to
take some process (which we will call a model) known to be terminating and refine
a program execution to that process, i.e. match every program step to a step in that
process. Indeed, in the approaches based on program refinement, the model is another
program, whereas in approaches based on ranking functions the model is an abstract
well-founded sequence of e.g. ordinals.

Such a refinement can be defined in (step-indexed) program logic. Namely, we can
define some refinement predicate Refines that establishes correspondence between the
current program configutation c and the state δ of the model, and moreover requires
to preserve this correspondence on every execution step by taking a step in the model:

Refines(c,δ )≈ . . .(∗some resource representing that c corresponds to δ ∗) ∗
∀c′. c → c′ ⇒∃δ

′. δ → δ
′ ∗▷Refines(c′,δ ′) (∗correspondence is preserved∗)

Indeed, the works that establish program refinement in Iris, such as Frumin et al.
[32], use a similar predicate that internalizes refinement. The later modality enables
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the use of advanced Iris features such as impredicative invariants while proving the
refinement.

By proving Refines(c0,δ0) for the initial configuration c0 and some initial model
state δ0, one would expect to conclude that every execution starting from c0 is matched,
on every step, by some model trace starting from δ0. However, proving Refines(c0,δ0)
in a step-indexed logic only establishes a weaker property—a finite approximation
of the refinement, i.e. refinement for any finite prefix of the execution. This is not
sufficient for proving termination: finite approximation does not say anything about
infinite executions the absence of which we try to prove. Indeed, in step-indexed
logics it is possible to refine a program that always runs infinitely long to an always
terminating model [112, 118].

There are a couple ways to solve this problem. One option [112] is to change the
definition of the step-index in a way that allows proving the needed whole-execution
refinement. This approach, however, has not been applied to verifying termination of
concurrent, blocking programs.

The approach I take in this thesis is based on the observation that finite approxi-
mation implies the whole-execution refinement for a certain class of refinements. The
Trillium framework [118] is based on this observation. This framework is parameter-
ized by a user-chosen model (an arbitrary labeled transition system) and the refinement
relation that satisifes the so-called “relative image finiteness” restriction. By picking
an appropriate model and a refinement relation, one can verify a variety of execution
trace properties, including termination, which is formalized by the following adequacy
theorem (simplified; see Timany et al. [118] for exact definitions of refinement and
relative image finiteness).

Theorem 2 (Adequacy of Trillium, simplified). Let M be a labeled transition system
and ξ be a relative image finite relation on pairs of finite execution and finite M

traces. Let e be a language expression and δ0 a state of M . If ⊢
{
◦
M

δ0

}
e {True}τ

holds, then any, possibly infinite, execution trace starting from the initial configuration
([e], /0) refines (≼̂ξ in terms of Timany et al. [118]) some trace of M starting from δ0.

Above, ◦
M

δ is a ghost resource stating that the current state of the model M is δ .

With that, the Hoare triple from Theorem 2 can be seen similar to Refines predicate
above; proving it requires matching every execution step with a transition in the model.
Note that the Hoare triples of Trillium are parameterized with the thread identifier:
when proving the refinement, it is important to track the thread identity.

As a simple example, consider using Trillium for verifying termination of the pro-
gram let l = ref 0 in FAA(l, 1); !l the safety of which has been shown
earlier in Section 2.1. For that, we instantiate Trillium with the model Decr: its states
are natural numbers, labels are irrelevant (e.g. unit values), and the transition relation
is “greater-than”. Thus, its traces are decreasing (and thus finite) sequences of natural
numbers. With any refinement relation, including the trivial always-true, any program
that refines such model is guaranteed to terminate.
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To verify the aforementioned program, we will prove the triple from Theorem 2.
For that, we choose the initial model state to represent the total number of execution
steps, i.e. δ0≜ 4, and choose ξ to be the always-true relation. Since proving such triple
requires matching execution steps and model transitions, the proof rules of Trillium
feature both the resources of Iris (discussed in Section 2.1) and model state resources;
the concrete proof rules depend on exact Trillum instantiation. For our example with
the Decr model, e.g. the rule IRIS-HT-LOAD is replaced by the following:

TRILLIUM-DECR-HT-LOAD{
ℓ 7→ vℓ ∗ ◦

Decr
(n+1)

}
!ℓ
{

v.v = vℓ∧ ℓ 7→ vℓ ∗ ◦
Decr

n
}τ

It states that a physical step must be justified with a transition in the Decr; since the
transition relation of Decr is “greater-than”, the current state must be a positive natural
number to allow the transition. For other models, the concrete rules will be different,
but in general they will involve some resources describing the current state of the
model. With the rules similar to TRILLIUM-DECR-HT-LOAD, verification proceeds
similarly to Figure 2.2.

The Trilllium methodology allows to verify liveness in higher-order concurrent
and distributed languages [47, 118], but it has a number of issues. The first issue is
that Trillium by itself does not help to choose an appropriate model and the refinement
relation. Existing Trillium-based projects require the user to choose an ad-hoc model
and relation relevant to the particular example. Yet, similar to how Iris logic applies
to variety of safety verification projects, it is desired to choose a general model and
corresponding program logic that applies to many examples. The other issue is the
lack of modularity. Trillium requires to choose the “global” model for the entire
closed program—but we want to verify each program module independently of others,
and this requires refining module’s execution to some unknown (from the module’s
perspective) global model. In a perfect scenario, we would like to verify each program
module with its own model and then compose these models to obtain the global
one. However, it is not clear what transition systems should represent “a model
of a module”, how to compose them and combine the program logics for each of
them2. Moreover, the aforementioned relative image finiteness restriction requires
workarounds in certain cases [118].

A concrete example that is hard to concisely verify with Trillium alone is the
program from Figure 2.5. At the first glance, the approach with the Decr model
described above should work, as the program seems to execute only finitely many
primitives. However, this is not true: the program contains a parallel composition
operator ||. This is not a language primitive—rather, it is implemented using busy-
waiting, the termination of which relies on fair scheduler. To account for that, one
should define a model with the “fair termination” property and verify the program

2In fact, a significant part of working on this thesis has been dedicated to solving these exact
questions—unfortunately, with no positive result. In my experience, attempting to verify each module
with a completely arbitrary model requires a lot of trace-level reasoning and abandons many benefits of
separation logic.
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let flag1 = ref false in
flag1 := true || while (not !flag1) {}

(a) Using parallel composition

let flag1 = ref false in
let flag2 = ref false in
Fork(
while (not !flag1) {};
flag2 := true

);
flag1 := true;
while (not !flag2) {}

(b) With parallel composition un-
folded

Figure 2.7: An example of program where progress of threads is mutually dependent

with it; indeed, this is how some of examples of Trillium are verified [118]. However,
it complicates the model and requires to unfold the constructions such as ||. Rather,
one would like to keep these construction opaque and verify the programs using them
with simple proof rules, keeping the model simple. In turn, soundness of these proof
rules should be verified separately.

In a sense, Trillium is only as useful as the model it is instantiated with. This model
must be expressive enough to capture a variety of programs, provide a convenient
program logic, satisfy the technical restrictions of Trillium, and, in a way, allow to be
composed from the smaller models. Below, I explain the inspiration for such a model
in the context of proving termination.

2.3 Obligations-based reasoning

When it comes to modular liveness verification, the most challenging programs are
blocking (see Section 1.2)—those the progress of which depends on the environment
making progress as well. The reason for that is the absence of a clear decreasing mea-
sure that justifies the program making progress towards something: such a program,
in isolation from its environment, can run forever. Modular specifications for such a
program thus must contain conditions on its environment under which the program is
guaranteed to progress.

As an example, consider the program in Figure 2.7a where one thread writes to a
shared variable and the other thread, running in parallel, waits for this write to happen.
In fact, in our language the parallel composition is a derived construct; by unfolding it,
we obtain a program similar to one in Figure 2.7b. There, after writing to the flag, the
main thread waits for the forked thread to finish its execution. This example can be
seen as a simplified version of the lock client program from Figure 1.1: the waiting of
the forked thread is similar to how the left thread from Figure 1.1 waits for the right
thread to release the lock, and similarly for the waiting of the main thread.

It is easy to show the termination of the closed program in Figure 2.7b assuming
fair scheduler. Indeed, once the main thread is scheduled, it will set flag1, which will
terminate the loop in the forked thread. Then, by a similar argument, the flag2 will
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be set and the loop in the main thread will terminate. However, it is more desirable
to verify the program in a modular way by considering the program components
separately. In fact, there are multiple approaches for decomposing the program
for that. One approach is to consider the two thread programs in Figure 2.7b after
unfolding the parallel composition. Another, more useful approach, is to verify the
parallel composition operator and then use it to verify the program in Figure 2.7a.
Below, I follow the first, easier approach. Proving a general, expressive specification
for the parallel composition is surprisingly tricky; I do it as a part of the technical
development for the thesis.

To verify the termination of threads in Figure 2.7b, we need to specify what actions
each of the threads progresses towards and which actions of other threads relies upon.
For example, the forked thread will set flag2 assuming some other thread sets
flag1. Then, to conclude termination of these two threads running together, it is
sufficient to check that these actions can be ordered in an acyclic fashion.

To support the above modular reasoning about conditional progress, modern
separation logics [26, 28, 76, 104] rely on the notion of obligations. An obligation is
an abstract representation of an action that some thread must perform in the future.
The other threads can rely on that obligation being fulfilled (implicitly assuming fair
scheduling) and take their own obligations that will be fulfilled afterwards. The key
part of these logics is the obligations resource, often written as oblsτ O , stating that
the thread τ holds the set of obligations O . Crucially, obligations can depend on each
other: ob1 ≺ ob2 means that fulfilling the obligation ob1 is conditional on ob2 being
fulfilled before. The obligations order ≺ must be well-founded to rule out circular and
infinite dependencies. Adequacy theorems of these logics reduce proving termination
of a program (under a fair scheduler) to proving a Hoare triple with oblsτ /0 in the
postcondition; this ensures that whenever a thread terminates, it does not have pending
obligations that other threads might rely on.

The notion of ordered thread obligations is very expressive and allows to verify
various blocking programs in the same framework. In particular, despite the details
of the aforementioned logics vary, all of them3allow to derive a number of rules
that cover simple busy-waiting used in Figure 2.7. More specifically, in these logics
a busy-waiting location can be associated with an obligation: writing to it fulfills
the associated obligation, and until that happens, this obligation justifies the busy-
waiting of other threads. Formally, these logics allow to derive a duplicable resource
BW(l,ob) (asserting that writing to the busy-waiting location l fulfills the obligation
ob), along with the following rules (here I use the Trillium variant of Hoare triples
indexed with a thread identifier):

3In case of Lilo [76], the obligations resource will be a wrapper over another resource, and the
programs will be annotated with yields.



24 CHAPTER 2. BACKGROUND

{oblsτ {ob1}∗BW(flag1,ob1)∗BW(flag2,ob2)}
flag1 := true; while (not !flag2) {}

{oblsτ /0}τ

(spec-main)

{oblsτ {ob2}∗ob1 ≺ ob2 ∗BW(flag1,ob1)∗BW(flag2,ob2)}
while (not !flag1) {}; flag2 := true

{oblsτ /0}τ

(spec-forked)

Figure 2.8: Specifications for two threads in Figure 2.7b

BW-WAIT{
oblsτ O ∗BW(l,ob)∗∀ob′ ∈ O. ob ≺ ob′

}
while(not !l){} {oblsτ O}τ

BW-SET

{oblsτ O ∗BW(l,ob)∗ob ∈ O} l := true {oblsτ O \{ob}}τ

With these rules, one can prove the specifications in Figure 2.8 for individual
threads of the program in Figure 2.7b, expressing their termination being dependent
on the environment. Note that in the specifications above the obligations ob1 and
ob2 are (implicitly) universally quantified, like the thread identifier τ . This makes
the specifications modular: they can be used for any obligations the order on which
satisfies the preconditions. To verify Figure 2.7b using the thread specifications above,
we can indeed create two obligations ob1 ≺ ob2 upon initalizing the flags flag1
and flag2; initially both obligations are held by the main thread, i.e. we obtain
oblsτ {ob1,ob2} which is subsequently split into two obligations resources for two
threads. Also at that moment, we obtain the BW(flag1,ob1) and BW(flag2,ob2)
resources. I do not provide the formal rules used during the initialization: some of the
aforementioned works [26, 76] do not have rules for forking and obligations transfer,
which are needed to verify Figure 2.7b; these works are capable of verifying slight
variations of this program.

As said above, the rules BW-WAIT and BW-SET for simple busy-waiting are
derived; the obligations-based reasoning covers more complicated scenarios. For
example, an obligation can be tied not to just writing true, but to an arbitrary
condition. Moreover, a waiting thread can receive an arbitrary resource after waiting
finishes. Then, more complicated examples such as Figure 1.1 require the obligations
resource to change before, during, and after the waiting. Finally, verifying programs in
languages with fork-based concurrency, such as ours, requires transfering obligations
to forked threads. All of these scenarios are covered by (some of) the modern
obligations-based logics.
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The details of obligations reasoning and properties being established vary between
concrete logics.

• TaDA Live [26] is designed to verify fair termination of blocking first-order
programs. To support that, the Hoare triples in this logic explicitly state the
environment liveness assumptions that describe what the environment must
do in order for the given program to terminate. These liveness assumptions
are stated in terms of state of shared resources: e.g., a liveness assumption
for busy-waiting states that the environment eventually writes true to the
corresponding location. Specifically, the state of shared resources is controlled
by protocols (an extension of those by Pinto et al. [100]) which dictate when and
how a given resource can be updated. Thus, obligations annotate the individual
updates of a protocol: an obligation owner is required to eventually update the
shared resource as prescribed. This work features a variety of case studies on
verifying fair termination modularly, including an example (lock-coupling set)
not supported by the works listed below.

• Reinhard and Jacobs [104] continue the line of work [41, 105] on obligations-
based logics that reduce proving termination to safety. For that, they instrument
the programming language. First, the language configurations are extended to
explicitly store thread obligations and fuel consumed during execution. Second,
the language is extended with new primitives that operate with obligations and
fuel. Importantly, since executing the program consumes fuel, the instrumented
language does not have infinite fair safe executions. Obligations allow to
replenish fuel to justify busy-waiting, but without breaking this guarantee. The
instrumentation can be erased without affecting the program behavior. Together,
it means that proving safety of an instrumented program implies fair termination
of the original program. The novelty of Reinhard and Jacobs [104] specifically
is supporting busy-waiting (as opposed to relying on blocking primitives),
and also combining this approach with the previous work on verifying non-
blocking concurrency [52]. Recently, this line of work has been further extended
by Sassy [28] which has reached the TaDA Live-degree of modularity by
parameterizing reusable program modules with ghost code to be executed
before and upon linearization points. The aforementioned works have Verifast
[54] implementations.

• The distinguishing feature of the Iris-based Lilo logic [76] is that it establishes
not termination, but rather per-thread (assuming there are no forks) contextual
refinement to a specification program. When every thread of the specification
program is trivially terminating, Lilo essentially establishes (fair) termination.
Besides that, Lilo also supports verification of some non-terminating programs.
Another difference is that Lilo is designed to verify cooperative concurrency
with explicit yields. At the low level, the logical primitives of Lilo are quite
different compared to those of TaDA Live and Sassy line of work (e.g., obliga-
tions resource explicitly mentions the proposition to be eventually established,
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fuel is tied to the specific obligation, ob1 ≺ ob2 is an Iris resource and not a
meta-level proposition etc.). However, at the higher level the expressivity of
Lilo wrt. termination reasoning is very close to that of other works.

The main issue with existing obligations-based logics is the limited expressivity
compared to state-of-the-art logics for safety, as mentioned in Section 1.2. Most of
them [26, 104] are first-order, which precludes e.g. using Hoare triples in invariants
and other Hoare triples. Lilo stratifies propositions by levels, which increases expres-
sivity, but is still too restrictive to define propositions that arbitrarily quantify over
other propositions (such as the example by Svendsen and Birkedal [115] mentioned in
Section 2.2). Sassy is designed to work with any sufficiently expressive safety logic
such as Iris, but requires to extend the language under consideration with auxiliary
primitives. Among these logics, only Lilo is mechanized in Rocq.

Finally, despite obligations-based reasoning is mostly used for verifying termi-
nation of blocking programs, they serve an important role in verifying non-blocking
concurrency as well. First of all, obligations (as implemented in this thesis and e.g. by
Sassy) are a conservative extension of fuel-based approach: when a thread does not
hold the obligations resource, it can still burn fuel provided to it without waiting for
other threads. With that, the specifications of blocking and non-blocking programs
can be verified and composed in the same framework, with the only difference be-
ing whether the obligations resource is mentioned in the specification or not; this is
discussed in Section 5.10. Second, while obligations are not used by the user that
verifies non-blocking programs, they turn out to be very helpful for the developer of
the program logic. Indeed, the adequacy theorem of our wait-freedom verification
approach from Chapter 5 relies heavily on the manipulations with the obligations
resource.



Chapter 3

Results

This thesis is based on and includes the following publications.

• Egor Namakonov, Justus Fasse, Bart Jacobs, Lars Birkedal, and Amin Timany.
Lawyer: Modular Obligations-Based Liveness Reasoning in Higher-Order Im-
predicative Concurrent Separation Logic. Proceedings of the ACM on Pro-
gramming Languages, 10(OOPSLA1):132:1099–132:1125, April 2026. doi:
10.1145/3798240 [94]

• Egor Namakonov, Lars Birkedal, and Amin Timany. Verifying Wait-Freedom
for Concurrent Higher-Order Programs. LIPIcs, Volume 372, ECOOP 2026,
372:20:1–20:29, 2026. ISSN 1868-8969. doi: 10.4230/LIPICS.ECOOP.2026.20
[92]

3.1 Structure of the thesis

Lawyer: Modular Obligations-Based Liveness Reasoning in
Higher-Order Impredicative Concurrent Separation Logic

Chapter 4 contains the text (up to minor formatting changes) of Namakonov et al. [94]
with technical appendices. This work provides the foundation for both the termination
and wait-freedom reasoning.

An overwhelming problem of impredicative separation logics, such as Iris, is
the lack of support for liveness reasoning. Existing solutions that aim to address it
compromise either on expressivity, on the types of supported liveness properties, on
mechanization in proof assistants, or on modularity. The latter is the approach of
the Trillium framework [118] that refines program executions to traces of a labeled
transition system and derives liveness properties from such refinement. This transition
system must be chosen upfront for the closed program, thus making this approach
non-modular.

Another existing solution that achieves modularity is Sassy [28]—an obligations-
based logic that develops a modular specification format for concurrent blocking
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libraries. Technically, this is achieved by instrumenting the language semantics in
a way that guarantees fair termination. Sound reasoning about such instrumented
programs is highly non-trivial, and thus so far Sassy has only been implemented in a
non-foundational VeriFast tool [54].

Our work combines the two main ideas of Trillium and Sassy: refinement to a
transition system and obligations-based reasoning. Namely, we develop Lawyer—
a Trillium-based program logic for proving termination of fine-grained blocking
and non-blocking concurrent programs. These proofs are done by refining the pro-
gram executions to traces of Obligations Model—a transition system that models
the obligations-based instrumentation of Sassy. The challenge of implementing the
obligations-based reasoning this way is the technical limitation of Trillium that restricts
the kind of transition systems used for refinement; we work around this limitation and
make our logic expressive for almost all use cases.

As a result, Lawyer inherits the impredicative program logic of Iris and Trillium,
while being expressive enough for supporting modular liveness Sassy-style specifi-
cations. We exemplify Lawyer by verifying, besides smaller case studies, the lock
library and a client program that uses it, in a modular way. The logic of Lawyer, the
underlying instantiation of Trillium and the case studies are mechanized in Rocq.

Verifying Wait-Freedom for Concurrent Higher-Order Programs

Chapter 5 contains the text (up to minor formatting changes) of Namakonov et al. [92]
with technical appendices. This work builds on top of Lawyer and repurposes its logic
for verifying another kind of liveness properties.

Wait-freedom is the strongest progress guarantee for operations on concurrent
data structures: it ensures that every call to the operation terminates, regardless of
code executing concurrently and scheduling. It is not always guaranteed: often the
implementations use locks to avoid unwanted concurrent interference, or retry the
operation upon such interference. Wait-free implementations avoid both of these and
are thus known for being notoriously difficult, and so it is desirable to verify their
correctness formally.

Verification of wait-freedom has been addressed for first-order languages, but not
yet in the more realistic higher-order setting, where an operation can be stored in
the heap and passed around as a value by an arbitrary higher-order client program.
Existing approaches that assume first-order languages do not scale to this setting.

In this work, we define and verify wait-freedom of higher-order concurrent pro-
grams by employing the Lawyer program logic. This involves a number of challenges.
First, we formally define the notion of wait-freedom that accounts for the higher-order
nature of the language. Second, Lawyer is designed for verifying closed programs,
whereas we only verify the wait-free operation without the client that uses it. Thus,
we prove a novel adequacy theorem that establishes wait-freedom for the verified
operation only. In turn, this requires reasoning about arbitrary client programs, which
we implement by using logical relations inspired by those used for proving robust
safety.
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We demonstrate our approach by verifying a number of case studies. Moreover,
we discover that realistic algorithms exhibit slightly different progress guarantees,
which is not addressed by existing work. We adapt our approach for supporting such
algorithms and verify case studies for them as well.

3.2 Personal contributions

I am the main author of both Namakonov et al. [94] and Namakonov et al. [92]. In
particular:

• For Namakonov et al. [94], I have implemented the Obligations Model and the
Lawyer logic, verified the case studies and done the Rocq mechanization. Justus
Fasse contributed to adapting the semantics and logically atomic specifications
of Sassy in our setting, and to verifying the case studies. Bart Jacobs, Lars
Birkedal and Amin Timany contributed to writing and supervised the project.

• For Namakonov et al. [92], I have defined wait-freedom at the meta-level,
identified the specification format, proved the adequacy theorem, verified the
case studies and done the Rocq mechanization. Lars Birkedal and Amin Timany
contributed to writing and supervised the project.

3.3 Rocq mechanization

The Rocq mechanization is provided in the artifacts accompanying the papers: Na-
makonov et al. [95] and Namakonov et al. [93]; the latter has received the Distin-
guished Artifact Award of ECOOP’26. Moreover, the up-to-date mechanization of
both Lawyer and the wait-freedom project is available on GitHub [5]. The mechaniza-
tion uses a fork of Trillium which is also available on GitHub [6].

3.4 Future work

There are multiple directions for future work—the immediate improvements to Lawyer
and wait-freedom verification, as well as bigger extensions for verifying more liveness
properties, potentially in a different setting.

This section assumes familiarity with the content of the papers in Part II.

Extending the termination verification

An important immediate improvement to termination verification with Lawyer is
the support for arbitrary fuel exchanges. At the moment, they are not supported
fully due to the relative image-finiteness restriction of Trillium, for which Lawyer
provides the workaround of “exchange bound” (see the “less-or-equal” restriction of
OMS-EXCHANGES-FUEL and Section 4.2 for more detailed explanation). Yet, this



30 CHAPTER 3. RESULTS

workaround is not in general sufficient for verifying programs the execution time of
which depends on runtime information, e.g., traversing a linked list; these programs
arise in the wait-freedom verification as well.

One way to support these programs is to employ a transfinite model and eliminate
the relative image-finiteness restriction altogether. Another way is to exploit the
“relative” part of this restriction which allows the next model state to depend on the
current physical state. In that way, a linked list traversal can be supported by exposing
e.g. the number of used heap locations in the refinement relation.

Extending the wait-freedom verification

One immediate extension to our solution is verifying bounded wait-freedom, i.e.,
termination within a fixed number of steps. In fact, all the case studies we consider in
the paper, except the higher-order list mapping function, are bounded wait-free, but we
only establish unbounded wait-freedom for them. Lawyer already supports proving
bounded termination (see Section 4.7), and this should extend to the wait-freedom
setting.

Another extension that should be done at the Trillium level is restoring the support
for prophecy variables of Iris. This mechanism is needed for proving logically atomic
triples for case studies such as the one in Section 5.5; these triples are known [13]
to imply linearizability. With that, it will be possible to verify both wait-freedom
and linearizability in the same framework. Moreover, the resulting logically atomic
specification will be very useful for verifying client programs that use the wait-free
operation.

Verifying more properties

It is interesting to apply the obligations-based approach for verifying properties of
non-terminating programs. In particular, it seems that proving “always-eventually P”
properties can be supported in our framework by generating more fuel whenever P is
satisfied. It is worth investigating whether a larger subset of LTL properties can be
supported with such extensions.

Another direction is combining liveness properties with trace safety properties.
It seems that, at least when these properties are independent of each other, one can
define a global Trillium model by composing separate models accounting for safety
and liveness; the logic rules for taking a step with such a model should split into
taking a step in each of these models independently too.

Verifying termination in different settings

One direction for generalizing our framework is considering weak memory models.
For examples such as the one in Figure 1.1a, it is important not only when threads
write to memory, but also when the system makes these writes visible to other threads.
This question is addressed by Lahav et al. [74] that extends various memory models
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with the notion of fairness. To express this “memory fairness” in the logic, one can
assign obligations not only to threads, but also to the system itself. A similar approach
may apply to verifying termination in distributed systems [47].

Another direction is to consider the code that schedules the execution of individual
threads. As with most of Iris-based projects, we consider a language with non-
deterministic operational semantics where the next execution step can be taken by
any active thread. In that setting, we simply assume fairness of the execution traces
under consideration (see e.g. Definition 4 and Lemma 2). In real systems, however,
the thread taking the next step is picked by the scheduler, which is a program by
itself. Thus, to make our approach more realistic, we can verify the composition of
the “user-space” programs and the scheduler; the latter always eventually choosing
every active thread should imply the fairness of the execution. In a similar line of
work, one can consider verifying cooperative concurrency, where threads explicitly
yield to the scheduler.
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Chapter 4

Lawyer: Modular
Obligations-Based Liveness
Reasoning in Higher-Order
Impredicative Concurrent
Separation Logic

Abstract

Higher-order concurrent separation logics, such as Iris, have been tremen-
dously successful in verifying safety properties of concurrent programs. How-
ever, state-of-the-art attempts to verify liveness properties in such logics have
so far either lacked modularity (the ability to compose specifications of inde-
pendent modules), or they have been far too complex to mechanize in a proof
assistant. In this work, we introduce Lawyer — a mechanized program logic for
modular verification of (fair) termination of concurrent programs. Lawyer draws
inspiration from state-of-the-art approaches that use obligations for specifying
and proving termination. However, unlike these approaches, which incorporate
obligations by instrumenting the source code with erasable auxiliary code and
state, Lawyer avoids such instrumentations. Instead, Lawyer incorporates obli-
gations into the logic by embedding them into a purely logical labeled transition
system that the program is shown to refine — this makes Lawyer far more
amenable to mechanization. We demonstrate the expressivity of Lawyer by
verifying termination of a range of examples, including modular verification of a
client program whose termination relies on correctness of a fair lock library, and
(separately) proving that a ticket lock implementation implements that library’s
interface. To the best of our knowledge, Lawyer is the first mechanized program
logic that supports modular higher-order impredicative liveness specifications of
program modules. All the results that appear in the paper have been mechanized
in the Rocq proof assistant on top of the Iris separation logic framework.
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4.1 Introduction

An important aspect of program verification frameworks [11, 40, 54, 62, 75, 80, 110]
is modularity: that different modules of a program can be verified in isolation with
respect to their individual specifications. The benefits of modularity are twofold:
(1) it allows us to manage the complexity of the correctness proof by decomposing
the problem into smaller, more manageable tasks, and (2) it enables proof reuse
where each program module is proven correct once, even though it is used multiple
times. Modularity is especially important for the verification of concurrent programs;
each thread should be verified in isolation from other threads, lest we would have to
explicitly reason directly in terms of different thread interleavings. Modular reasoning
about liveness properties of concurrent programs is notoriously difficult — here by
a liveness property we mean a property that expresses that something good will
eventually happen, e.g., the program terminates, or a server eventually responds to
client requests. This limitation is mainly due to two reasons. First, the rely-guarantee
style reasoning [60] used to achieve modularity when reasoning about the safety of
concurrent programs is not generally sound for reasoning about liveness properties
[9]. Second, the step-indexing technique [10] used to model higher-order concurrent
program logics that support highly-modular specifications [63] is inherently at odds
with liveness reasoning [49, 112, 118]. In the rest of this Introduction, we discuss
these issues in detail and explain the very recent progress that state-of-the-art research
has made to tackle these challenges [28, 118] before explaining our contributions.

Thread-local modular reasoning about concurrent programs is challenging because
threads do not run in isolation — rather, they interact, e.g., via shared memory.
Thus, to support modular verification of concurrent programs, program verification
frameworks must provide a way to express how threads interact with each other. This
has traditionally been done in terms of so-called rely and guarantee conditions [60]
where, for each thread we specify what it expects (relies upon) from other threads and
what it guarantees to other threads. Modern program logics use so-called invariants
[62] — a symmetric form of rely-guarantee: declaring a property P to be an invariant
allows all threads to assume that P holds at all times, but at the same time it also
forces them to guarantee that P holds whenever they interact with shared memory. To
achieve full modularity when reasoning about concurrent programs, the used logic
must be higher-order in the sense that any property whatsoever must be allowed to be
declared as an invariant. Such a property itself could potentially be defined in terms
of invariants — hence, such invariants are often called impredicative invariants [63].

Listing 4.1: Example program
let runAsync f =
let x = ref None in
fork (x := Some (f ()));
(rec loop () =
match !x with
| Some v -> v
| _ -> loop ()) ()

To see the need for modularity and impredica-
tive invariants, consider the example in Listing 4.1.
In this example, the runAsync function takes a
function f , runs it in a separate thread, and in the
main thread waits for it to be done, i.e., for the
shared optional reference to be set. It then returns
the value produced by the call to f in the forked
thread. Intuitively, runAsync f should satisfy ex-
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actly the same properties as f . This can be stated in terms of Hoare-style specifications
as follows:

∀ f ,P,Φ . {P} f () {Φ} ⇒ {P} runAsync f {Φ} (runAsync-spec)

The specification (runAsync-spec) above quantifies over all possible functions f ,
all propositions P, and all predicates Φ , stating that runAsync f satisfies exactly the
same Hoare triple as f itself. (The postconditions in our Hoare triples are predicates
over values; Φ(v) is guaranteed to hold for the value v obtained from the computation.)
This specification of runAsync is reusable in that it can be applied to any function f
whatsoever, with any specification (pre- and postcondition) whatsoever. In order to
prove runAsync correct modularly, i.e., showing correctness of the forked thread in
isolation from the main thread of runAsync, and all other threads that may exist in
the system for that matter, we need to establish an invariant which essentially captures
that if the value stored in shared location x is Some v, then Φ(v) should hold, where
Φ is an arbitrary predicate picked by the user of the runAsync module (and Φ could
potentially involve invariants itself).

This expressivity of state-of-the-art program logics [11, 62] comes at a cost. In
order to avoid the inherent circularity caused by higher-order features like impredica-
tive invariants, the models of these logics are based on the so-called step-indexing
technique. In these logics, proving a property P amounts to proving that, for any
n ∈ N, if we run the program for n steps, the property P holds. While this is sufficient
for safety properties (properties that state nothing bad ever happens, e.g., the program
does not crash), it inherently precludes liveness reasoning [49]; looking at one finite
run at a time, it is impossible to show that something eventually good happens for
the continuation of that run. Timany et al. [118] have, however, recently proposed
the Trillium program logic that enables an indirect way of reasoning about liveness
properties in the presence of step-indexing. Trillium’s program logic allows users to
show that programs refine labeled transition system (LTS) models. This refinement re-
lation is set up so that any property, be it safety or liveness, satisfied by the LTS model
is also satisfied by the program. Showing that such a strong notion of refinement,
which allows transporting both safety and liveness properties, can be carried out in a
step-indexed program logic is one of the main contributions of Timany et al. [118].
However, whereas the program logic of Trillium enjoys all the modularity properties
of state-of-the-art program logics in proving the refinement, the Trillium methodology
lacks an important aspect of modularity in that one needs to come up with a single
LTS model of the entire program that is to be verified.

The Sassy logic, recently developed by Fasse and Jacobs [28], supports modular
reasoning about termination (an important class of liveness properties) of higher-order
concurrent programs. The core idea of Sassy is to parameterize blocking modules
with auxiliary functions that produce fuel when progress is blocked on the client. Via
their notion of fuel and other auxiliary state and code, in the sense of Owicki and
Gries [96], the liveness property of termination is reduced to a safety property (of a
closely related program).
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For sequential programs, it suffices to consume fuel at every step. If the fuel
is well-founded, and we can prove that the program cannot exhaust its fuel (get
stuck), then the program must eventually terminate. Reinhard and Jacobs [103, 104]
observe that fuel generation is sound and supports busy-waiting programs under
certain conditions. Intuitively, a program in which threads can wait for one another
only terminates if no thread, directly or indirectly, waits for itself. This is ensured
by a well-founded order on obligations [15, 26, 52, 68, 76, 77, 104] that denote
progress dependencies. Namely, a thread τ is allowed to busy-wait for a thread τ ′ if
all obligations held by τ ′ are smaller than those held by τ .

Reducing termination to safety, Sassy’s approach can, in essence, be carried
out in any sufficiently expressive program logic for reasoning about the safety of
(higher-order) concurrent programs. Fasse and Jacobs [28] have chosen to formalize
the approach in the Iris program logic, but they did so only on paper, i.e., they did
not leverage the Iris Rocq library. They carried out their case studies against the
axiomatization of and tool support for Ghost Signals in VeriFast [103, 104]. To date,
the soundness thereof has not been mechanized.

In this paper, we present Lawyer, which combines the obligations-based reasoning
of Sassy [28] with the relational approach of Trillium [118]. That is, we show that
Trillium’s program logic together with an LTS model, which is inspired by Sassy’s
auxiliary code and state, can be used to reason modularly about the termination of
higher-order concurrent programs. This allows us to entirely forego auxiliary code and
state and reason directly about a program as opposed to an instrumentation of it. Thus,
there is no need for an erasure argument [28], which significantly simplifies the sound-
ness proof and its mechanization. Besides the small motivating example programs, we
also present an abstract specification of fair locks which we instantiate with a concrete
implementation — the ticket lock. We also verify a client program against the abstract
fair lock specification; by modularity, we obtain a proof of termination of the client
linked with the concrete ticket lock implementation. All results presented in this paper,
including all examples and case studies, as well as Lawyer’s soundness proof, are
mechanized in the Rocq Prover [95]. For a more detailed comparison of Sassy and
Lawyer, including the challenges involved in incorporating Sassy’s approach with
Trillium’s, see Sections 4.4 and 4.5.

In summary, we make the following contributions:

• The first mechanized higher-order impredicative concurrent separation logic
for modular specification and verification of liveness properties of higher-order
concurrent programs with shared mutable state.

• A novel obligations model (Section 4.2), inspired by Sassy, which abstracts
over terminating concurrent programs and which Trillium can be instantiated
with. We prove that any fair trace in the obligations model is finite.

• A novel instantiation of the Trillium program logic framework, with new proof
rules for manipulating the obligations model, which allow proving refinement
to that model (Section 4.3).
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• Case studies of modular verification of termination, including specification
and proof of a fair-lock module and a client thereof (Section 4.4). In the main
body of the paper, we present a version of the fair lock specification that is
reasonably simple to use by clients. For the expert readers, we mention that
this specification is derived from a novel logically atomic specification of the
fair lock module; our notion of logically atomic specification is inspired by
Sassy and extends the logically atomic specifications of Iris to reason about
termination. Our logically atomic specification is included in the appendix [95].

We discuss further related work in Section 4.5 and conclude in Section 4.6.

4.2 Obligations Model

In this section, we define the states and transitions of the Obligations model (OM) and
establish some important properties of it. Due to the complexity of the problem at
hand, i.e., reasoning about termination of higher-order concurrent programs, the states
and transitions of OM are also rather complex because they need to capture the intricate
interdependence of different program modules of such programs that run in parallel.
Following Liang and Feng [80], we consider two general classes of such programs:
delaying and blocking. To simplify the presentation, we first explain how our model
supports delaying, and then extend it to blocking.

Thus, we start in Section 4.2 by presenting NOM — a no-obligations fragment of
OM that is still expressive enough to abstract the execution of non-blocking programs
that do not fork. Then, in Section 4.2 we present the full definition of OM that abstracts
both non-blocking and blocking programs. To motivate the different parts of OM’s
state and transitions, in both Section 4.2 and Section 4.2 we use a carefully chosen set
of (fairly) terminating programs, and for each of them, describe informally how the
traces of OM abstract the execution traces of that program. Afterwards, in Section 4.2
we give the formal definition of the refinement relation between program execution
traces and OM traces. Moreover, in [95] we describe some additional properties that
OM exhibits.

No-Obligations Model Definition

The formal definition of NOM is given in Figure 4.1 on Page 40. The model NOM is
parameterized by a finite partially ordered set of degrees (Degree,⪯D), a set Thread
(to be instantiated with the set of thread identifiers of a given language) and a natural
number SB; we will describe these later on. The model states δ : NOMSt and transitions
δ1

τ:Thread−−−−−→
NOM

δ2 are chosen so that the traces of NOM abstract the execution traces of
terminating non-blocking programs. This explains the choice of labels: a transition
labeled with τ corresponds to an execution step of thread τ .

As working with OM involves operations on multisets, we introduce a number of
notations here. We write {n · x} to denote a multiset with a single element x whose
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A state of NOM is a record of type:
fuel : FinMultiset(Barrel);

phs : Thread fin
⇀ Phase;

eb : N


where
Barrel ≜ Phase×Degree

Phase ≜ List N
π1 ⪯P π2 ≜ ∃π ′. π2 = π ′++π1

Small transitions of NOM
NOMS-EXCHANGES-FUEL

(π,d) ∈ δ .fuel d′≺D d n ≤ δ .eb

δ 99K
NOM

δ [fuel := δ .fuel\{1 · (π,d)}⊎
{

n · (π,d′)
}
]

NOMS-INCREASES-EB

δ 99K
NOM

δ [eb := δ .eb+1]

Fuel burning and the full transition of NOM

NOM-BURNS-FUEL
δ .phs[τ] = πτ π ⪯P πτ (π,d) ∈ δ .fuel

δ
τ
⇝
NOM

δ [fuel := δ .fuel\{1 · (π,d)}]

δ1
τ−→
NOM

δ2 ≜ ∃n ≤ SB,δ ′. δ1 99K
NOM

n δ ′∧δ ′ τ
⇝
NOM

δ2

Figure 4.1: No-Obligations model (parameterized by Degree, Thread and SB)

multiplicity is n. We write M1 ⊎M2 for multiset union and M1 \M2 for multiset differ-
ence, which respectively increase the multiplicity of added elements, and decrease
the multiplicity of the removed elements—multiplicities cannot become negative, of
course. Also, if M is a multiset, we use a shorthand x ∈ M whenever {1 · x} ⊆ M,
where the subset relation on multisets, written M1 ⊆ M2, means that the multiplicity
of every element in M1 is less than or equal to that in M2.

let rec decr l =
let c = !l in
if c == 0 then ()
else l := c - 1; decr l

in !l || decr l
Figure 4.2: Statically-known
Bound

Independent Termination with Statically-
Known Bound We begin with the example in
Figure 4.2. There and in the examples below, ||
denotes the parallel composition of two threads
already present in the program’s starting configu-
ration; later, we show how our approach extends
to unstructured, fork-based concurrency. Assum-
ing that the reference l initially stores a non-negative integer N, both threads terminate
in a constant amount of time: the left thread terminates in exactly 1 step, whereas
the right one takes up to Kdecr ∗N steps to terminate — the constant Kdecr over-
approximates the number of steps of a single decr iteration (we take 10 in our Rocq
mechanization). We can abstract an execution of this example by transitions of NOM
with Degree≜ {d0}1 and SB≜ 0. For simplicity, until Section 4.2 we also assume

1We denote the single element of that set as d0 to be uniform with other examples below.
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that Thread≜ N.
For simple examples such as Figure 4.2, a NOM state represents an assignment

of fuel to threads. In that case, every element (a barrel) of fuel multiset is marked
as belonging to one of the threads via phs mapping (we elaborate on this mapping
below). The eb state component is irrelevant for this example, and we set it to 0.
Therefore, we consider NOM states of the form{

fuel :=
⊎

τ∈T

{Nτ · ([τ],d0)};phs := λτ ⇒ [τ];eb := 0

}

for some choices of Nτ , where T is the set of thread identifiers used in given program
(here, they are τl ≜ 0 and τr ≜ 1 denoting the left and right thread). Omitting the
(almost) identity phs and irrelevant eb, an NOM state abstracting the state of the
example program in Figure 4.2 can thus be written for some nl,nr as

{fuel := {nl · ([τl],d0)}⊎{nr · ([τr],d0)}}

This means, in turn, that a trace of the program’s execution can be abstracted by a
trace of NOM by taking nl and nr to initially be (an overapproximation of) the number
of steps that the left and right thread take, respectively. In its simplest form, taking
n = 0, τ−→

NOM
reduces to τ

⇝
NOM

(see Figure 4.1). Hence, according to NOM-BURNS-FUEL, a
τ
⇝
NOM

transition consumes one barrel assigned to τ . With ⇝
NOM

transitions only, a thread’s
fuel decreases every time it takes a step; therefore, the traces of the simplified model
always terminate in nl +nr steps. (We drop the thread’s name from arrows like ⇝

NOM

and −→
NOM

when it is clear from the context or irrelevant.)

As we shall see later, a precise correspondence between the program execution
and a model trace is established by conducting a proof within the program logic that
we present in Section 4.3. At every step of that proof, we intuitively need to show
that the given thread has enough fuel to continue its execution. For that to hold, we
choose the initial state of the obligations model to have nl ≜ 1 and nr ≜ Kdecr ∗N
and, moreover, we keep track of the fuel at every step. Upon completion of the
proof, it will be the case that the program refines a trace of the chosen model (see
Section 4.2), which in turn implies that the program execution terminates. In fact, our
Rocq formalization proves that the upper bound on the execution time is linear wrt. N.

Termination with Runtime-Determined Bound

let k = nondet () in
let l = ref k in
decr l

Figure 4.3: Dynamic
Bound

Consider now the example in Figure 4.3, where nondet
is a function which returns an arbitrary natural number,
and decr is as in Figure 4.2. In this example, the exe-
cution time depends on the return value of nondet (its
implementation forks a thread internally and requires in-
creasing eb — it is irrelevant for this example and will be discussed later). Thus,
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we cannot directly repeat the process used for Figure 4.2 as the number of barrels to
provide initially cannot be determined statically.

The key idea for verifying Figure 4.3 is to postpone providing any concrete amount
of fuel for decr until nondet is evaluated. To justify it, one can initially provide a
single “larger” barrel which can be exchanged for a number of “smaller” barrels once
that number is known. More formally, we stratify fuel barrels by their degree. Let
Degree≜ {d0,d1,d2} such that d0 ≺D d1 ≺D d2, and let SB≜ 1; moreover, let τ ≜ 0
denote the only thread present in the program. Importantly, if the relation Degree on
≺D is well-founded, the multiset {n ·d0} is smaller than {d1} for any n [22].

We defer verifying nondet until Section 4.2 and assume that after nondet
evaluates to some k, the program state corresponds to the NOM state{

fuel := {1 · ([τ],d2)};eb := k′
}

for some k′ > k (we explain the eb component later). At this point, knowing that we
pass to decr exactly the number k (stored in memory location l), we will exchange the
one barrel of ([τ],d2) fuel with k+1 barrels of ([τ],d1) using the NOMS-EXCHANGES-
FUEL transition: k for passing to decr and 1 for the reference creation step. For
this purpose, we take advantage of the fact that we can take up to SB many small
transitions 99K

NOM
. After that, inside decr, on each of the k iterations we similarly

exchange a barrel of ([τ],d1) for Kdecr barrels of ([τ],d0) and burn them during
that iteration. (Note that the earlier proof explained above for decr was a simplified
version of the proof that does not take advantage of exchanging fuel as we explained
here.)

Delaying Other Threads and Fuel Sharing

The example in Figure 4.4 showcases delaying. This example features two threads,
both attempting to increment the shared counter c using a compare-and-set (CAS)
operation. Depending on the scheduler, it can happen that one thread’s CAS operation
succeeds after the other thread has read c, but before it has attempted to update it via
its CAS operation. The other thread’s CAS thus fails, leading to a recursive call (delay).

let c = ref 0 in
let rec incr () =
let v = !c in
if CAS(c, v, v+1)
then ()
else incr ()

in
incr () || incr ()

Figure 4.4: Delaying ex-
ample

Looking at the example in Figure 4.4 as a whole, we
can see that, in the worst case, one thread is delayed by
the other—and that at most once. We can generalize this
observation: if we were to run n instances of incr concur-
rently (instead of the two in Figure 4.4), each thread’s CAS
operation fails at most n−1 times. This poses a challenge
for modular verification. When reasoning about incr in
isolation (as we do in the Rocq development), we must
show its termination regardless of the amount of concurrent
instances of incr.

Intuitively, what we need for reasoning about termination of incr is to share fuel
between the two threads. The idea is that we initially assume that we have enough fuel
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to run all instances of incr, that is to say, proportional to the maximum number CAS
operations run (both successful and unsuccessful ones). Once the CAS operation inside
an incr succeeds, the rest of the fuel of that instance is shared with the other instances
of incr for which this success in performing the CAS operation may necessitate an
extra recursive call [52]. Technically, in the program logic, this sharing is mediated by
an invariant that keeps track of the value of the current counter and how many threads
have read this value prior to performing their CAS operation. Among these, the first
that reaches its CAS operation will have it succeed and will be required to share the
rest of its fuel (relinquish it to the invariant) with the other threads. All the other
threads in the system that have read the same counter value will then, upon having
their CAS operation failing, know that another thread’s CAS has succeeded, and thus
know there is more fuel put aside for them by the thread whose CAS succeeded. This
fuel sharing mechanism is the key for verifying delaying [80] programs.

The scheme explained above for exchanging fuel would only work if one thread’s
fuel could be used by other threads. However, while verifying Figure 4.7 in Section 4.2,
we will explain why doing it naively would not be sound when NOM is extended
to support blocking programs. Intuitively, verifying blocking programs requires a
mechanism for generating more fuel, and with unrestricted fuel sharing it might lead to
our model allowing self-fueling loops. We therefore need a way to support restricted
and sound fuel sharing.

Our solution uses the mechanism of phases [103, 104] which allow sharing fuel
among threads with a shared ancestor; in Section 4.2, we will see how this approach
ensures soundness of sharing generated fuel. Phases relax the relationship between
threads and their fuel: instead of assigning fuel to threads, we assign phases to threads
(with the phs component of NOM state) and fuel to phases. A phase is a list of 0’s and
1’s, intuitively encoding a position in the threads’ fork tree. We will consider forking
in more detail in Section 4.2; in short, the main thread of the program initially has
phase nil, and when a thread with phase πτ forks, its phase becomes 0 :: πτ , and the
new forked thread is assigned phase 1 :: πτ . As per NOM-BURNS-FUEL, when a thread
τ with a phase πτ takes a step, we require fuel of some phase π to be burned such that
π ⪯P πτ (the phase order ⪯P is defined in Figure 4.1). Thus, if τ is provided with
some fuel of phase π , it can either consume it itself or share it with any other thread
τ ′ with phase πτ ′ such that π ⪯P πτ ′ .

For Figure 4.4, in our Rocq development we choose Degree≜ {d0,d1} and show
that a single call to incr can be verified separately by providing it with 2 · (π,d1).
Here, π must be a phase compatible (in the phase order) with phases of all threads
that call incr. Since we do not consider forking yet, we assume that the two threads
τl and τr are initially assigned the phases [0] and [1] correspondingly. In that case, we
can choose π ≜ nil and provide {(2∗2) · (nil,d1)} fuel to verify Figure 4.4.

Note that neither thread in Figure 4.4 will block if another one is never scheduled.
Indeed, our Rocq formalization shows that this program terminates under any, possibly
unfair scheduler.
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Tracking the Exchange Bound

To complete the explanation of NOM transitions, we here explain the remaining NOMS-
INCREASES-EB. Note that the transition NOMS-EXCHANGES-FUEL bounds the
amount of exchanged fuel by the current value of eb — the technical reason for
requiring a bound is explained in Section 4.6. To make our approach to proving
termination more flexible, we do not enforce a globally fixed bound for the entire
program. Rather, we allow eb to be increased dynamically through the transition
NOMS-INCREASES-EB. Indeed, doing so was needed to verify Figure 4.3 where we
assumed that eb> k holds after nondet evaluates to some k. We verify nondet in
Section 4.2; right now, the most important part is that it is implemented by repeatedly
increasing a counter (see incr_loop in Figure 4.6). Thus, while verifying nondet,
we use NOMS-INCREASES-EB on every iteration of its increment loop, which ensures
that when nondet produces some result k, the current value of eb is at least k. One
extra NOMS-INCREASES-EB ensures that eb> k which is needed to verify Figure 4.3.

Obligations Model Definition

In this section, we define the full obligations model OM by extending NOM with support
for blocking concurrency. The formal definition of OM is given in Figure 4.5 on
Page 45. Besides Degree, Thread and SB, the model is parameterized by a finite
partially ordered set of levels (Level,⪯L). The transition −→

OM
of OM is defined similarly

to −→
NOM

, additionally supporting a forking transition OM-FORKS. In the examples below,
we illustrate the new components of the OM state and new small transitions.

Busy-Waiting on Other Threads

let rec incr_loop f n =
if (!f == true) then ()
else
FAA(n, 1); incr_loop f n

in
f := true; !n || incr_loop f n

Figure 4.6: Blocking example

Consider the example in Figure 4.6. The pro-
gram consists of two threads and assumes
the existence of two pre-allocated locations
f, which is initially false, and n, which is
initially 0. The right thread τr busy-waits for
the left thread τl to set f to true. If the left
thread is never scheduled, the right thread will
loop forever because it is blocked on f being set. With fuel alone, proving termination
of this busy-waiting pattern is impossible: we cannot pick a decreasing measure
justifying termination of the right thread as a function of the current values of f and n.
In fact, the number of steps this program takes depends on the schedule. Thus, we
need to exploit the scheduler’s fairness to show that eventually the left thread performs
the write to f, which in turn implies that the right thread terminates.

One of the purposes of our obligations model OM, and one of the reasons for
its complexity, is avoiding such explicit reasoning about the scheduler. That is, OM
provides an abstraction, namely obligations, for actions eventually performed by one
thread and waited for by others. To use obligations for proving termination of the
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A state of OM is a well-formed (see [95]) record of type
{fuel;sigs;obls;eps;phs;eb} with fields’ types as follows:

fuel : FinMultiset(Barrel) Barrel≜ Phase×Degree

sigs : SignalId fin
⇀ SignalState ExpectPerm≜ SignalId×Phase×Degree

obls : Thread fin
⇀ FinSet(SignalId) SignalId≜ N

eps : FinSet(ExpectPerm) SignalState≜ Level×B

phs : Thread fin
⇀ Phase Phase≜ List N

eb : N π1 ⪯P π2 ≜ ∃π
′. π2 = π

′++π1

Small transitions of OM
OMS-EXCHANGES-FUEL

(π,d) ∈ δ .fuel d′≺D d n ≤ δ .eb

δ 99K
OM

δ [fuel := δ .fuel\{1 · (π,d)}⊎
{

n · (π,d′)
}
]

OMS-INCREASES-EB

δ 99K
OM

δ [eb := δ .eb+1]

OMS-CREATES-SIGNAL

τ ∈ domδ .obls s≜max(domδ .sigs)+1 l ∈ Level

δ 99K
OM

δ [sigs := δ .sigs[s := (l,False)]][obls := δ .obls[τ := δ .obls[τ]∪{s}]]

OMS-SETS-SIGNAL
s ∈ δ .obls[τ] δ .sigs[s] = (l,_) τ ∈ domδ .obls

δ 99K
OM

δ [sigs := δ .sigs[s := (l,True)]][obls := δ .obls[τ := δ .obls[τ]\{s}]]

OMS-CREATES-EP
δ .phs[τ] = πτ π ⪯P πτ (π,d) ∈ δ .fuel s ∈ domδ .sigs d′≺D d

δ 99K
OM

δ [fuel := δ .fuel\{1 · (π,d)}][eps := δ .eps∪
{
(s,π,d′)

}
]

OMS-EXPECTS-EP
δ .phs[τ] = πτ π ⪯P πτ δ .sigs[s] = (l,False) (s,π,d) ∈ δ .eps

∀o ∈ δ . obls[τ]. l ≺L δ .sigs[o].1

δ 99K
OM

δ [fuel := δ .fuel⊎{1 · (πτ ,d)}]

Fuel burning, fork and the full transition of OM

OM-BURNS-FUEL
δ .phs[τ] = πτ π ⪯P πτ

(π,d) ∈ δ .fuel

δ
τ
⇝
OM

δ [fuel := δ .fuel\{1 · (π,d)}]

OM-FORKS
δ .phs[τ] = πτ τ

′ /∈ domδ .phs
δ .obls[τ] =U ∪V U # V

P′ ≜ δ .phs[τ := 0 :: πτ ][τ
′ := 1 :: πτ ]

O′ ≜ δ .obls[τ :=U ][τ ′ :=V ]

δ
τ,τ ′

99K
OM

δ [obls := O′][phs := P′]

δ1
τ−→
OM

δ2 ≜ ∃n,δ ′,δ ′′. n ≤ SB∧δ1 99K
OM

n
δ
′∧δ

′ τ
⇝
OM

δ
′′∧ (δ ′′ = δ2 ∨∃τ

′. δ
′′ τ,τ ′

99K
OM

δ2)

Figure 4.5: Obligations model (parameterized by Level, Degree, Thread and SB)
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program in Figure 4.6, we instantiate OM with SB≜ 2, Level≜ {ℓ0}, Degree≜ {d0}.
In our example, with a single busy-waiting loop, and hence a single obligation level, ℓ0,
the partial order on Level is trivial, but more complicated examples can be supported
by choosing an appropriate well-founded ⪯L on obligation levels. To simplify the
explanation, we will assume that some components of the initial state of the model
are initialized to specific values. Later on, we will explain how their values can be set
dynamically instead. Specifically, we assume that the initial state of the Obligations
model is{
fuel := {2 · ([0],d0)}⊎{1 · ([1],d0)};obls :=

{
τl 7→

{
s f
}

;τr 7→ /0
}

;eb := 0;

sigs :=
{

s f 7→
(
ℓ0,False

)}
;eps :=

{
(s f , [1],d0)

}
;phs := {τl 7→ [0];τr 7→ [1]}

}
(blocking-initial)

where s f ≜ 0 : SignalId is a signal, and the obligation of thread τl is tied to that signal.
An unset signal establishes the existence of a thread with an obligation to set

that signal. The sigs field of a state in OM associates every signal with its current
signal state. An obligation can only be fulfilled by performing an OMS-SETS-SIGNAL

small transition. Taking this transition removes the thread obligation and updates
the signal’s state. Thus, by tying a physical state change to the setting of a signal
(with an invariant), we express that the corresponding action must eventually happen.
Correspondingly, a trace of OM terminates if all threads fulfill their obligations.

In our example, s f has level ℓ0 (the only choice for this example), and initially
the action it represents has not been performed yet (indicated by False in the signal
state). Thread τl has the obligation to set s f and, enforced by an invariant, must
therefore set f eventually. If it did not, thread τl would need to diverge or terminate
with obligations left—both ruled out by refining OM.

Intuitively, burning fuel serves as the termination measure, i.e. all steps of OM burn
some fuel. Now, whereas the termination of the left thread in Figure 4.6 is obvious,
the termination of the right thread, when considered in isolation, is not. Indeed, it
relies on the fact that the left thread will eventually set the flag location f. This aspect
of the behavior of the right thread is captured abstractly at the level of OM with the
signal s f playing the role of the location f. Still, the number of steps the right thread
takes depends on the scheduler: it must busy-wait until f is set. Therefore, there is no
finite bound on the number of steps (and fuel) the right thread takes, even when we
only consider fair schedulers. Thus, following Reinhard and Jacobs [103, 104], OM
allows fuel to be replenished as long as we wait for (are blocked on) a signal to be set.
In OM, replenishing the fuel is supported by the small transition OMS-EXPECTS-EP

(expecting the signal to be set eventually).
In the example in Figure 4.6, we take two OMS-EXPECTS-EP transitions every

time the right thread, τr, reads false from f. This generates two barrels of ([1],d0)
fuel, which in turn are spent for model transitions corresponding to the FAA and the
read of the location f in the next recursive call. To enable these OMS-EXPECTS-EP

transitions, the initial state (blocking-initial) includes the initial expectation permis-
sion (s f , [1],d0). Restricting when it is possible to generate fuel is necessary so that
any fair OM trace is finite (cf. Reinhard and Jacobs [103, 104]). The side-condition on
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levels, i.e., ∀o ∈ obls[τ]. l ≺L δ .sigs[o].1, in OMS-EXPECTS-EP rules out potential
circular waiting among obligations which is crucial for guaranteeing termination —
note that in Lemma 3 we require ⪯L to be well-founded. In case of Figure 4.6, this
side-condition holds trivially since τr has no obligations.

Forking Threads

let nondet () =
let f = ref false in
let cnt = ref 0 in
fork (incr_loop f cnt);
f := true; !cnt

Figure 4.7: Fork example.
incr_loop is from Figure 4.6

We now consider the implementation of nondet
in Figure 4.7. Here, the main thread starts the
increment loop from above in a new thread using
fork and then continues execution. In OM, the step
of the main thread τ that forks the child thread τ ′

is matched by a forking transition,
τ,τ ′

99K
OM

. As can be

seen in τ−→
OM

, this kind of transition can be taken after burning fuel. Forking transitions

update the current phase of τ and assign the forked thread τ ′ a sibling phase; two
phases are called sibling phases if they are of the form 0 :: π and 1 :: π . Moreover, we
allow transferring some of the forking thread’s obligations to the forkee.

In the examples we have considered above, we used a static number of threads,
which simplified the description of the model states and transitions, because the initial
state we considered for OM could simply refer to thread identifiers. This simpler
treatment also allowed us to assume that the necessary signals and obligations exist
in the initial state of OM we considered. To support dynamic creation of threads,
we also need to support dynamic creation of signals, which we support through the
transition OMS-CREATES-SIGNAL, and dynamic creation of expectation permissions,
which we support through the transition OMS-CREATES-EP. The transition OMS-
CREATES-SIGNAL creates a fresh unset signal at the given level and assigns it as an
obligation to the given thread. The transition OMS-CREATES-EP consumes a barrel of
some degree d to create an expectation permission for an existing signal, with some
lower degree d′, which in turn allows generating fuel at degree d′ using the transition
OMS-EXPECTS-EP. After the forking and creation of the signal and expect permission,
verification of Figure 4.7 follows closely that of Figure 4.6.

Note that without the phases (i.e. allowing unrestricted fuel sharing) we could (un-
soundly) verify a variation of Figure 4.7 where the main thread also runs incr_loop
instead of setting the flag. For that, the forked thread would produce fuel by waiting
for the flag to be set and then share it with the main thread, justifying its looping. To
prevent that, OMS-EXPECTS-EP generates fuel of the thread’s current phase, which is
always phase order-incompatible with other threads’ phases. With that, generated fuel
can only be burned by the thread itself and the threads it will fork in the future.

Refinement Relation

In this section, we define the operational semantics of λ conc
ref , the concurrent higher-

order imperative programming language we work with in this paper. Afterwards,
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we formally define the refinement relation between program execution traces and
OM traces, and we show how such a refinement allows proving fair termination of
programs. In the following section, we present the program logic of Lawyer, which
we use to establish such refinements.

In the rest of the section, we use the following notations. Given a trace tr of some
LTS, tr[i] and tr⟨i⟩ denote its ith state and label, respectively. In general, the traces we
work with may be finite or infinite, but always non-empty. If tr is finite, tr.last denotes
its last state. Then, tr :⟨ℓ⟩: s denotes the trace tr extended with the transition from
tr.last to the state s with the label ℓ — this notation, of course, only makes sense, and
is used when tr is a finite trace. We write dom(tr) for the set of indices i for which
tr[i] is defined, i.e., integers between 0 and the length of tr. Finally, we say that a trace
of LTS M is valid if it denotes a sequence of M transitions:

validM (tr)≜ ∀i. i+1 ∈ dom tr ⇒ tr[i]
tr⟨i⟩→
M

tr[i+1]

Operational Semantics of λ conc
ref

The language λ conc
ref is an ML-like programming language with higher-order references

and concurrency. An excerpt of its operational semantics is shown in Figure 4.8; see
our Rocq development for further details. The operational semantics is defined as a
binary relation over configurations, which are pairs of a thread pool and a heap. The
relation non-deterministically chooses a thread and “evaluates” the program in that
thread by decomposing it into an evaluation context E and an expression e which
is then evaluated as per the top-level per-thread reduction relation. Note how the
evaluation contexts determine a right-to-left call by value reduction strategy. We also
remark that the operational semantics, i.e., the configuration reduction relation, forms
an LTS as reductions are labeled by the thread being reduced.

Refinement

To define the notion of refinement between execution traces of λ conc
ref and traces of OM,

we first define a relation ≃ between the configurations of λ conc
ref and states of OM. This

relation requires that the threads represented in the OM state are exactly those in the
configuration’s thread pool. Moreover, it requires that the threads carrying obligations
have not terminated yet. Formally, this relation is defined as follows:

Definition 1 (The relation between configurations and model states). The relation
between a configuration c and an OM state δ , written c ≃ δ , is defined as follows:

c ≃ δ ≜ sameThreads(c,δ )∧ liveThreads(c,δ )
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Syntax

x,y, f ∈ Var l ∈ Loc n ∈ Z b ∈ B
Val v ::= () | b | n | l | (v,v) | inlv | inrv | rec f (x) := e
Expr e ::= x | v | e + e | ref (e) | if e then e else e

| fork(e) | !e | ee
| to_inte | freee | fste | snde
| match e with inlx ⇒ e | inry ⇒ e end | . . .

ECtx K ::= • | e⊚K | K⊚ v | (e,K) | (K,v) | eK | K v | . . .
Heap h ∈ Loc fin−⇀Val
T hreadPool E ∈ Thread fin−⇀Expr
Config c ::= (E ,h)

Configuration reductions (with⇝⊆ (Expr×Heap)2 omitted; see [91])

(e,h)⇝ (e′,h′)

(E [τ 7→ fillK e],h) τ→ (E [τ 7→ fillK e′],h′)

τ
′ /∈dom(E )∪{τ} E ′ ≜ E [τ 7→ fillK ()][τ ′ 7→ e]

(E [τ 7→ fillK (fork(e))],h) τ→ (E ′,h)

Figure 4.8: An excerpt of operational semantics of the language λ conc
ref

where

sameThreads(c,δ )≜ domc.1 = domδ .obls= domδ .phs

liveThreads(c,δ )≜ ∀τ. hasObls(τ,δ )⇒ threadActive(τ,c)

threadActive(τ,c)≜ c.1[τ] /∈Val

hasObls(τ,δ )≜ δ .obls[τ] ̸= /0

Now, we define the refinement relation between program execution traces and
OM traces based on the relation between program configurations and states of OM in
Definition 1:

Definition 2 (The refinement relation on finite traces). Let etr be a finite execution
trace of λ conc

ref and let mtr be a finite OM trace. The refinement relation between etr
and mtr, written ξ Λ

OM(etr,mtr) is defined as follows:

ξ
Λ
OM(etr,mtr)≜ validλ conc

ref
(etr)∧ validOM(mtr)∧dometr = dommtr∧

(∀i ∈ dometr. etr[i]≃ mtr[i])∧
(∀i. i+1 ∈ dometr ⇒ etr⟨i⟩= mtr⟨i⟩)

In order to instantiate Trillium with the refinement relation ξ Λ
OM, we need to show

it is relatively image-finite [118].
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Lemma 1. ξ Λ
OM is relative image-finite:

∀etr,τ1,c,mtr. finite
{
(τ2,δ ) | ξ

Λ
OM(etr :⟨τ1⟩: c,mtr :⟨τ2⟩: δ )

}
The Adequacy Theorems of Trillium and Lawyer

By adequacy theorem, here we mean the theorem that states and establishes the
soundness of the program logic. Here we explain these adequacy theorems informally,
relegating the precise statements to our Rocq development. Intuitively, the adequacy
theorem of Trillium states that proving a Hoare triple in the program logic of Trillium
establishes a refinement between the program and the LTS model that Trillium is
instantiated with. This refinement relation states that for any possibly infinite execution
of the program, there is a corresponding possibly infinite trace of the LTS model
related to it by the refinement relation in Definition 3. The program logic of Lawyer
is built on top of the instantiation of Trillium with the OM model (it is not merely an
instantiation of Trillium). The adequacy theorem of Lawyer (formally stated in the
supplementary material [95]) states that proving a Hoare triple in the program logic of
Lawyer establishes that all fairly scheduled executions of the program terminate. This
theorem follows from the adequacy theorem of Trillium as we will explain below.

Definition 3 (Refinement of possibly infinite traces). Let etr be a (possibly infinite)
execution trace and let mtr be a (possibly infinite) obligations model trace of the same
length.2 Then, the refinement relation on possibly infinite traces, written etr≼̂

ξ Λ
OM

mtr,
holds if all corresponding finite prefixes of etr and mtr are related by the refinement
relation ξ Λ

OM.

In the rest of this section, we will show that whenever a trace etr of a program
refines a trace mtr of OM, and furthermore etr is fairly scheduled, then etr is finite,
i.e., it terminates. To do this, we first define what fairness means for an arbitrary
LTS (Definition 4) and show that whenever etr refines mtr and etr is fair, so is mtr
(Lemma 2). Then, we show that any fair trace mtr of OM is necessarily finite (Lemma 3).
Since etr refines mtr, by Definition 3, etr and mtr must have the same length, thus,
etr must also be finite.

Definition 4 (Fairness). Given an LTS M and an enabledness predicate E : Label(M )
→ State(M )→Prop, a trace tr of M is fair with respect to E, written FairTraceE(tr),
iff:

FairTraceE(tr)≜ ∀ℓ, i. E(ℓ, tr[i])⇒∃ j ≥ i. (¬E(ℓ, tr[ j])∨ tr⟨ j⟩= ℓ)

Based on this we define fairness for program and OM traces as follows (see Definition 1
for definitions of threadActive and hasObls):

fairExec(etr)≜ FairTracethreadActive(etr) oblsFair(mtr)≜ FairTracehasObls(mtr)

2That is, either they are both finite and have the same length, or they are both infinite.
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The definition of FairTraceE above is equivalent to weak fairness for infinite
traces, i.e., if a transition by a given label is continuously enabled, it is eventually
taken. For finite traces, on the other hand, it implies that in the final state of the trace
all labels are disabled. In particular, fairExec(etr) for a finite trace etr implies that all
threads have terminated.

Lemma 2. ∀etr,mtr. etr≼̂
ξ Λ
OM

mtr∧ fairExec(etr)⇒ oblsFair(mtr).

Lemma 3. If both ≺L and ≺D are well-founded, then

∀mtr. oblsFair(mtr)⇒ finite(mtr)

4.3 Program Logic

As explained in Section 4.2, our methodology to prove fair termination is to find a re-
finement between fair program execution traces and traces of OM which are guaranteed
to terminate by Lemma 3. To this end, we have developed the Lawyer program logic
(Hoare logic) on top of Trillium’s [118] program logic. The program logic of Trillium
can be instantiated with an arbitrary LTS model, which we here fix to be OM. Fixing
the LTS to be OM allows us to reflect the state and transitions of OM into the program
logic, which we can then use to derive the rules of the Lawyer program logic. By
doing so, the Lawyer program logic provides reasoning principles to support modular
proofs that programs refine the OM model.

In Lawyer, Hoare triples are written as {P} e {Φ}τ

E . Intuitively, {P} e {Φ}τ

E

means that, given that the precondition P holds, the program e is safe to run (i.e.
without getting stuck) under thread τ , every step of e is matched by a transition in
OM (hence establishing the refinement), and that whenever e reduces to a value v, the
postcondition Φ(v) holds. Furthermore, in the proof of {P} e {Φ}τ

E only invariants
whose names appear in the mask E can be accessed. Whenever all invariants are
accessible, i.e., the mask E is ⊤, the set of invariant names, we omit it.

In the rest of this section, we will explain the Lawyer program logic by working
through the verification of the nondet example in Figure 4.7 (Page 47). As we do so,
we will also introduce concepts of the higher-order concurrent separation logic Iris
that are used to formalize Trillium and Lawyer. To state and prove the specification of
nondet, we assume that OM is instantiated so that:

• There are at least two fuel degrees d0,d1 : Degree such that d0 ≺D d1.

• There is at least one obligation level ℓ0 : Level.

• Every OM transition allows at least 5 small transitions, i.e. 5 ≤ SB.

How Modular are Lawyer Specifications? Note that the restrictions above do not
require to choose either the exact Degree and Level orders or value of SB upfront.
This allows composing the modules’ specifications: the restrictions placed by each of
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Ownership of the resource . . . implies . . . for δ , the current state of OM
bar(π : Phase)(d : Degree) ∃π0. {1 · (π0,d)} ⊆ δ .fuel∧π0 ⪯P π

sgn(s : SignalId)(ℓ : Level)(b : B) δ .sigs[s] = (ℓ,b)
sgn∃ (s : SignalId)(ℓ : Level) ∃b. δ .sigs[s] = (ℓ,b) �
obls(τ : Thread)(R : FinSet(SignalId)) δ .obls[τ] = R
ep(s : SignalId)(π : Phase)(d : Degree) ∃π0. (s,π0,d) ∈ δ .eps∧π0 ⪯P π �
ph(q:Q)∈(0..1] (τ : Thread)(π : Phase) δ .phs[τ] = π

elb(n : N) n ≤ δ .eb �

Abbreviations:

ph τ π ≜ ph1 τ π L◁ sgnR≜∗
s∈R

∃ℓs. (sgn∃ sℓs ∧
∧
ℓ∈L

ℓ◁ ℓs) for ◁∈ {≺L,⪯L}

Figure 4.9: Resources of the Lawyer logic. The�marker denotes persistent resources.

them are combined appropriately to obtain a specification for the composition. For
example, Section 4.4 shows how the OM parameters’ restrictions placed by an abstract
lock module are used to determine the restrictions for a lock client program.

With that, we prove the following specification for an arbitrary thread τ and phase
π:

{oblsτ /0∗ph τ π ∗barπ d1 ∗13·barπ d0}
nondet (){

n. elbn∗∃π
′⪰P π. oblsτ /0∗ph τ π

′}τ

(nondet-spec)

Intuitively, the precondition states (see Figure 4.9) that nondet can be called when
the state δ of OM satisfies the following properties: thread τ holds no obligations and
has phase π assigned to it, and that phase π has at least 1 barrel of d1 and 13 barrels of
d0. Here, ∗ is the separating conjunction of separation logic, like ordinary conjunction:
P ∗Q holds when both P and Q hold, but furthermore it requires the resources to
be disjoint. To see this, note that 13·barπ d0 in the spec above is a shorthand for
barπ d0 ∗ · · · ∗barπ d0, 13 times, which means we have 13 individual barrels, because
they are disjoint. Now, if the precondition just described holds, we know that nondet
is safe to run, that it refines OM, and that when it terminates, it returns n ∈ N and ends
in some state δ ′ of OM such that the postcondition holds. The postcondition intuitively
states that in the state δ ′ the exchange bound is at least n, written as the proposition
elbn, and that the thread τ still has no obligations, but its phase is now increased to
π ′. Having elbn in the postcondition lets us use the return value n of nondet for fuel
exchanges, as we did while verifying Figure 4.3.

Intuitively, nondet terminates because the main thread sets the flag telling the
forked thread to stop incrementing the counter. As explained in Section 4.2, the OM
model represents this idea using signals which indicate that some other thread has the
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obligation to set the flag. Thus, to establish the spec (nondet-spec) above, we need
to have a signal corresponding to the boolean value referenced by the flag. This is
formally captured by the following logical invariant:

nondetInv(cnt,flag,sf )≜ ∃c : N, f : B. flag 7→ f ∗ cnt 7→ c∗ sgnsf l0 f ∗ elbc
NND

(nondet-inv)

which, in addition to requiring the signal, also requires that the fuel exchange bound
must be at least as large as the value stored in the counter. Here, l 7→ v is the separation
logic points-to proposition asserting exclusive ownership of the memory location l,
and at the same time asserting its value to be v. Moreover, the proposition P

N

asserts that P must always hold. The name of the invariant N is used for accounting
purposes, ensuring that invariants are not accessed multiple times in a nested fashion,
which is unsound in general. For example, in the case of the invariant above, accessing
it twice in a nested fashion would give us two points-to propositions for the same
location flag. Invariants are forced to always hold once they are established by only
allowing them to be accessed for the duration of atomic operations:3

INV-OPEN-SIMPL

{R∗P} e {Q∗P}τ

E \N ∧ e is atomic∧N ⊆ E ⊢
{

R∗ P
N
}

e {Q}τ

E

We also remark that invariants are persistent. Formally, a proposition is persistent if
�P ⊣⊢ P, where� is the so-called persistently modality and ⊣⊢ is logical equivalence.
Intuitively, �P holds if P holds, and furthermore, P only expresses knowledge without
asserting any exclusive ownership. Thus, �P ⊢ P, �P ⊢��P, and crucially, persis-
tent propositions are duplicable, i.e., �P ⊣⊢�P∗�P. Invariants being duplicable
implies that they can be freely duplicated and shared with other threads.

Establishing the Invariant

After the first two lines of the nondet example (Figure 4.7), we obtain flag 7→
false∗cnt 7→ 0. Thus, to establish the invariant (nondet-inv) we also need to obtain
sgnsf l0 False ∗ elb0. To this end, we need to take transitions in OM, in particular,
we need to take OMS-CREATES-SIGNAL to obtain a signal (and a corresponding
obligation). To this end, the Lawyer program logic features bespoke modalities and
rules for reflecting (taking) transitions in OM. Following Iris and Trillium, while we
give specifications and their proofs using Hoare triples, these are not primitive concepts
of the logic — they are defined in terms of weakest preconditions: {P} e {v.Q}τ

E ≜
�
(
P −∗ wpτ

E e
{

v.Q
})

— the “persistently” modality � ensures that the precondition
captures all that is required for running the program, thus ensuring that Hoare triples
are “self-contained” and hence duplicable.

3For simplicity, we omit the later modality in this paper; see Jung et al. [63] for details. For those
familiar with Iris, we remark that all invariants we formally state in the paper are timeless anyway.
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OU-EB-0
OU{elb0}

OU-EXCHANGES-FUEL
barπ d elbb d′≺D d

OU{b ·barπ d′}

OU-CREATES-SIGNAL
oblsτ R

OU{∃s /∈ R. sgnsℓFalse∗oblsτ R∪{s}}

OU-SETS-SIGNAL
oblsτ R s ∈ R sgnsℓ(b : B)

OU{sgnsℓTrue∗oblsτ R\{s}}

OU-CREATES-EP
barπ d sgn∃ sℓ phq τ π d′≺D d

OU{epsπ d′ ∗phq τ π}

OU-INCREASES-EB
elbb

OU{elb(b+1)}

OU-EXPECTS-EP
epsπ d sgnsℓFalse oblsτ R {ℓ}≺L sgnR phq τ π

OU{barπ d ∗ sgnsℓFalse∗oblsτ R∗phq τ π}

Figure 4.10: Rules for the obligation update modality OU

Following Hinrichsen et al. [47], we decompose weakest preconditions into two
parts: a single-step weakest precondition [82] followed by a model update modality:

TRILLIUM-STEP-NVAL-SIMPL

sswp e
{

e′.MUτ{wpτ e′
{

Φ
}
}
}
∧ e /∈Val ⊢ wpτ e

{
Φ
}

Single-step weakest preconditions are like weakest preconditions except they demand
their postcondition to hold after one step of the program — note how the binder
in the postcondition binds an expression e′ and not a value like ordinary weakest
preconditions do. The model update modality intuitively embeds model steps τ−→

OM
. That

is, MUτ{P} holds if P holds after a single step of τ−→
OM

is taken. Crucially, the model
update modality never invalidates already established facts, meaning that it satisfies
“framing”: P∗MUτ{Q} ⊢MUτ{P∗Q}. Just as OM transitions are broken into multiple
small transitions, the model update modality allows taking multiple small transitions
through a bespoke obligations update modality OU:

MU-OM-SIMPL

OUi {P∗ph τ π ∗barπ d}∧ i ≤ SB ⊢ MUτ{P∗ph τ π}

where OUi {P} is i times repeated obligation update modalities: OU0 {P} ≜ P and
OUn+1 {P} ≜ OU{OUn {P}}. Note how this rule requires a barrel of fuel (at any
degree d) — this corresponds to the fact that any OM transition burns fuel. (This rule
is not a primitive rule of the logic, as we will discuss in Section 4.4.) The rules for
deriving obligation updates are given in Figure 4.10. Using these rules, we can derive
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1 {oblsτ /0∗ph τ π ∗1·barπ d1 ∗13·barπ d0}
2 let nondet () =
3 {oblsτ /0∗ph τ π ∗1·barπ d1 ∗12·barπ d0}
4 let flag =
5 {oblsτ /0∗ph τ π ∗barπ d1 ∗barπ d0}
6 ref false

7

{
flag.flag 7→ false∗∃sf . oblsτ

{
sf
}
∗

ph τ π ∗ sgnsf ℓ0 False∗�epsf π d0

}
8 in

9

{
oblsτ

{
sf
}
∗ph τ π ∗10·barπ d0∗

flag 7→ false∗ sgnsf l0 False

}
10 let cnt =

11

{
ph τ π ∗barπ d0∗

flag 7→ false∗ sgnsf l0 False

}
12 ref 0
13 {cnt.ph τ π ∗�nondetInv(cnt,flag,sf )}
14 in

15{oblsτ
{

sf
}
∗ph τ π ∗8·barπ d0}

16fork
17(∗for some fresh τ ′ ∗)
18(∗and π1,π2 ≻P π:∗)

19

{
oblsτ

{
sf
}
∗ph τ π1 ∗2·barπ1 d0∗

oblsτ ′ /0∗ph τ ′ π2 ∗5·barπ2 d0

}
20

(
{oblsτ ′ /0∗ph τ ′ π2 ∗5·barπ2 d0}

21incr_loop flag cnt
22{oblsτ ′ /0∗ph τ ′ π2}

)
;

23{oblsτ
{

sf
}
∗ph τ π1 ∗2·barπ1 d0}

24flag := true;
25{oblsτ /0∗ph τ π1 ∗1·barπ1 d0}
26!cnt
27(∗for some n:∗)
28{oblsτ /0∗ph τ π1 ∗ elbn}
29{n ∈ N.elbn∗∃π ′⪰P π. oblsτ /0∗ph τ π}

Figure 4.11: Proof of nondet specification

the following

NONDET-OU-UPD
oblsτ /0 ph τ π barπ d1

OU{OU{∃sf . oblsτ
{

sf
}
∗ph τ π ∗ sgnsf ℓ0 False∗ epsf π d0}}

where epsπ d asserts existence of an expectation permission for signal s, allowing
one to generate fuel at degree d and phase of at least π . This is passed along with
the invariant to the forkee running incr_loop so that it, together with sgnsf ℓ0 False
in the invariant, can be used to generate fuel while waiting for the signal. (Note
that sgn∃ sℓ is the persistent knowledge that the signal exists for which we have
sgnsf ℓb ⊢ sgn∃ sf ℓ.) We use the obligation update NONDET-OU-UPD above after
allocating the flag, and then use the rule OU-EB-0 to obtain elb0 after allocating the
counter.

MU-INV-ALLOC-SIMPL
MUτ{P∗Q}

MUτ{P∗ Q
N }

This establishes all the resources necessary for the
invariant (nondet-inv) and leaves us with oblsτ

{
sf
}
∗

epsf π d0. At this point, we use the rule MU-INV-ALLOC-
SIMPL to create the invariant (nondet-inv).

Verifying nondet’s Main Thread

The proof of the nondet specification (nondet-spec) is sketched in Figure 4.11. The
annotations in curly braces are propositions that hold between steps; persistent propo-
sitions are marked with � and are not explicitly included in subsequent annotations.
Pure reductions, such as the one on line 2, are normally verified simply by burning a
barrel of fuel. In other words, we prove the triple on lines 1-3 by framing all resources,
except for the phase and one barrel of d0 which we use together with MU-OM-SIMPL
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with i≜ 0. Establishing resources after flag allocation (line 6) and counter allocation
(line 12), as well as the creation of the invariant (nondet-inv), have been discussed
above.

To verify the forking on line 16, we use the following rule that corresponds to
a forking transition in OM without either preceding small transitions or delegating
obligations to the forked thread:

TRILLIUM-STEP-FORK-SIMPL

∀τ
′.
(∃π1,π2. ph τ π1 ∗ph τ

′
π2 ∗oblsτ

′ /0∗π ≺P π1 ∧π ≺P π2)−∗
wpτ ′ e

{
oblsτ

′ /0
}
∗P

ph τ π ∗barπ (d : Degree) ⊢ wpτ fork(e)
{

P
}

This is a special derived rule for the nondet example; the general version is shown
in [95]. We split the available resources to verify the two threads separately. The
verification of the forked thread is described below in Section 4.3. Notice that
postconditions of both threads in Figure 4.11 require the set of obligations to be
empty: oblsτ /0 for the main thread and oblsτ ′ /0 for the forked thread. Lawyer requires
proving that each thread has no obligations upon termination. Otherwise, a thread can
terminate while holding obligations that other threads might depend on, causing them
to wait indefinitely. The main thread fulfills its obligation by setting flag on line 24
for which we prove the following, which requires accessing the invariant using the
rule INV-OPEN-SIMPL:{

oblsτ
{

sf
}
∗ph τ π1 ∗barπ1 d0 ∗nondetInv(cnt,flag,sf )

}
flag := true

{oblsτ /0∗ph τ π1}τ

To prove this we use the rule MU-OM-SIMPL with i≜ 1 and OU-SETS-SIGNAL to
derive the following:

sgnsf l0 (b : B)∗oblsτ
{

sf
}
⊢ MUτ{sgnsf l0 True∗oblsτ /0}

Finally, we read the counter on line 26, again accessing the invariant using the rule
INV-OPEN-SIMPL to obtain the points-to and the elbn resource. The latter we can
retain after we are done accessing the invariant because it is persistent. Thus, for
reading the counter we show:{

ph τ π1 ∗barπ1 d0 ∗nondetInv(cnt,flag,sf )
}

!cnt

{n ∈ N.ph τ π1 ∗barπ1 d0 ∗ elbn}τ

Verifying incr_loop

Figure 4.12 sketches the proof of the incr_loop specification used in Figure 4.11
(lines 20-22). Note the recursive call on line 11. Following the standard way to verify
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1

{
oblsτ /0∗ph τ π ∗5·barπ d0∗

�(epsf π d0 ∗nondetInv(cnt,flag,sf ))

}
2 let rec incr_loop flag cnt =
3 {oblsτ /0∗ph τ π ∗4·barπ d0}
4 let t := !flag in

5

{
oblsτ /0∗ph τ π ∗2·barπ d0∗
(t = False ⇒ 5·barπ d0)

}
6 if t then () {oblsτ /0∗ph τ π}

7 else
8 {oblsτ /0∗ph τ π ∗ (1+5)·barπ d0}
9 FAA(cnt, 1);

10 {oblsτ /0∗ph τ π ∗5·barπ d0}
11 incr_loop flag cnt
12 {oblsτ /0∗ph τ π}
13 {oblsτ /0∗ph τ π}

Figure 4.12: Proof sketch for incr_loop

recursive functions [12], we assume that the given spec holds for the recursive call
while we show that the body of the recursive function satisfies the given spec. Thus,
upon the recursive call we need to prove that the precondition on line 1, which includes
fuel (5·barπ d0), holds again. However, going through the lines before the recursive
call, we have burned some of the initial fuel we started with in the precondition.
Therefore, fuel has to be replenished before the recursive call. We do this at the point
when we read the flag on line 4. There, after opening the invariant, executing the
physical step and framing the irrelevant resources, we prove the following model
update using MU-OM-SIMPL choosing i depending on b:

oblsτ /0∗ph τ π ∗barπ d0 ∗ sgnsf l0 b∗ epsf π d0

MUτ{oblsτ /0∗ph τ π ∗ sgnsf l0 b∗ (b = False ⇒ 5·barπ d0)}

If b = True, we take i to be 0; this case is trivial. If b = False, on the other hand,
we take i to be 5 and then apply OU-EXPECTS-EP 5 times; this is why we placed a
restriction 5 ≤ SB at the beginning of this section. The rest of the proof also proceeds
by case analysis. If the flag has been set, incr_loop terminates. Otherwise, we open
the invariant again to increment the counter and update the exchange bound resource
using the rule OU-INCREASES-EB. After this step, we have again all the resources
comprising the precondition of incr_loop and thus can make the recursive call.

4.4 Case Study: Modular Verification of a Fair Lock Client

In this section, we demonstrate the expressivity of Lawyer and its program logic by
proving fair termination of a program, given in Figure 4.13, consisting of two threads,
called left and right, that work on a shared memory location flag protected by
a ticket lock. The key point here is again modularity: the two threads are verified
relative to a specification of fair locks, which we separately show to be satisfied
by the ticket lock implementation. In more detail, the left thread writes to the
shared location flag, and the right thread busy-waits for this write. Intuitively,
the client terminates with any fair lock implementation, i.e., one that guarantees
that every lock acquisition eventually terminates, assuming that the lock is always
eventually released. In other words, the proof of client’s termination need not
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1 let newLock () = (ref(0), ref(0))
2

3 let release (ow, _) =
4 ow := !ow + 1
5

6 let acquire (ow, tk) =
7 let t = FAA(tk, 1) in
8 let rec wait () =
9 let o = !ow in

10 if (t == o) then ()
11 else wait ()
12 in wait ()
13

14 let left flag lk =
15 acquire lk;
16 flag := true;
17 release lk

18 let rec right flag lk =
19 let rec wait () =
20 acquire lk;
21 let c = !flag in
22 release lk;
23 if c then () else wait ()
24 in wait ()
25

26 let client () =
27 let flag = ref false in
28 let lk = newLock () in
29 fork (right flag lk);
30 left flag lk

Figure 4.13: Client using the fair lock and ticket lock implementation

depend on the implementation details of the lock. This is what we formally show by
giving a modular proof as described above. However, the termination of the client
program indeed depends on the fairness of the lock. If we had taken, e.g., a spin lock,
a pathological but fair scheduling in which every attempt to acquire the lock by the
left thread is disrupted by the acquire operation in the right thread would lead to
non-termination.

From a high-level point of view, the behavior of the client program here is
similar to that of the nondet example: one thread waits for the other to set the flag.
Naturally, the high-level idea of verification of the client program is also similar to
that of the nondet program. However, the presence of the lock adds another source
of blocking behavior — each acquire in either thread may need to wait for the other
thread to release the lock.

The essence of the reason why a program like the one in Figure 4.13 terminates
is that every lock acquisition is followed by a release. Lawyer’s mechanism for
specifying such requirements, as we saw in Section 4.2 and Section 4.3, is using
obligations. Thus, we need the acquire operation to produce an obligation that can be
fulfilled when the lock is released.

To verify this program, imagine first that the ticket lock implementation is inlined
into the client program to set aside modularity concerns for the moment. In that case,
when either thread acquires the lock, i.e., when FAA at line 7 succeeds, we can assign
that thread an obligation to release the lock. This obligation is fulfilled upon the write
at line 4. On the other hand, when a thread fails to acquire the lock (i.e., the check at
line 10 fails), it knows that the lock owner is obligated to release it, which justifies the
busy-waiting. As for the other blocking behavior, i.e., waiting for the flag to be set,
to justify the busy-waiting we follow the process from Section 4.3 and assign the left
thread an obligation, which it fulfills upon setting the flag.
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BOU-INTRO
P

BOUE
n {P}

BOU-WAND
P −∗ Q

BOUE
n {P} −∗ BOUE

n {Q}

BOU-OU
OU{BOUE

n {P}}
BOUE

n+1 {P}

BOU-SPLIT

BOUE
n {BOUE

m {P}}
BOUE

n+m {P}

BOU-WEAKEN

P1 −∗ P2 n1 ≤ n2 E1 ⊆ E2 BOUE1
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{P1}

BOUE2
n2
{P2}

BOU-INVS

|⇛E /0 BOU /0
n { |⇛/0 E P}

BOUE
n {P}

Figure 4.14: Selected rules for BOU

The idea behind modular verification of termination of client is to give a
specification for the fair locks which, in addition to the core property of locking
mechanisms, mutual exclusion, also captures what we discussed above: upon lock
acquisition, an obligation is assigned for releasing it.

In the rest of this section, we will first introduce a new modality (Section 4.4)
that allows us to achieve better flexibility in modular specifications. Afterwards, in
Section 4.4 we show how to use this modality to give the fair lock specification,
and discuss how the ticket lock implementation satisfies it in Section 4.4. Finally,
in Section 4.4 we briefly explain how to verify client on top of this fair lock
specification.

Bounded Obligations Update Modality

Recall that the OU modality presented in Section 4.3 represents exactly one small
OM transition. We now introduce a more general variant of this modality, called the
“bounded obligations update” modality, BOUE

n {P}, which intuitively expresses that
P holds after taking up to n small transitions and using invariants in E — we call n
the “size” of BOUE

n {P}. Figure 4.14 shows the proof rules governing BOU. Among
them, the rules BOU-INTRO and BOU-OU correspond to the intuition of “up to n
small transitions”. The rule MU-OM-NOFORK is the main rule that allows us to use
this new modality in proofs when performing a model update:

MU-OM-NOFORK

BOUE
SB {P∗phq τ π ∗∃d. barπ d} ⊢ MUτ

E {P∗phq τ π}

In particular, the rule MU-OM-SIMPL we had shown earlier in Section 4.3 can be
derived from MU-OM-NOFORK.
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∀τ,π,u,P.

{P ∗ BFL(u)≤ SB∗barπ dFL ∗ph τ π}
newLock (){

lk. FairLocklk(u,P) ∗ ph τ π

}τ

(newlockSpec)

where

FairLocklk(u,P)≜ ∃ locked : SignalId→ iProp, ιFL : N .

�(∀s1,s2. locked(s1)∗ locked(s2)−∗ False)∧ (lockedExcl)

�(∀sr. locked(sr)−∗ ∃lr ∈ LFL. sgn∃ sr lr)∧ (lockedLvl)
∀τ,π,O.

{barπ dFL ∗ph τ π ∗oblsτ O ∗LFL≺L sgnO}
acquire lk

{∃sr /∈ O. P∗ locked(sr)∗ph τ π ∗oblsτ (O ∪{sr})}τ

∧

(acquireSpec)

∀τ,π,O,sr,Q.{
locked(sr)∗barπ dFL ∗ph τ π ∗oblsτ (O ∪{sr})∗(

∀q. phq τ π −∗ oblsτ O −∗ BOU⊤\{ιFL}
u {P∗ (ph1−q τ π −∗ Q)}

)}
release lk

{Q}τ


(releaseSpec)

Figure 4.15: Fair lock specification (parameterized by LFL : FinSet(Level), dFL :
Degree and BFL : N→ N)

Fair Lock Specification

Our specification for a fair lock is given in Figure 4.15. Ignoring the parts highlighted
in blue, one can recognize the pre- and post-conditions of the standard lock speci-
fication in higher-order concurrent separation logic [12]. Indeed, in (newlockSpec)
when the lock is created, the user provides P — the resources protected by the lock.
In return, newLock establishes a persistent resource FairLocklk(u,P) stating that the
lock lk protects the resource P (we address the u parameter below). When acquire

succeeds, as (acquireSpec) indicates, the user obtains P along with the exclusive token
(lockedExcl) that ensures that no other thread holds the lock at the moment. Upon
release, release’s specification, (releaseSpec) requires the user to return both P
and this exclusive token; the postcondition of release in Birkedal and Bizjak [12] is
simply True. We emphasize that this lock specification in Figure 4.15, just like the
one given by Birkedal and Bizjak [12], is abstract: it hides the implementation by



4.4. CASE STUDY: MODULAR VERIFICATION OF A FAIR LOCK CLIENT 61

existentially quantifying over the predicate locked and the invariant name ιFL.
The specification in Figure 4.15 is parameterized by a set of obligation levels, a

degree and a function on natural numbers (described below). As the execution of
any method consumes fuel, the fair lock specification mentions a fuel degree dFL.
We require a barrel of this degree is provided for every call to a lock method, along
with the calling thread’s current phase, which is returned unchanged. The fair lock
specification mandates the eventual release of an acquired lock by assigning the thread
that acquires the lock a new obligation. This obligation can only be fulfilled by
releasing the lock — acquire generates a signal sr and locked(sr) token, while the
release operation fulfills sr for which it receives locked(sr). The level of the release
obligation belongs to the set LFL. The lock client can carry other obligations while
acquiring the lock, but the levels of these other obligations must be higher than those in
LFL. Parameterization of Figure 4.15 allows imposing restrictions on e.g. obligations
levels used by each individual lock instance created with newLock, which is needed
to verify Figure 4.13 (see Section 4.4) and an example with multiple locks (provided
in [95]).

The reason for the release specification (releaseSpec) having an arbitrary postcon-
dition and requiring a bounded update modality in the precondition is to make the
specification sufficiently flexible for clients. In particular, the proof of termination
of our example client in Section 4.4 relies on replenishing the right thread’s fuel
at the moment the lock is released. To enable this, the client of the lock can pick
the postcondition Q to also include the newly created fuel and provide a BOU that
replenishes the fuel.4 (The use of fractional phase allows supporting the ticket lock
implementation, which handles phases in a non-trivial way. In practice, it does not
restrict the user.) The size of the user-passed BOU in the (releaseSpec) is decided
in (newlockSpec) when the lock is created. This value determines the module bound
BFL(u) that limits the total size of BOU applied by the module. Finally, the user of
the ticket lock is required to work with a version OM with an SB bound that satisfies
BFL(u) ≤ SB. The condition BFL(u) ≤ SB allows the fair lock’s implementation
to apply not just the passed BOU, but also to take all the small transitions that it
internally needs.

Verifying the Ticket Lock Implementation

Here we discuss the proof that the ticket lock implementation satisfies the specification
in Figure 4.15 (for any choice of parameters LFL, dFL and BFL satisfying a number of
assumptions wrt. OM; see [95]). For space reasons, we only briefly describe the proof
from a high-level point of view. We refer the reader to the accompanying material
[95] for further details.

4We remark that one could include a similar BOU in the acquire specification — it would be
applied after the lock resource is obtained, but before the release obligation is produced; however, the
client examples we consider require just one of these updates, and thus we choose to only include one
for the release specification.
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The proof proceeds in two stages. First, we derive the fair lock specification
in Figure 4.15 from a more general lock specification employing so-called total
correctness logically-atomic triples (TCLAT). Subsequently, we prove that the ticket
lock implementation satisfies the TCLAT fair lock specification. Again, the details for
both steps are provided in [95].

To describe what we mean by a TCLAT specification, we first recall that even
for safety reasoning, modular reasoning about concurrent modules is challenging.
Technically, one of the challenges is to ensure that a client’s invariant can be ap-
propriately updated when calling the module’s operations. An invariant can only
be accessed and updated during physically atomic operations; however, a module’s
operations are not physically atomic as they at the very least involve a method call.
Logically-atomic triples [62, 100] are used for safety reasoning in state-of-the-art
program logics to support modular reasoning by internalizing the well-known idea of
linearizability [46]. They allow one to pretend that a module’s operation is atomic for
all intents and purposes — hence the name logically atomic triples — by allowing
invariants to be accessed and updated for the duration of the method call. In practice,
behind the scenes, this pretense works by accessing and updating invariants at the
so-called linearization point [46] of the method in question. (For an introduction to
such logically atomic specifications and proofs relying on them, see Birkedal and
Bizjak [12, Ch. 13].)

Similar challenges arise when verifying liveness properties of concurrent modules
modularly. For example, the thread acquiring the lock must receive a release obligation
exactly at the linearization point of the acquire method, i.e., when the lock’s observable
state changes from “unlocked” to “locked”. We capture such method’s behavior with a
“total correctness logically atomic triples” (TCLATs) — a version of logically atomic
triples that allow, in addition to accessing invariants, to take transitions in the OM

model at the linearization point of the method. Our TCLATs are inspired by a similar
notion of triples from Sassy [28], but instead of using auxiliary code, we support
taking OM transitions through BOU. This, as we explained in the Introduction, avoids
all issues caused by ghost code instrumentation and significantly simplifies our Rocq
mechanization.

The TCLAT specification style, as Sassy [28] shows, supports verifying a number
of challenging examples, including lock handoffs and implementing nested locks, e.g.,
cohort locks [28]. However, using the TCLAT-style lock specifications directly is
cumbersome as it exposes details about the linearization point of methods that are
not necessary for most clients; it is needed for more advanced clients, e.g., verifying
cohort locks on top of ticket locks [28]. Thus, our TCLAT-style specification of the
fair lock is strong enough to verify such advanced case studies, but can also be used
to derive the validity of the specs in Figure 4.15, which can be straightforwardly used
to verify clients like that in Figure 4.13.

We finally remark that, similarly to logically atomic specifications, proving
TCLAT-style specification of the ticket lock requires invariants to be impredicative,
which in turn necessitates step-indexing. Lawyer inherits impredicative invariants
from Iris. Predicative logics such as Lilo [76] work around this issue by sacrificing
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expressivity. Indeed, Lilo’s specification of a ticket lock uses stratified propositions
for the resources protected by the lock. Thus, no object referring to the lock itself can
be protected by the lock. Furthermore, Lilo’s specification of the ticket lock does not
feature a logically atomic version.

Verification of the Lock Client Program

To state and prove the specification of the client function in Figure 4.13, we assume
a lock implementation that satisfies the specification in Figure 4.15 for some dFL,
LFL and BFL. Moreover, we assume the following holds for the obligations model’s
parameters:

• besides dFL, there are two other fuel degrees d0,dCL such that d0 ≺D dFL≺D dCL

• besides the set LFL of obligation levels, there is a level l f such that ∀l ∈ LFL. l≺L

l f

• max(BFL(4),2)≤ SB

Note that these assumptions still don’t fix the concrete choice for Level,Degree
and SB and can be composed further with assumptions for other program modules, if
any. In that way, our specifications stay modular.

The overall specification we give for the client function is as follows:

{oblsτ /0∗ph τ π ∗3·barπ dCL} client ()
{
∃π

′⪰P π. oblsτ /0∗ph τ π
′}τ

Due to space reasons, we relegate the details of the proof to our accompanying
technical appendix [95].

4.5 Related Work

Lawyer is a higher-order impredicative concurrent program logic. It supports modular
obligations-based reasoning about the termination of fine-grained concurrent programs
in a proof assistant. The work closest to ours in expressivity and abstractions provided
is Sassy [28], which we have discussed in the Introduction and throughout the paper.
Our model OM is inspired by Sassy’s auxiliary code, inheriting its amenability to
modular specification. However, unlike Lawyer, neither Sassy’s soundness nor its
case studies are mechanized in a proof assistant.

Non-Impredicative Modular Liveness Verification Most program logics for live-
ness verification are either only first-order or only support predicative higher-order
reasoning. As a result, these systems’ support for modularity is limited. As Svend-
sen and Birkedal [115] explain, truly modular separation logic specifications require
impredicativity. Lilo [76] provides a mechanized program logic that abstracts the
construction of thread-local simulation relations of [75]. They verify termination of a
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number of lock-based programs, as well as two stack implementations. To the best of
our knowledge, Lawyer supports all of these examples. Moreover, Lilo supports veri-
fication of non-terminating programs. However, the usage of thread-local simulation
restricts the kind of properties provable for them.5 Lilo is a predicative higher-order
logic in a way not completely unlike universes in proof assistants like Rocq, Agda,
Lean, etc. This limits its support for modularity, cf. the discussion in Section 4.4.
Moreover, Lilo only supports parallel composition instead of unstructured forking. It
also does not address the verification of modules’ initialization functions, e.g., our
newLock function in Figure 4.13, requiring to specify all modules’ invariants in the
initial state. Both Sassy and Lilo, as well as Lawyer, take inspiration from TaDA
Live [26], which introduced the notions of “liveness invariants” and “impedance”,
which together allowed one to express a module’s liveness dependencies on its en-
vironment, and to modularly prove termination. TaDA is a first-order logic and not
mechanized. Lawyer overcomes some of the limitations of TaDA Live by supporting
unstructured concurrency and scheduler non-determinism. However, the first-order
setting of TaDA Live allows it to verify the lock-coupling set example, which is
currently not supported by Lawyer because of its step-indexed nature; we discuss
this limitation and a way to alleviate it in Section 4.6. Simuliris [33] is built on
top of the Iris framework but removes step-indexing, and thereby also higher-order
ghost state, including impredicative invariants. Simuliris supports liveness reasoning
through proving fair-termination-preserving refinement between programs. Yet, it
does not support reasoning about blocking behavior. Lili [80] verifies properties
of blocking and non-blocking concurrent modules. Lili introduced the notions of
“blocking” and “delay” (explained in Section 4.2) as two distinct types of interaction
with the environment that affect a given module’s termination. Lili is first-order and
not mechanized. There is also work on non-program logic frameworks for liveness
verification of first-order programs [38, 40, 65]. In particular, Kim et al. [65] prove
liveness of the MCS lock. However, it requires explicit trace-based reasoning about
program semantics and the scheduler.

Non-Modular Impredicative Termination Verification As explained in the In-
troduction, Trillium [118] works around the limitations of step-indexing by proving
refinements to a specific class of abstract models. Trillium uses arbitrary abstract
LTS models to verify a wide range of trace-level properties, including arbitrary safety
and liveness properties, not just termination. This means that to use Trillium, the
user must choose a concrete LTS model that captures the behavior of the program.
Trillium does provide Fairis [118], a program logic that provides some degree of
abstraction for working with an arbitrary model to prove termination; it essentially
only builds in a rudimentary notion of fuel. Using Fairis requires the user to choose a
model for the entire program. This precludes giving modular specifications to reusable

5For example, a program with two threads flipping a boolean flag in turn, waiting for each other to
do so, is refined to a program where one thread repeatedly writes True, and another writes False. The
fact that the flag is being flipped is missed.
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modules as we did here for fair locks in Section 4.4. Tassarotti et al. [117] showed
that Iris can be used to reason about fair termination-preserving refinement between
two programs, which they used for proving the correctness of a compiler. However, to
achieve this, they had to extend Iris with linear propositions and, furthermore, had to
restrict programs’ non-determinism.

Impredicative Termination Verification of Coarse-Grained Concurrency Some
projects [85, 112] support modular termination verification in an impredicative setting,
but they restrict the programs they can verify. Transfinite Iris [112] extended Iris’s
step-indexing to transfinite ordinals. This way, Transfinite Iris supports termination
of sequential programs. However, it is unclear how one can extend this approach to
support reasoning about the termination of blocking concurrent programs. Nola [85]
uses Iris’ [62] total version of Hoare triples defined as an inductive type, ensuring
that programs specified with such triples are terminating. Originally, the disadvantage
of such triples was the lack of support for invariants. Nola’s innovation is to change
the semantic interpretation of invariants so that non-impredicative invariants can be
accessed by total Hoare triples, while arbitrary invariants can be used in other contexts.
This approach is limited to proving termination by meta-level induction, ruling out
verification of blocking concurrency.

4.6 Conclusion, Discussion and Future Work

We have presented Lawyer, a higher-order impredicative program logic, which sup-
ports modular, obligations-based reasoning about termination of fine-grained con-
current programs. We have formalized both the meta-theory of Lawyer and the case
studies in the Rocq proof assistant. To the best of our knowledge, Lawyer is the first
impredicative higher-order concurrent separation logic that supports modular liveness
reasoning formally in a proof assistant.

Verifying Properties Beyond Fair Termination Verifying a program with Lawyer
establishes a refinement between the program and our model OM. This allows proving
termination of closed programs under the assumption that the thread scheduler is
fair. We note that it is possible to show termination even under unfair schedulers
for programs that do not involve busy-waiting, by using specific instantiations of
Level and Degree. For example, we have shown that the programs in Figure 4.4 and
Figure 4.2 terminate even under an unfair scheduler. Moreover, we have also used a
specific instantiation of OM to show the program in Figure 4.2 terminates within a time
bound linear wrt. the value stored in location l initially. We refer the reader to our
Rocq development and technical appendix [95] for details. As a part of future work,
we investigate the applicability of Lawyer to verifying lock-freedom of Figure 4.4 and
wait-freedom of Figure 4.2.
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Relative Image Finiteness Restriction A limitation of Lawyer, which is inherited
from Trillium, is that the refinement between the execution and the model traces must
be relatively image-finite. This is the case for OM as we proved in Lemma 1. Proving
it requires a number of restrictions on OM transitions.

• First, levels and degrees must be finite sets. Otherwise, model transitions that
assign new signals and exchange fuel lead to infinite branching. Because of
that, Lawyer as is cannot verify examples such as the lock-coupling set of TaDA
Live, where each element of the set is assigned an obligation of a unique level
and the set can grow arbitrarily large.

• For a similar reason, the eb component of the OM state limits the number of
fuel barrels that can be obtained with a single exchange step. By using OMS-
EXCHANGES-FUEL, we can verify examples like Figure 4.3 where this number
grows arbitrarily, but incrementally. However, if nondet was implemented as
an atomic primitive, this approach would not apply.

• Finally, we also need the SB parameter of OM to limit the number of small
transitions within −→

OM
. It limits how many signals can be created in a single step,

and how many barrels of fuel can be received by waiting on an unset signal. We
are not aware of examples that would require lifting this restriction.

Future Work As mentioned above, we aim to verify progress properties of indepen-
dent modules (as opposed to verification of the entire program’s termination). We also
hope to extend Lawyer’s approach to verify liveness of non-terminating programs.
Finally, we aim to lift some of the aforementioned finite branching restrictions by
employing more elaborate refinement relations, similar to how it is done in Trillium
[118, the nondet_start example].

Data-Availability Statement

We provide the Rocq mechanization [95] of all results presented in this paper, in-
cluding definition of the Obligations model and the refinement relation ξ Λ

OM, Lawyer
program logic and its adequacy theorem, and proofs of termination of all the examples
and case studies (Figure 4.13 and a number of others).

4.7 Appendix

Well-formedness of Obligations Model State

Definition 5 (Well-formedness of OMSt). A state δ : OMSt is well-formed iff the follow-
ing conditions hold:

• domδ .phs= domδ .obls
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• ∀s, l. δ .sigs[s] = (l,False)⇒∃τ. s ∈ δ .obls[τ]

• ∀s,τ. s ∈ δ .obls[τ]⇒ s ∈ domδ .sigs

• ∀τ1,τ2 ∈ domδ . obls. δ .obls[τ1] # δ .obls[τ2]

• ∀τ1,τ2 ∈ domδ . phs. ¬(δ .phs[τ1]⪯P δ .phs[τ2]∨δ .phs[τ2]⪯P δ .phs[τ1])

• ∀τ ∈ domδ . phs,(π,_) ∈ δ .fuel. ¬(δ .phs[τ]≺P π)

• ∀τ ∈ domδ . phs,(_,π,_) ∈ δ .eps. ¬(δ .phs[τ]≺P π)

Lemma 4 (Preservation of OMSt well-formedness). For any δ1
τ−→
OM

δ2, if δ1 is well-

formed, so is δ2.

Proof. Proven for burning and forking steps, as well as all cases of small transitions.

Definition 6. Let c be a λ conc
ref configuration with the single thread τ , and any C :

FinMultiset(Barrel), there is a corresponding initial state of OM, written OMinitialτ,C,
such that c ≃ OMinitialτ,C. This initial state is defined as follows:

OMinitialτ,C ≜
{
fuel := {1 ·nil}×C;sigs := /0;obls := {τ 7→ /0};

eps := /0;phs := {τ 7→ nil};eb := 0

}
Lemma 5 (Well-formedness of initial OMSt state). OMinitialτ,C is well-formed for any
τ and C.

Adequacy theorem of Lawyer

In this section, we provide a specialized version of the adequacy theorem of Lawyer.
In the Rocq development, we generalize it, allowing multiple threads and a non-empty
heap in the starting configuration, as well as relaxing restrictions on the starting state
of OM.

Theorem 3 (Lawyer adequacy). Let etr be a potentially infinite execution trace of
λ conc
ref . Assume that etr[0] = ([τ0 7→ e], /0) for some e : Expr and the initial thread

identifier τ0 : Thread. If the triple{
∃π. oblsτ0 /0∗ph τ0 π ∗∗

d∈D
barπ d

}
e {oblsτ /0}τ0

is derivable for some D : FinMultiset(Degree), then fairExec(etr)⇒ finite(etr).
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Other Properties of Obligations Model

In this section, we provide the other termination properties of OM applicable for certain
choices of the construction parameters.

First, oblsFair doesn’t have to be shown by transporting fairness from execution.
Verification of non-blocking programs doesn’t require generating fuel, which removes
the need for obligations altogether and makes oblsFair hold trivially. This can be used
to guarantee termination of non-blocking programs even under an unfair scheduler.

Corollary 1. All traces of OM instantiated with Level≜ /0 are finite.

Proof. By Lemma 3, we need to show that an arbitrary model trace tr is obligations-
fair. Consider a thread that holds an obligation somewhere in the trace: s∈ tr[i].obls[τ].
In a well-formed obligations state, an obligation corresponds to an unset signal,
so ∃l ∈ Level. tr[i].sigs[s] = (l,False). However, it contradicts the emptiness of
Level.

Then, without fuel generation and fuel exchanges, the length of OM traces is
bounded by the initial amount of fuel.

Corollary 2. Any trace mtr of OM instantiated with Level ≜ /0,Degree ≜ () has a
maximal length of |mtr[0].fuel|.

Proof. With such instantiation of OM, the only allowed small transition is OMS-
INCREASES-EB which doesn’t affect fuel. Therefore, the amount of available fuel will
only decrease with every step of OM.

Operational semantics of the language λ conc
ref

Figure 4.16 shows more details of λ conc
ref ’s operational semantics, including part of the

per-thread reduction definition. We refer the reader to [95] for the full semantics of
λ conc
ref .

Full Rules of Lawyer

See Figure 4.17.

Total Atomic Updates

Our total atomic updates (inspired by those of [28]), or TAUs, are a liveness-aware
extension of Iris’ atomic updates [62]. The latter are used in logically atomic method
specifications, allowing updating arbitrary resources at the linearization point. TAUs
additionally allow taking OM steps before and at the linearization point, thus enabling
liveness reasoning with logically atomic specifications. Below, we introduce the
corresponding additions to the atomic updates in multiple steps, highlighting the
changes in green.
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Syntax

x,y, f ∈ Var l ∈ Loc n ∈ Z b ∈ B
⊚ ::= + | − | ∗ | = | < | · · ·

Val v ::= () | b | n | l | (v,v) | inlv | inrv | rec f (x) := e
Expr e ::= x | v | e⊚ e | ref (e) | if e then e else e

| fork(e) | !e | ee
| to_inte | freee | fste | snde
| match e with inlx ⇒ e | inry ⇒ e end | . . .

ECtx K ::= • | e⊚K | K⊚ v | (e,K) | (K,v) | eK | K v | . . .
Heap h ∈ Loc fin−⇀Val
T hreadPool E ∈ Thread fin−⇀Expr
Config c ::= (E ,h)

Pure reductions

(rec f (x) := e) v
pure
⇝ e[rec f (x) := e/ f ][v/x]

fst(v1,v2)
pure
⇝ v1

...

Per-thread reductions

(e,h)⇝ (e′,h) (if e
pure
⇝ e′)

(!ℓ,h[ℓ 7→ v])⇝ (v,h[ℓ 7→ v])
...

Configuration reductions

(e,h)⇝ (e′,h′)

(E [τ 7→ fillK e],h) τ→ (E [τ 7→ fillK e′],h′)

τ
′ /∈dom(E )∪{τ} E ′ ≜ E [τ 7→ fillK ()][τ ′ 7→ e]

(E [τ 7→ fillK (fork(e))],h) τ→ (E ′,h)

Figure 4.16: An excerpt of operational semantics of the language λ conc
ref

Usual atomic updates look like the non-highlighted part of the notation below:

b
τ 7→π

⟨⃗x.P | y⃗.Q⇛Φ⟩O

E (TAU-1)

Here, x⃗, y⃗ are optional binders; x⃗ is free in P, and both x⃗, y⃗ are free in Q and Φ. The
non-highlighted part of TAU-1 can be read as follows: by opening invariants in E ,
one obtains P for some witness x⃗ and can either:

• abort, i.e.give P back to close the invariants as is, reestablishing the atomic
update;

• commit, i.e.provide Q for any chosen y⃗ and close the invariants, obtaining Φ for
x⃗, y⃗. The update from P to Q corresponds to the execution of the linearization
point.
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TRILLIUM-VAL
Φ(v) v ∈Val

wpτ

E v
{

Φ
}

TRILLIUM-STEP-FORK

|⇛E E ′ ∀τ
′. ▷MUτ,τ ′

E ′ { |⇛E ′ E wpτ ′ e
{

oblsτ
′ /0
}
∗Φ}

wpτ

E fork(e)
{

Φ
}

TRILLIUM-STEP-NOFORK
|⇛E E ′ sswpE ′ e

{
e′.▷MUτ

E ′{ |⇛E ′ E wpτ

E e′
{

Φ
}
}
}

e ̸= fork(_) e /∈Val

wpτ

E e
{

Φ
}

MU-OM-NOFORK

BOUE
SB {P∗phq τ π ∗∃d. barπ d}

MUτ

E {P∗phq τ π}

MU-OM-FORK

BOUE
SB {P∗ph τ π ∗oblsτ R∗∃d. barπ d}

MUτ,τ ′

E {P∗∃π1,π2. ph τ π1 ∗oblsτ R\R′ ∗ph τ
′
π2 ∗oblsτ

′ R′ ∗π ≺P π1 ∧π ≺P π2}

Figure 4.17: Full form of Lawyer rules

Note that the mask E denotes the invariants of the user of a logically atomic
method. In that way, when the method executes the commit viewshift, it reestab-
lishes these user invariants. For example, when we derive the lock specification in
Figure 4.15 from the logically atomic one in Figure 4.18, we maintain the invariant
that the acquired lock is always eventually released. To enforce that, we need to assign
a release obligation to the acquiring thread by taking OMS-CREATES-SIGNAL, storing
the fresh signal identifier in the invariant. To do that upon the lock acquisition, we
need to allow taking OM transitions at the linearization point. For that, TAU-1 allows
proving the viewshift establishing Φ under the BOU /0

b {. . .} modality, allowing taking
up to b small transitions before the viewshift. Note that creating an obligation requires
the ownership of the current set of obligations, and some other small transitions
require the ownership of phase — therefore, execution of commit requires providing
oblsτ O ∗ph τ π; since these resources might be used after the linearization point, Φ

is supposed to include both of them.
TAU-1 allows aborting a number of times before the linearization point, similar to

a usual safety atomic update. However, as opposed to the safety setting, the number of
aborts is restricted: in Lawyer, every execution step consumes fuel. In case of aborts
caused by busy-waiting (like the one in ticketlock’s acquire) the required amount of
fuel is not known in advance. Therefore, we need to allow replenishing fuel until the
linearization point. More generally, we need to allow taking OM steps upon aborts, just
like we do upon the commit. To support that, we introduce a more general version of
TAUs:

b
τ 7→π

⟨⃗x.P [U⇝V ] | y⃗.Q⇛Φ⟩O

E (TAU-2)

The added “wait clause” U⇝V denotes that, besides aborting or committing,
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such TAU allows waiting. This new operation is a variation of abort that allows
taking OM steps before giving P back and reestablishing TAU. To wait, one proves the
wait precondition U for the current witness x⃗ and in return obtains, under the BOU
modality, the wait postcondition V for x⃗. Similarly to committing, waiting requires
the ownership of phase and obligations resources.

The wait clause describes how the TAU is used before the linearization point.
For example, acquire of ticketlock busy-waits for all previous lock owners to run
release. Therefore, the TAU in acquire precondition has a wait clause that allows
generating fuel by expecting on the current release obligation, i.e. U ≈ epsrel π d,V ≈
barπ d for some srel,d; we’ll define the exact clause in Section 4.7. Moreover, wait
clauses allow expressing unlimited waiting (U ≜ True,V ≜ barπ d for some d) and
the absence of waiting (U ≜ False, implicit at TAU-1).

Finally, TAUs support fractional phases (used to verify ticketlock) and changing
the set of thread’s obligations before the linearization point (used by Sassy to verify
cohortlock). As a result, we get the following definition.

Definition 7 (Total atomic update).

b
τ

q7→π
⟨⃗x.P [U⇝V ] | y⃗.Q⇛Φ⟩O;L

E ≜ gfp(T.TAUacc(T)),where

TAUacc(T)≜ |⇛E /0 ∃⃗x. P∗ (Abort∧Wait∧Commit),
Abort≜ P ≡−∗/0 E T,

Wait≜ ∀O ′,q′ ≤ q. oblsτ O ′ ∗L⪯L sgnO ′ ∗phq′ τ π ∗U −∗
BOU /0

b {V ∗phq′ τ π ∗oblsτ O ′ ∗Abort}
Commit≜ ∀q′ ≤ q, y⃗. oblsτ O ∗phq′ τ π −∗ Q −∗ BOU /0

b { |⇛/0 E phq−q′ τ π −∗ Φ}

The following rules help to prove and use a total atomic update. From now on,
TAU denotes an arbitrary (or the specific one, depending on the context) instance of
Definition 7.

TAU-INTRO
persistent(C) C ∗R ⊢ TAUacc(R)

C ∗R ⊢ TAU

TAU-ELIM
TAUacc(TAU)

TAU

Logically Atomic Specification for Fair Lock

We define the logically atomic version of fair locks in Figure 4.18. Note that, to avoid
introducing additional notation, there we inline the definition of total correctness
logically-atomic triples (TCLATs), presenting the specifications acquireSpecTAU
and releaseSpecTAU as usual Hoare triples parameterized by TAUs. The full defi-
nition of corresponding TCLATs is inspired by that of [28] and can be found in the
accompanying Rocq development.

Similarly to Figure 4.15, the atomic lock specification in Figure 4.18 has a number
of parameters. Among them is a set of obligations levels Lacq that acquire might
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rely on internally, “module degree” dFL, and a “module bound function” BFL. Besides
these, dr and dw degrees are used alongside the rounds mechanism described below.

The main difference with Figure 4.15 is the resource FL(r,b) representing the
abstract state (r,b) of the lock: the first component denotes the current “round”
(described below), and the second denotes whether the lock is currently held. The
logical atomicity of lock is specified wrt. this resource: changes to this resource
correspond to linearization points of acquire and release, upon which the lock
client can update its invariants (which in particular allows deriving the specification
in Figure 4.15). While acquire waits for the lock, both the round and the state of
the lock might change (due to concurrent interference), and upon the acquisition
(linearization point) the state changes from False to True with round remaining
intact. This is specified by the ⟨(r,b). ▷FL(r,b) [. . .] | FL(r,True)∗¬b⇛ . . .⟩ part of
TAUacq. Then, when the lock is released in release, lock state changes from True
to False, and the round increases, as can be seen in TAUrel.

To understand the purpose of rounds, consider the “round wait clause” RWC(RR)
parameterized by user-provided “round resource” RR :N→ iProp and used in acquire
specification. Its purpose is to allow generating fuel of “waiting degree” dw to justify
the waiting that acquire performs while b=True. To use it, the module must provide
the wait precondition of RWC(RR), which can be done in two ways. First, the module
can spend a barrel of “reserved degree” dr — with that, it obtains the round resource
for current r and a barrel of dw. It is up to the client to provide an RR that allows
such an operation; in practice, RR consists of an expectation permission and some
client-specific resource. Second, the module can reuse the previously established
round resource and generate fuel for free (e.g.by expecting on an already existing
expectation permission). The rounds change every time the lock is released and
therefore require to keep spending dr fuel — however, the feature of fair locks is that
they can determine the number of rounds before the given thread acquires the lock
and can therefore reserve the needed amount of dr fuel.

Verification of lock client program

Here we explain the most important steps of verifying client in Figure 4.13 on
top of an abstract fair lock specification (Figure 4.15). Recall that we assume the
following holds for the lock and OM parameters:

• besides dFL, there are two other fuel degrees d0,dCL such that d0 ≺D dFL≺D dCL

• besides the set LFL of obligation levels, there is a level l f such that ∀l ∈ LFL. l≺L

l f

• max(BFL(4),2)≤ SB

With that, we give client the following specification:

{oblsτ /0∗ph τ π ∗3·barπ dCL} client ()
{
∃π

′⪰P π. oblsτ /0∗ph τ π
′}τ
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∀τ,π,u.

{barπ dFL ∗ph τ π ∗BFL(u)≤ SB}
newLock (){

lk. TAULocklk(u)∗FL(0,False)∗ph τ π

}τ

(newlockSpecTAU)

where

TAULocklk(u)≜ ∃ locked : iProp, ιFL : N , FL : N→ B→ iProp.

∀τ,O,π,RR,Φ.{
oblsτ O ∗ph τ π ∗barπ dFL ∗Lacq≺L sgnO ∗TAUacq

}
acquire lk {Φ}τ

where

TAUacq ≜
u
τ 7→π

⟨(r,b). ▷FL(r,b) [RWC(RR)] | FL(r,True)∗¬b⇛ locked −∗ Φ⟩O;Lacq
⊤\ιFL

RWC(RR)≜ b = True∗ (barπ dr ∨RR(r))⇝barπ dw ∗RR(r)


∧

(acquireSpecTAU)
∀τ,O,π,Φ.

{oblsτ O ∗ph τ π ∗barπ dFL ∗ locked∗TAUrel} release lk {Φ}τ

where

TAUrel ≜
u
τ 7→π

⟨r. ▷FL(r,True) | FL(r+1,False)⇛Φ⟩O

⊤\ιFL


(releaseSpecTAU)

Figure 4.18: TAU-based fair lock specification (parameterized by (dw ≺D dr ≺D dFL :
Degree), Lacq : FinSet(Level), BFL : N→ N)

1 {oblsτ /0∗ph τ π ∗3·barπ dCL}
2 let client () =
3 let flag = ref false in let lk = newLock () in
4 {� isLock(4,∃b. ClRes(b))∗�sgn∃ sf l f ∗oblsτ

{
sf
}
∗ph τ π ∗4·barπ dFL ∗2·barπ dCL}

5 (∗ for some τ ′ and π1 ≻P π, π2 ≻P π: ∗)
6 fork

(
{oblsτ ′ /0∗ph τ ′ π2 ∗2·barπ2 dCL} right flag lk {oblsτ ′ /0∗ph τ ′ π2}

)
;

7 {oblsτ
{

sf
}
∗ph τ π1 ∗3·barπ1 dFL} left flag lk {oblsτ /0∗ph τ π1}

8 {∃π ′⪰P π. oblsτ /0∗ph τ π ′}

Figure 4.19: Sketch of client program verification

To verify this specification, we will use the proposition ∃b. ClResflag,sf (b) as
the resources protected by the lock, where ClResflag,sf (b : B)≜ flag 7→ b∗ sgnsf l f b.
To reduce clutter, we omit the flag and signal parameters of ClRes once they are
established.

The annotated program in Figure 4.19 sketches the high-level proof. In the rest
of the section, we emphasize the use of lock specifications; for the complete proof,
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we refer the reader to [95]. Initially, after allocating the location flag, we create the
obligation sf which allows us to prove ClResflag,sf (False). Moreover, we initialize the
lock using (newlockSpec), choosing u≜ 4,P≜ ∃b. ClResflag,sf (b). To obtain fuel for
all these steps, we exchange one of the initial barrels of dCL.

To prove the left thread’s specification (line 7 in Figure 4.19), we prove the
following triples (additionally assuming persistent isLock(4,∃b. ClRes(b))∗ sgn∃ sf l f

and generalizing over the phase):

{
oblsτ

{
sf
}
∗ph τ π ∗barπ dFL

}
acquire lk

{
∃sr.

(∃b. ClRes(b))∗ locked(sr)∗
oblsτ

{
sf ,sr

}
∗ph τ π

}τ

{
ClRes(b : B)∗barπ dFL∗

oblsτ
{

sf ,sr
}
∗ph τ π

}
flag := true {ClRes(True)∗oblsτ {sr}∗ph τ π}τ

{
ClRes(True)∗barπ dFL∗

oblsτ {sr}∗ph τ π ∗ locked(sr)

}
release lk {oblsτ /0∗ph τ π}τ

The first one is shown by applying acquireSpec; the premise LFL ≺L sgn
{

sf
}

is
satisfied by sgn∃ sf l f and the ∀l ∈ LFL. l ≺L l f assumption. To prove the second
one, we unfold ClRes to get the points-to and signal state resources, set the flag and
fulfill the obligation along with setting the signal. Finally, we prove the third one by
applying releaseSpec. For that, we prove, for any q, the following BOU simply by
using BOU-INTRO:

ClRes(True)∗phq τ π ∗oblsτ /0

BOU⊤\{ιFL}
4 {ClRes(True)∗ (ph1−q τ π −∗ oblsτ /0∗ph τ π)}

As Figure 4.13 shows, the right thread allocates a local variable c and repeatedly
stores in it, within wait, the current value of the flag, until the flag is set. The key to
proving the right thread’s specification (line 6 in Figure 4.19) is verifying an iteration
of wait: {

isLock(4,∃b. ClRes(b))∗oblsτ /0∗ph τ π ∗3·barπ dFL∗
sgn∃ sf l f ∗ epsf π dFL ∗ c 7→ False

}
acquire lk; c :=! f lag; release lk

{oblsτ /0∗ph τ π ∗∃b. c 7→ b∗ (b = False ⇒ 4·barπ dFL)}τ

We can derive it by proving three triples (assuming isLock(4,∃b. ClRes(b))∗sgn∃ sf l f ∗
epsf π dFL and generalizing over the phase and thread):

{oblsτ /0∗ph τ π ∗barπ dFL} acquire lk
{
∃sr.

(∃b. ClRes(b))∗oblsτ {sr}∗
locked(sr)∗ph τ π

}τ

{
c 7→ False∗ClRes(b)∗

barπ dFL ∗ph τ π

}
c := !flag {c 7→ b∗ClRes(b)∗ph τ π}τ

{
ClRes(b)∗ locked(sr)∗barπ dFL∗

ph τ π ∗oblsτ {sr}

}
release lk

{
oblsτ /0∗ph τ π∗

(¬b ⇒ 4·barπ dFL)

}τ
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The first one is proven by applying acquireSpec; its LFL ≺L sgn /0 premise holds
trivially. To prove the second one, we unfold ClRes to read the flag and store its value
in c; to get fuel for these two steps, we exchange a barrel of dFL into two barrels of
d0. The last one is proven by applying releaseSpec. Most of its premise is satisfied
immediately; we are left proving, for some q,

phq τ π ∗oblsτ /0∗ClRes(b)

BOU⊤\{ιFL}
4 {ClRes(b)∗ (ph1−q τ π −∗ oblsτ /0∗ph τ π ∗ (b = False ⇒ 4·barπ dFL))}

which, after framing a fragment of phase and the points-to part of ClRes, becomes

phq τ π ∗oblsτ /0∗ sgnsf l f b

BOU⊤\{ιFL}
4 {sgnsf l f b∗oblsτ /0∗phq τ π ∗ (b = False ⇒ 4·barπ dFL)}

Here, the proof proceeds similarly to that of incr_loop from Section 4.3. If b=True,
we simply apply BOU-INTRO. If b = False, we apply BOU-OU followed by OU-
EXPECTS-EP, repeating it 4 times, thus obtaining the needed amount of fuel. Note that
we can only prove this BOU after fulfilling the obligation (to satisfy the obligations
levels restriction of OU-EXPECTS-EP), but before returning ClRes (that holds the
signal state resource) — exactly what releaseSpec allows.





Chapter 5

Verifying Wait-Freedom for
Concurrent Higher-Order
Programs

Abstract

Wait-freedom is the strongest non-blocking progress guarantee for concur-
rent data structures, ensuring that every operation completes in a finite number
of steps regardless of interference from other threads. While verification of wait-
freedom has been studied for first-order languages, verifying it for higher-order
programming languages with general references remains an open challenge. In
such languages, operations may be used by arbitrary, unverified higher-order
clients, making it unclear how to even define wait-freedom formally in terms of
programs’ semantics, let alone prove it.

In this paper, we present the first framework for verifying wait-freedom of
concurrent programs written in a higher-order language with general references.
Our approach is based on the Lawyer concurrent separation logic which has
been recently introduced for termination verification. We identify a specifica-
tion pattern in the Lawyer logic that captures wait-freedom. To establish this
connection formally, we prove a novel adequacy theorem for Lawyer which
states that programs which are proven correct in the Lawyer logic against a
specification in the aforementioned specification pattern are wait-free. Proving
wait-freedom requires showing that all calls made to operations by any arbitrary
client terminate. Thus, as a part of proving the adequacy theorem above, we
need to prove that the behavior of the client of the data structure is safe in the
sense that it does not break the internal invariants of the data structure, e.g., by
directly manipulating the data structure’s internal state. To this end, we develop
a logical relations model that establishes safety for all clients once and for all.

We demonstrate the effectiveness of our approach by proving wait-freedom
for several representative examples, including a higher-order list map function,
and a memory-efficient single-producer, single-consumer queue. For the latter,
wait-freedom is conditional in that, as the name suggests, there can be at most
one enqueuer thread and one dequeuer thread. To capture this formally, we
introduce the notion of restricted wait-freedom as a variant of wait-freedom

77
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that restricts the number of concurrent threads, and show how our approach
can support reasoning about restricted wait-freedom. All our results have been
mechanized on top of the Rocq Prover and using the Iris separation logic
framework that Lawyer is also based on.

5.1 Introduction

Any implementation of a concurrent data structure must account for possible interfer-
ence between multiple operations on that data structure running concurrently. Done
wrongly, it might lead to incorrect behavior of operations, or even worse, to undefined
behavior of an entire program. The simplest way to ensure concurrent operations’
correctness is to resort to blocking concurrency, e.g., using a lock, allowing only one
operation to progress at any given moment, and forcing others to wait for its com-
pletion. However, in many settings, e.g., in operating system kernels [14], blocking
concurrency is discouraged as it might lead to poor performance, and due to the risk
of deadlocking the entire system. Therefore, in such cases a lock-free implementation
is more desirable. Lock-free data structure implementations guarantee that among the
concurrently running operations, at least one of them must run to completion. Yet,
lock-freedom does not guarantee that there is no starvation. That is, a specific call to a
lock-free data structure’s operation might not terminate because it is starved by other
calls. To avoid starvation, one must use so-called wait-free [45] implementations.
Wait-freedom is the strongest form of non-blocking concurrency. It guarantees that
every individual call to the data structure operations must run to completion regardless
of how many other operations of the same data structure run concurrently with it.

We illustrate the differences between blocking, lock-free, and wait-free concur-
rency using a simple and contrived example: a concurrent counter implementation
featuring an increment operation (and a read operation which we elide). Figure 5.1
shows multiple possible implementations of the increment operation, all of which
store the current value of the counter under the location l. The implementation in Fig-
ure 5.1a allows only one thread at a time to access the counter, forcing all others to wait
until the lock is released. The lock-free implementation (Figure 5.1b), implemented
via an atomic Compare-And-Set (CAS) operation in a loop, does not wait for other
concurrent operations on the counter to complete. It attempts to increment using the
CAS operation, and if that fails, it retries. This implementation is lock-free: if the CAS
operation fails, then the counter value must have changed after it has been read on the
line above the CAS operation, which in turn means that another increment operation
must have succeeded. However, this lock-free implementation can starve threads, even
under some fair schedulers. (Even though unlikely, a pathological but fair scheduler
could schedule the thread, and subsequently preempt it right before the CAS operation,
only to return to it, every time, after another increment has succeeded.) Finally, we
have the wait-free implementation in Figure 5.1c. It uses the atomic Fetch-And-Add
(FAA) operation which atomically increments the counter. Thus, the increment always
finishes in a single, atomic step. In our discussions throughout the rest of the paper
we will refer to this wait-free implementation of increment. To this end, we introduce
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let incr_block l =
acquire m;
let n = !l in
l := n + 1;
release m;
n

(a) Blocking implementa-
tion. m is a lock instance

let rec incr_lockfree l =
let n = !l in
if CAS(l, n, n + 1)
then n
else incr_lockfree l

(b) Lock-free, non-wait-free imple-
mentation

let incr_waitfree l =
FAA(l, 1)

let incr l () =
incr_waitfree l

(c) Wait-free implementa-
tion and a wrapper for it

Figure 5.1: Comparison of counter increment implementations; we use an OCaml-like
syntax. Location l stores an integer

a wrapper function incr, so that we can treat incr l as a function (that ignores its
argument and executes increment).

In this contrived example of a simple concurrent counter (Figure 5.1c) we essen-
tially relegate the problem of making the data structure wait-free to the hardware
using the FAA operation. In reality, as we will see below, for data structures ever
so slightly more complex than this, wait-free implementations are far from trivial
to implement and to formally reason about. Indeed, such implementations must be
designed to execute concurrently in a way that neither do they have to wait for the
completion of other operations, nor are they impeded in a way by the other operations
that force them to retry. Therefore, a wait-free implementation of a data structure
is often much more complicated than a lock-free or blocking implementation of the
same data structure (see e.g. wait-free queue of Kogan and Petrank [69] versus the
lock-free queue of Michael and Scott [89]). Thus, it is often also more challenging to
verify.

In this paper, we show how to use a higher-order concurrent program logic to
verify wait-freedom for programs written in a concurrent higher-order programming
language with general references. Such languages achieve greater modularity by
supporting features such as closures and first-class modules. Our work goes signifi-
cantly beyond the state of the art [80, 101] which has only considered wait-freedom of
programs in first-order programming languages without general references. Working
with higher-order programs, and with general references, introduces many new chal-
lenges that one needs to answer. In fact, it is not even clear a priori how to formally
define wait-freedom in our setting. Informally, it is often explained that a wait-free
operation should be able to make progress in any program context under any scheduler.
However, it is not entirely clear here what one means by “any program context”, in
particular in our higher-order setting. A “context” (or client) of an operation can be
any program that calls that operation, either directly or indirectly (through a reference),
possibly concurrently—see e.g., the good_client in Figure 5.2. However, it does not
make sense to consider literally any client. In particular, the client’s behavior should
be “safe” in that it should not be able to violate data encapsulation of the wait-free
data structure, i.e., it should not be able to directly access the data structure’s internal
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let simple_op () =
let b = ref true in
(* b might be at address 0x42. *)
let rec loop () =
if !b then ()
else loop ()

(* Should terminate immediately. *)
in loop ()

let good_client =
let r = ref simple_op in
simple_op () || !r ()

let bad_client =
[0x42] := false || simple_op ()

Figure 5.2: An example of a wait-free operation together with two possible clients.
Above, || is a parallel composition and [·] is a direct memory access.

state. For a simple example of what can go wrong see the bad_client in Figure 5.2
which directly writes to 0x42 while concurrently running simple_op. The example
bad_client could potentially violate an invariant of simple_op (namely the invari-
ant that the local state variable b is always true) and thus break the wait-freedom of
simple_op.

The example bad_client in Figure 5.2 shows that the progress guarantee of
a wait-free operation crucially relies on its client being safe. Indeed, prior works
on wait-freedom verification for first-order programs enforce safety of clients in
one way or another, but their approaches do not apply in our setting. One way to
enforce clients’ safety is by using a programming language that syntactically separates
accesses to the operation’s and client’s states [80]. This approach, however, is not
viable for the higher-order language we consider. (In general, the introduction of
higher-order store enables behaviors not present in a first-order setting, including
turning a terminating program into non-terminating, as demonstrated by [27]). Another
approach to ensuring safety of clients is by requiring them to be verified [99, 101].
In addition to not being applicable in our higher-order setting, this approach also
inherently limits the applicability of the wait-freedom result: now every single client
of potential interest must be verified in the corresponding framework. Rather, we
take an approach that does not require one to verify individual clients but instead
establishes operations’ progress within arbitrary clients. This also includes those
clients out of reach of existing solutions, e.g., higher-order clients.

In this work, we present the first solution to the verification of wait-freedom for a
realistic, higher-order language. Our solution is based on the recent Lawyer logic [94],
an extension of the Trillium [118] and Iris [62] frameworks. So far, Lawyer has only
been used for establishing (fair) termination of closed programs. The key insight of our
work is that a specific form of specifications given to a function forces that function to
terminate in any context, without either blocking or starving. That is, such Lawyer
specifications essentially codify, for all intents and purposes, wait-freedom in the
Lawyer program logic. However, there are two main technical issues that prevent the
Lawyer logic from directly being applicable to proving wait-freedom. Firstly, the so-
called adequacy theorem of Lawyer (that reduces establishing termination to proving
a specification) is not applicable. This theorem applies to a closed program, i.e., not a
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standalone data structure, but rather the data structure and its client. Moreover, the
adequacy theorem states that when a program is proven correct in Lawyer, then all of
its threads must terminate, which does not consider non-terminating clients. Hence, in
this work we state and prove a separate and novel adequacy theorem that establishes
wait-freedom of a standalone operation. Secondly, the wait-freedom result should
apply to an arbitrary, unknown client of the operation — but, as we discussed above,
it only makes sense when the client respects state encapsulation. Therefore, in our
approach to verification of wait-freedom we prove once and for all that all programs
in our programming language respect state encapsulation (if they do not use pointer
arithmetic). For this purpose we construct a so-called logical relations model for our
programming language. This is similar to how prior works on proving robust safety
of programs [34, 116] have used logical relations models.

We use the approach outlined above to prove wait-freedom for a number of
example programs written in our higher-order language, including those that highlight
these higher-order programming features. In particular, we modularly verify wait-
freedom of the higher order map function for lists. That is, we show that list_mapf
is wait-free whenever it is applied to any wait-free argument f. We also show that
our approach supports practical wait-free algorithms by verifying a memory-efficient
single-producer, single-consumer queue [57]. An important point about this example,
and in fact many practical wait-free algorithms, is that these algorithms in fact assume
fixed upper bounds on the number of concurrent operations. Verification of this class
of wait-free algorithms has been largely ignored by the prior work on verification
of wait-freedom. Supporting formal reasoning about such examples requires us to
introduce a notion of what we call restricted wait-freedom, and to slightly adjust our
approach.

In summary, we make the following contributions in this paper:

• A formal definition of wait-freedom for higher-order languages together with
two variations needed to account for realistic examples.

• A Lawyer-based specification that internalizes the wait-freedom in the Lawyer
logic.

• A novel adequacy theorem that establishes wait-freedom of an operation used
by arbitrary client programs, which combines a logical relations model for
safety together with Lawyer logic’s approach to liveness.

• Verification of wait-freedom of a number of case studies, including those not
supported by prior work.

• All results have been mechanized in the Rocq Prover (using classical axioms).

The rest of the paper is organized as follows. We formally define wait-freedom in
Section 5.2 and also state the adequacy theorem that reduces proving wait-freedom of
an operation to proving its wait-freedom specification in Lawyer. Then, in Section 5.3
we provide the necessary background on Iris. We then illustrate our approach in
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Section 5.4 by proving the wait-freedom specification for a simple example program.
In Section 5.5 we continue by verifying more complicated programs which require
adapting both the definition of wait-freedom and the Lawyer specification as we
explained earlier. We explain the key ideas for proving our adequacy theorem in
Section 5.6. Finally, we discuss the limitations of our solution in Section 5.7, compare
it with related work in Section 5.8, and conclude in Section 5.9.

5.2 Overview

In this section, we formally define the notion of wait-freedom at the level of execution
traces of the programming language under consideration. To avoid tedious direct
reasoning about execution traces, our approach reduces proving this property to
proving a specification with Lawyer program logic. We therefore briefly show the
specification format of Lawyer and state the adequacy theorem for wait-freedom that
establishes the aforementioned reduction.

Throughout the paper, we use the notation m[k] to denote a key k lookup in a map-
like structure m. That includes m being a list (and k an index in it), or a partial function
m : A fin

⇀ B for some types A and B (and k an element of type A). Moreover, we use
this notation for the trace state lookup (see below). When we write m[k], we implicitly
assume that k belongs to the domain of m and thus the lookup is well-defined. Then,
by m[k 7→ v] we denote the structure m with the key k updated to the value v.

Furthermore, we formally define traces and introduce a number of notations for
them. For an arbitrary labeled transition system, a trace is a non-empty, possibly
infinite (unless said otherwise) alternating sequence of states and labels of that tran-
sition system that starts and ends with a state. We write tr[i] and tr⟨i⟩ to denote
correspondingly the ith state and label of a trace tr. Then, dom(tr) denotes the set of
indices i for which tr[i] is defined, i.e., natural numbers between 0 and the (potentially
infinite) length of tr.

Definition of Wait-Freedom for Our Language

We consider the programs written in a higher-order ML-like language λ conc
ref . An

excerpt of its semantics is shown in Figure 5.3, for the full semantics see our Rocq
development. Among the set Expr of λ conc

ref expressions, there are primitives for
working with heap (e.g. !e and freee) and for concurrency (fork(e); the parallel
composition || used in the examples in Section 5.1 is a derived construction [12]).
A less common feature of λ conc

ref — to_int primitive — is explained further in
Section 5.5. The heap is modeled as a partial map from locations to language values
Val (which might include closures). In turn, the thread pool is modeled as a partial map
from thread identifiers Thread to expressions; the per-thread reductions are naturally
lifted to configurations Config (thread pools together with heaps). The structure of
evaluation contexts ECtx establishes right-to-left call-by-value evaluation order. The
fill(E : ECtx)(e : Expr) operator fills the hole • in the context E with the expression e;
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Syntax

x,y, f ∈ Var l ∈ Loc n ∈ Z b ∈ B
⊚ ::= + | − | ∗ | = | < | · · ·

Val v ::= () | b | n | l | (v,v) | inlv | inrv | rec f (x) := e
Expr e ::= x | v | e⊚ e | ref (e) | if e then e else e

| fork(e) | !e | ee
| to_inte | freee | fste | snde
| match e with inlx ⇒ e | inry ⇒ e end | . . .

ECtx K ::= • | e⊚K | K⊚ v | (e,K) | (K,v) | eK | K v | . . .
Heap h ∈ Loc fin−⇀Val
T hreadPool E ∈ Thread fin−⇀Expr
Config c ::= (E ,h)

Pure reductions

(rec f (x) := e) v
pure
⇝ e[rec f (x) := e/ f ][v/x]

fst(v1,v2)
pure
⇝ v1

...

Per-thread reductions

(e,h)⇝ (e′,h) (if e
pure
⇝ e′)

(!ℓ,h[ℓ 7→ v])⇝ (v,h[ℓ 7→ v])
...

Configuration reductions

(e,h)⇝ (e′,h′)

(E [τ 7→ fillK e],h) τ→ (E [τ 7→ fillK e′],h′)

τ
′ /∈dom(E )∪{τ} E ′ ≜ E [τ 7→ fillK ()][τ ′ 7→ e]

(E [τ 7→ fillK (fork(e))],h) τ→ (E ′,h)

Figure 5.3: An excerpt of λ conc
ref semantics

we avoid the more common E[e] notation, as in this paper it is used for lookups (see
above).

Note that λ conc
ref forms a labeled transition system where states are configurations,

labels are thread identifiers, and transitions are configuration reductions. In particular,
for an execution trace etr of λ conc

ref and any index i ∈ dom(etr), etr[i] is the config-
uration before the ith step, and etr⟨i⟩ is the identifier of the thread taking the ith
step.

We define wait-freedom as a property of an operation op :Val — an arbitrary
one-argument function. Intuitively, op is wait-free if any “call” to op is followed by a
“return” later in the execution. A “call” in λ conc

ref is simply an application opa for some
(a :Val). To identify a call in a thread pool E , we need to provide a thread identifier
τ : Thread and an evaluation context E : ECtx. Then, a return in our approach is
simply a value, similarly identified with a thread identifier and an evaluation context.
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Definition 8 (Call and return in a thread pool).

Call(E ,τ,E,op)≜ ∃a ∈Val. E [τ] = fillE (opa)

Ret(E ,τ,E)≜ ∃r ∈Val. E [τ] = fillE r

Requiring that every call to op is followed by return only makes sense when
the calling thread is kept being scheduled until the return. This is captured by the
following definition.

Definition 9 (Eventual return of calls). For an operation op :Val, execution trace etr
and thread identifier τ , we say that all τ’s calls to op in etr eventually return iff

alwaysReturnsInTrace(op,etr,τ)≜ ∀(E : ECtx), i.

Call(etr[i].1,τ,E,op)⇒ schedUntilRet(etr,τ,E, i)⇒∃ j ≥ i. Ret(etr[ j].1,τ,E)

where schedUntilRet(etr,τ,E, i)≜ ∀ j ≥ i. j ∈ dometr ⇒
¬(∃k ∈ [i. . j].Ret(etr[k].1,τ,E))⇒∃p ≥ j. etr⟨p⟩= τ

Above, schedUntilRet(etr,τ,E, i) says that, if the thread τ has called (in terms
of Definition 8) op at index i and has not returned from it yet, then τ is guaranteed
to be eventually scheduled. Note that each call requires a separate return, matched
by an evaluation context. Indeed, in λ conc

ref , an evaluation context is preserved by
configuration reductions until the expression under that context reduces to a value.
Therefore, the contexts of, e.g., nested calls will be different (with every subsequent
call occurring in a “deeper” context).

Finally, we consider wait-freedom in executions with the following starting con-
figurations:

• The program of every thread must be a substitution of the wait-free operation’s
code into some expression with a free variable x. Moreover, this expression must
not contain hard-coded locations and pointer arithmetic (denoted by noLocs):
the example from Figure 5.2 shows why it is necessary to restrict random
memory access in clients.

• The data structure accessed by the operation must be initialized. What exactly
“initialization” means depends on the operation (see an example below), there-
fore our definition of wait-freedom is parameterized with the set of initialized
configurations.

As a result, we define wait-freedom of an operation as requiring that operation to
always return in any thread of any execution that starts in an appropriately initialized
configuration.

Definition 10 (Wait-freedom). Given a set of initialized configurations C ⊆ Config,
we define wait-freedom of an operation op as

waitFreeC(op)≜ ∀etr.
∧

τ 7→e∈etr[0].1

(∃e′. e = e′[op/x]∧noLocs(e′))⇒

etr[0] ∈C ⇒∀τ. alwaysReturnsInTrace(op,etr,τ)
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For example, in Section 5.4 we show that a FAA-based incr operation of counter
(Figure 5.1c) is wait-free if the counter location l is initialized with an integer. In
terms of Definition 10, it is denoted as waitFreehasInt(l)(incr l), where hasInt(l) ≜
{c | c.2[l] ∈ Z}.

Note that, while Definition 10, inspired by the classical definition by Herlihy [45],
captures the behavior of simple wait-free operations, more complicated classes of
algorithms only satisfy weaker forms of that property. We will see examples of it in
Section 5.5.

Proving Wait-Freedom with Lawyer Logic

Definition 10 captures wait-freedom at the level of execution traces, which are notori-
ously hard to reason about directly. To avoid that, our approach reduces establishing
wait-freedom of a given operation to verifying this operation with Lawyer [94] — a
concurrent separation logic built on top of Iris [62] and Trillium [118] frameworks.
We explain the details of Lawyer specifications and logic in the subsequent sections;
here, we present the high-level form of the specification that a wait-free operation
must satisfy.

Definition 11 (Lawyer specification of wait-freedom). For a set of initialized con-
figurations C ⊆ Config, we define the Lawyer specification of op’s wait-freedom
as

WaitFreeSpecC(op)≜ ∀c ∈C. heap_repr(c)⇛ NoInfExec(op)∧PresInv(op)

The above specification can be read as follows. For any initialized configuration
c, we assume the ownership of c’s entire heap, represented as an Iris proposition
heap_repr(c). Given that (reading⇛ as an implication), we prove two specifications
for the operation op. First, NoInfExec(op) states that for any argument a :Val, execu-
tion of opa cannot be infinite. Second, PresInv(op) states that for any a, execution
of opa preserves the internal invariants that op relies on (e.g. that the location l of
counter in Figure 5.1c always stores a number).

Our adequacy theorem states that the specification above indeed implies wait-
freedom.

Theorem 4 (Adequacy). If WaitFreeSpecC(op) is provable in Lawyer, then
waitFreeC(op) holds in the meta-logic.

As we note in Section 5.2, the notion of wait-freedom for more complicated
classes of operations is more elaborate. For these, we use slightly different versions
of Definition 11 and Theorem 4 described in Section 5.5.

5.3 Background: Iris Logic

The Lawyer logic [94] that we use to verify wait-freedom is built on top of Trillium
framework [118], which is in turn an extension of the Iris framework [62]. In this
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P,Q ::=True | False | P∧Q | P∨Q | P ⇒ Q | ∀x. P | ∃x. P | P∗Q |
{P} (e : Expr) {v.Q} | (ℓ : Loc) 7→ (v :Val) | P | toksN(k) | P⇛ Q | . . .

Figure 5.4: Propositions of Iris logic. Here, Expr,Loc andVal refer to those from
Figure 5.3

section, we provide the general background on Iris by proving two specifications (not
relevant to wait-freedom) for the counter increment operation incr from Figure 5.1c.
Later in Section 5.4, we actually verify the wait-freedom specification for incr with
Lawyer logic, concentrating on how it differs from Iris. We only address Trillium
framework specifically in Theorem 6.

Strictly speaking, Iris is a framework that only provides the minimal base logic
and allows one to define custom program logics on top of it. We consider the
specific instantiation of Iris (inspired by one used in Iris Lecture Notes [12]) shown in
Figure 5.4, the constructs of which we explain as we go. In this section, by “Iris” we
mean that specific instantiation. Similarly, there are many possible specifications for
incr even within that Iris instantiation; we consider those that illustrate the concepts
used in this paper.

The simplest application of Iris is using it as a sequential Hoare logic. Such logics
reduce verifying properties of sequential programs to proving Hoare triples for them.
Such a triple is written as {P} e {v.Q} and intuitively means that if the precondition
P holds when an execution of program e starts, then the execution does not get stuck,
and that whenever e reduces to some value v, the postcondition Q(v) holds. The
program state described by pre- and post-conditions can include, among others, the
points-to propositions. Such a proposition is written as ℓ 7→ v, meaning that the heap
location ℓ currently has value v; moreover, it asserts exclusive ownership of ℓ — the
notion we address later. Finally, Iris includes the standard primitives of first-order
logic such as propositional connectives and quantifiers.

With the intuition above, we can specify the program in Figure 5.1c as follows:

∀ℓ : Loc,n : Z. {ℓ 7→ n} incrℓ() {m.m = n∧ ℓ 7→ (n+1)} (incr-spec-seq)

This specification states that regardless of the location and the current value of the
counter, the increment operation executes without getting stuck, that its return value
equals the current counter value, and that upon return this value is actually incremented.
Indeed, the adequacy theorem of Iris [63] allows us to establish this property.

Proving simple specifications such as incr-spec-seq amounts to applying primitive
proof rules on every execution step. Figure 5.5 shows a subset of Iris proof rules
required to verify the specifications in this section. In particular, as execution of
incrℓ() consists of two beta-reductions and one FAA step, we need the rules IRIS-
BETA and IRIS-FAA. The former states that taking a beta-reduction does not change
the program state, so the reduct can be verified with the same pre- and post-condition.
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IRIS-BETA
{P} e[v/x] {Q}
{P} (λx.e)v {Q}

IRIS-FAA
{ℓ 7→ n} FAA(ℓ,k) {m.m = n∧ ℓ 7→ (n+ k)}

WFREE:IRIS-HT-FRAME
{P} e {Q}

{P∗R} e {Q∗R}

WFREE:IRIS-HT-CSQ{
P′} e

{
Q′} P ⇒ P′ ∀v. Q′(v)⇒ Q(v)

{P} e {Q}

IRIS-INV-ACC
{P∗Q} e {P∗R} e is atomic{

P ∗Q
}

e {R}

Figure 5.5: Selected rules of Iris program logic

The latter states that fetch-and-add updates the value stored under the corresponding
location and returns the previously stored value.

To prove incr-spec-seq, we first introduce the universally quantified ℓ and n. Then,
we apply IRIS-BETA twice to reduce incr and incr_waitfree. Afterwards, we
apply IRIS-FAA to prove {ℓ 7→ n} FAA(ℓ,1) {m.m = n∧ ℓ 7→ (n+1)} and finish the
proof.

However, the specification above and the fragment of Iris logic described so far
have a number of disadvantages. First, the pre- and postconditions of Hoare triples
describe the entire program state, whereas the rules such as IRIS-FAA are intended to
operate only with a part of it. Then, the specification incr-spec-seq is sequential: it
assumes that the thread executing incrℓ always knows the exact value under ℓ. This
is not a realistic case for concurrent libraries: other threads can interfere by running
incrℓ on their own.

Below, we illustrate the use of Iris as a concurrent separation logic by proving a
more elaborate specification for incr. There are many possible concurrent specifica-
tions for this operation; Iris Lecture Notes [12] provide a number of them. We choose
another, token-based specification because the notion of “tokens” is used a few times
throughout the paper: it resembles the Lawyer’s notion of fuel (Section 5.4), and is
used to specify restricted wait-freedom (Section 5.5). As said above, in the concurrent
setting it is impossible to always hold the exact knowledge of the current counter
value. However, by limiting the number of possible increments, one can approximate
the current counter value when reading it. Namely, when instantiating the counter, the
user chooses its maximal possible value N. Upon the instantiation, the user receives
N non-replenishable tokens. A token is spent on every counter increment. Unused
tokens can be presented upon reading the counter; the more tokens are presented, the
smaller the counter value must be. Formally, we can specify the counter operations as
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follows (where mk_cnt()≜ ref0 and readℓ≜!ℓ):

∀N : N. {True} mk_cnt()
{
ℓ. cntInvUpto(ℓ,N) ∗ toksN(N)

}
∀ℓ,N.

{
cntInvUpto(ℓ,N) ∗ toksN(1)

}
incrℓ() {m.0 ≤ m}

∀ℓ,N,k.
{

cntInvUpto(ℓ,N) ∗ toksN(k)
}
readℓ {m.0 ≤ m ≤ (N − k)∗ toksN(k)}

This specification features all the main concepts of Iris used to verify concurrent
programs. First, it shows that Iris is a separation logic that treats propositions as
disjoint resources. Resources represent both the state of the program (e.g. points-
to propositions) and the auxiliary information (e.g. the number of tokens). The
separating conjunction P ∗Q asserts ownership of a resource that can be split into
two disjoint parts satisfying P and Q correspondingly. The notion of being disjoint
depends on a particular resource kind; for points-to, l1 7→ v1 ∗ l2 7→ v2 implies l1 ̸= l2,
i.e., ownership of a memory location is exclusive.

Then, toksN(k) is an example of a ghost resource, i.e. one that is not directly tied
to the program state. The Iris user can choose a number of ghost resources to support
the verification process. In Figure 5.4, we assume that Iris instantiation contains
resources for tracking tokens, where a proposition toksN(k) asserts ownership of k
out of N tokens and satisfies the following laws:

toksN(k)∗ toksN(m) ⊣⊢ toksN(k+m) (tokens-sep)

toksN(k) ⊢ k ≤ N (tokens-le)

Finally, the specifications above feature an invariant cntInvUpto(ℓ,N) . Once estab-
lished, an invariant proposition P means that P will hold throughout the program’s
execution. More specifically, it is guaranteed to hold between the execution steps, so
every thread can rely on P to justify its own step, but must reestablish P after taking
that step. Importantly, invariants (but not their content in general) are duplicable. That
is, P ⊢ P ∗ P ; with that, exclusive resources such as points-to can be placed in the
invariant and accessed by every thread through its own copy of the invariant. For the
specification above, we define the counter invariant as follows, capturing the intuition
of spending a token for every increment:

cntInvUpto(ℓ,N)≜ ∃k ≥ 0. ℓ 7→ k ∗ toksN(k)

We omit the verification of mk_cnt and read as it follows standard principles of
Iris safety proofs [12]. Below, we show how the verification of incr changes with the
new specification. We verify the two beta-reductions as before by applying IRIS-BETA

twice and end up with the following triple to prove:{
cntInvUpto(ℓ,N) ∗ toksN(1)

}
FAA(ℓ,1) {m.0 ≤ m}

To proceed, we need the points-to resource in the invariant. For this, we use the
invariant access rule IRIS-INV-ACC that allows opening the invariant (i.e. obtain the
underlying resource) for a single execution step and requires closing it back after that
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step1. Applying this rule to the triple above and unfolding our invariant, we are left
with proving{

(∃k ≥ 0. ℓ 7→ k ∗ toksN(k))
∗toksN(1)

}
FAA(ℓ,1) {m.(∃k ≥ 0. ℓ 7→ k ∗ toksN(k))∗0 ≤ m}

Hoare triples enjoy the rule of consequence WFREE:IRIS-HT-CSQ. Using it along with
TOKENS-SEP and standard rules for separation logic, we reduce the triple above to the
following, for some k ≥ 0:

{ℓ 7→ k ∗ toksN(k+1)} FAA(ℓ,1) {m.m = k ∗ ℓ 7→ (k+1)∗ toksN(k+1)}

To verify the FAA step, we first apply the frame rule WFREE:IRIS-HT-FRAME that
strips the irrelevant resources from both the pre- and post-condition. We close the
proof by applying IRIS-FAA to verify the remaining triple

{ℓ 7→ k} FAA(ℓ,1) {m.m = k ∗ ℓ 7→ (k+1)}

In the subsequent sections, specifications will be verified similarly to what we
did above. There will be slight differences in the Hoare triples format and the exact
form of proof rules, and we will use other ghost resources, but the overall idea will
be the same: establish the invariant and then verify every execution step with the
corresponding proof rule.

5.4 Verifying Wait-Freedom in Lawyer Logic

In this section, we show how an operation is verified against the wait-freedom spec-
ification of Definition 11. As an example, we consider incr l from Figure 5.1c.
Specifically, we verify WaitFreeSpechasInt(l)(incr l) in the Lawyer logic for any lo-
cation l (see Section 5.2 for the definition of hasInt(l)). Doing so allows us to use
Theorem 4 to conclude waitFreehasInt(l)(incr l) holds at the meta-level. Most of the
verification process amounts to proving the Hoare triples similarly to how it was done
in Section 5.3, although the details of program logics are different.

Consider some counter location l. By definition of WaitFreeSpec, we need to
prove

∀c ∈ hasInt(l). heap_repr(c)⇛ NoInfExec(incr l)∧PresInv(incr l)

To do so, we take an arbitrary configuration c : Config for which we have c.2[l] = k for
some k ∈ Z, and further assume ownership of each heap location of c with separating
conjunction over all available points-to resources:

heap_repr(c)≜ ∗
{(ℓ,v) | c.2[ℓ]=v}

ℓ 7→ v

1To prevent unsoundly opening the invariant twice in the same step, Iris features masks of Hoare
triples and namespaces of invariants. We omit them for simplicity. Moreover, in general the resource
under the invariant is obtained under the later modality; for this particular invariant it can be ignored.
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With the ownership of the entire heap, we will prove the specifications
NoInfExec(incr l) and PresInv(incr l). Proving both relies on the fact that l al-
ways stores some number. For this, we use a counter module invariant (which is even
simpler than one used in Section 5.3):

cntInv≜ ∃k ∈ Z.l 7→ k

Note that the definition of WaitFreeSpec features a so-called viewshift, written
⇛. Viewshifts are similar to logical implication, but additionally allow accessing and
establishing the invariants so as to establish the consequent. Thus, given ownership of
the entire heap, and the fact that l currently points to some integer, we establish cntInv
by providing l 7→ k (ignoring the rest of the heap). From that point on we assume that
cntInv holds while proving the specifications (by adding it to preconditions of Hoare
triples under consideration).

The first specification we need to prove, NoInfExec(incr l), informally captures
that execution of our operation applied to any argument cannot run forever. Formally,
it is defined as a dependent pair of a natural number and a specification that mentions
it2,3:

NoInfExec(op)≜{
F : N

∣∣∀τ : Thread,π : Phase,a :Val. {F·bar◦π ∗ph◦τ π} op a {ph◦τ π}τ
}

The number F is (an over-approximation of) the upper bound on the execution time
of op. The actual specification for op is defined as a Lawyer Hoare triple. Lawyer
[94] is an instantiation of the Trillium framework, which is in turn an extension of
Iris that establishes refinement of a program to a transition system. In particular,
compared to the triples of Iris introduced in Section 5.3, the Hoare triples in Lawyer
additionally enforce that every single step of the program is matched by a transition in
the so-called Obligations Model—a transition system that Lawyer uses to represent
terminating programs. Proving a Lawyer Hoare triple for a program implies that
any execution trace of that program refines some trace of the Obligations Model. As
all traces of the Obligation Model are finite, this refinement implies termination of
verified programs. Note that the Lawyer triples are additionally annotated with the
thread identifier, because the thread identity is important for proving refinement.

The precondition and postcondition of the triple in NoInfExec(op) consist of the
ghost resources of Lawyer logic. The precondition can be read as an assignment
of F barrels of fuel to the thread τ , with an indirection via the phase π that marks
the barrels and is assigned to τ . The fuel is represented by the F·bar◦π resource (a
separating conjunction of F many individual barrels bar◦π). The phase assignment
is written in the Lawyer logic as ph◦τ π . The fuel resource represents the number
of remaining steps the program is allowed to take: as we will see later, verifying

2The reason why F cannot be existentially quantified inside the triple is related to the issues of
step-indexing which are described in detail by Spies et al. [112].

3We omit the return value binder v, because it is not used in the postcondition.
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every single execution step consumes one barrel of fuel, similar to how every counter
increment consumed a token in Section 5.3. We remark that in Lawyer [94], both the
fuel and the phase of resources have one extra parameter each. Technically, we assign
these parameters the values that are largely irrelevant for this presentation; instead of
showing these values, we just mark both resources with a ◦ subscript. In the appendix,
we argue why this particular specification pattern of NoInfExec(op), as well as certain
restrictions on the operation’s invariants, captures the nature of wait-freedom in the
Lawyer logic.

To prove NoInfExec(incr l), we take F to be 3 and assume the invariant estab-
lished earlier. Then, we prove, for any τ , π , and a:

{cntInv∗3·bar◦π ∗ph◦τ π} incr l a {ph◦τ π}τ

The triple above essentially states that we can spend up to 3 barrels of fuel to complete
the execution of opa. To prove it, we use the rules4 of the Lawyer logic. Compared
to the proof rules presented in Section 5.3, the main difference is that the rules of
Lawyer feature Lawyer-specific resources besides the Iris ones. This is because
Lawyer requires matching every step of execution with a transition in the Obligations
Model, which in turn requires resources such as fuel. Specifically, the Lawyer rules
for beta-reductions and FAA are the following:

LAWYER-BETA-FUEL

{ph◦τ π ∗P} e[v/x] {ph◦τ π ∗Q}τ ⊢ {bar◦π ∗ph◦τ π ∗P} (λx. e)v {ph◦τ π ∗Q}τ

LAWYER-FAA-FUEL

{bar◦π ∗ph◦τ π ∗ ℓ 7→ n} FAA(ℓ,k) {m.m = n∗ ℓ 7→ (n+ k)∗ph◦τ π}τ

After applying LAWYER-BETA-FUEL twice, we are left to prove the following:

{cntInv∗bar◦π ∗ph◦τ π} FAA(l,1) {ph◦τ π}τ

Proving it requires opening the invariant, for which Lawyer inherits the IRIS-INV-
ACC rule unchanged. Applying it, along with WFREE:IRIS-HT-CSQ and LAWYER-
FAA-FUEL, finishes the proof.

The next specification that we need to prove, i.e., PresInv(incr l), is defined as a
yet another Hoare triple as follows:

PresInv(op)≜ ∀τ : Thread,a :Val. {RSV(a)} op a {v. RSV(v)}τ

As its name suggests, this triple guarantees that the execution of op preserves the
established invariants. In fact, the same holds for Hoare triples of Iris and Lawyer; the
crucial difference is that this triple allows the execution to get stuck (denoted by  
superscript). This triple does not establish refinement to any model, but for technical
reasons it is annotated with the thread identifier like a Lawyer triple5.

4The rules that we present below are derived from the more general rules of Lawyer logic.
5Technically, this Hoare triple is defined by directly instantiating the Trillium’s program logic with

a trivial, always looping transition system.
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As we will explain in Section 5.6, such Hoare triples ensure that op can be used
by an arbitrary client program, and that it would not violate the internal invariants of
op. Technically, a client program uses op by providing it a safe argument, captured
by the predicate RSV(a), and expects op to return a safe value back. We will explain
what it means to be safe and motivate why it is necessary to restrict only to safe values
in Section 5.6.

Since PresInv(incr l) does not establish refinement to a model, its proof follows
the process described in Section 5.3. We ignore the RSV(a) resource, because incr
ignores the input argument a. The rules used to verify beta-reductions and FAA are
exactly the same as in Section 5.3 (except for the different type of triple). Similarly to
the proof above, we use cntInv to verify the FAA step. The main difference there is
that the return value v is not ignored—it needs to be shown to be safe, i.e. RSV(v).
However, we know that FAA returns an integer, and, as we will see in Section 5.6, all
integers are safe, i.e., ∀n : Z. ⊢ RSV(n).

5.5 Case Studies

As we discussed in the Introduction, while the simple definition of wait-freedom that
we used in Sections 5.2 and 5.4 works for many simple programs, for more involved
programs, this definition needs to be adjusted. Specifically, Definition 10 follows
the classical definition of wait-freedom [45]: it requires an operation to progress
safely (i.e., without getting stuck) regardless of its input arguments and the number of
concurrent operations. However, in practice each of these conditions can affect the
safe progress.

In this section, we consider two illustrative examples that motivate two inde-
pendent extensions to our wait-freedom verification approach. First, we verify a
(higher-order) function that gets stuck on a “wrong” argument. Second, we verify
a data structure that restricts the number of operations that can run concurrently at
a given time. The latter is especially important, as many realistic wait-free data
structures [35, 73, 119] rely on this restriction. We note that these changes account
for different types of progress properties, not for each individual example; we be-
lieve that the case studies exhibiting the same property can be verified with the same
specification and the adequacy theorem.

Throughout this section we will use the helper definitions None ≜ inl() and
Somev≜ inrv and similarly define a corresponding notation for in pattern matching
where we simply write match e with None => e1 | Some v => e2 end.

Modular Verification of Higher-Order, Possibly-Stuck Operations

Consider the higher-order list_map function in Figure 5.6a. It applies the given
function f to all elements of the list l. In our language, lists are values satisfying the
recursive predicate isList defined in Figure 5.6b.

Note that if the input function f does not run forever for any argument, the partially
applied list_mapf does not run forever for any argument either. However, it might
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let rec list_map f l =
match l with
| None => None
| Some p =>

let r = list_map f (snd p) in
Some (f (fst p), r)

end

(a) Implementation

isList(v :Val)≜ v = None∨
∃h,v′. v = Some(h,v′)∧ isList(v′)

(b) Representation of lists in λ conc
ref

Figure 5.6: Higher-order list mapping function

get stuck even if f never does: if its second argument l does not satisfy isList, then
list_map will get stuck, e.g., on taking projections. Thus, the progress of calls to
list_mapf is captured by the following variant of Definition 9, with the changes
highlighted:

Definition 12 (Eventual return or stuckness of calls to op). For an operation op :Val,
execution trace etr and thread identifier τ , we say that all τ’s calls to op in etr
eventually return or get stuck, written alwaysReturnsInTrace (op,etr,τ), iff

alwaysReturnsInTrace (op,etr,τ)≜

∀E , i. Call(etr[i].1,τ,E,op)∧ schedUntilRet(etr,τ,E, i)⇒
∃ j ≥ i. Ret(etr[ j].1,τ,E)∨stuck(etr[ j],τ)

where stuckness is defined as stuck(c,τ)≜ ¬∃c′. c τ→ c′

Similarly, we define possibly-stuck wait-freedom waitFree as a variant of Defini-
tion 10 that uses alwaysReturnsInTrace instead of alwaysReturnsInTrace.

Our approach to proving wait-freedom supports verifying possibly-stuck wait-
freedom with minimal changes compared to the ordinary wait-freedom discussed in
earlier sections. That is, we prove a variant of Theorem 4 that establishes possibly-
stuck wait-freedom of an operation, given that it satisfies the Lawyer specification
WaitFreeSpec , which, similarly to definitions above, is a weakening of WaitFreeSpec
that allows the operation to get stuck.

Now, we can apply the approach outlined in Sections 5.2 and 5.4 to prove that
list_mapf is possibly-stuck wait-free. Crucially, we do so modularly by verifying
both list_map and f independently of one another. Formally, we prove the following
higher-order possibly-stuck wait-freedom specification for list_map:

∀f,C. WaitFreeSpec C(f)⇒ WaitFreeSpec C(list_mapf) (list-map-HO-spec)

As in Section 5.4, we prove the two specifications for list_mapf. For each of
them, we make use of the corresponding specification for f. The logical inference
rules used in the process are the same used in Section 5.4, with the addition of rules to
verify stuck computations, e.g., the following Hoare triple for projecting of the unit
value: {True} fst() {P}τ .
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Given the (list-map-HO-spec) spec above, together with the fact that ordinary
Hoare triples imply possibly-stuck Hoare triples, we can reuse the already proven
(possibly-stuck) wait-freedom specifications to derive possibly-stuck wait-freedom
of list_map partially applied to specific function argument. For example, by
weakening the Hoare triple that we proved in Section 5.4, we obtain a proof of
WaitFreeSpec hasInt(l)(list_map(incr l)) for any location l, thus establishing

waitFree hasInt(l)(list_map(incr l))

Finally, we note that verifying list_map requires one more generalization to
the specification (unrelated to possible stuckness). The amount of fuel consumed by
list_mapfl depends on the length of the input list l; to account for that, we replace
the fuel amount F in NoInfExec with a fuel function of the typeVal → N. In fact, the
fuel amount used in all other examples is simply defined as a constant fuel function.
We refer the reader to our Rocq mechanization for details.

Restricted Wait-Freedom

Many practical implementations of wait-free algorithms [35, 57, 70, 119] assume an
extra condition not accounted for by Definition 10: that the number of concurrent
operations has a fixed upper bound. An example of such implementation is shown in
Figure 5.7a. This implementation of a concurrent wait-free queue has two uncommon
features. First, besides adding and removing elements to the queue, it allows reading
the head element without removing it. Second, it optimizes the memory usage by
deallocating the head node when it is removed. Supporting both of these features,
and simultaneously safety and linearizability, is highly non-trivial. Therefore, the
implementation in Figure 5.7a limits the concurrency to just two threads: an enqueuer
thread that can either enqueue elements or read the queue head, and a dequeuer thread
that can either dequeue elements or read the queue head.

Verifying such algorithms, which we call restricted wait-free, requires multiple
changes to our approach as we have described so far. First of all, we define two
wrapper functions enqueuer and dequeuer (see Figure 5.7b) which wrap the possible
operations of the queue for the enqueuer and dequeuer threads explained above into a
single operation respectively—each function checks its argument and dispatches the
appropriate queue operation accordingly. Then, for technical reasons that we explain
in Section 5.7, we restrict the queue to only store integers. To that end, the enqueuer
wrapper includes a call to the to_int primitive (which we have added to λ conc

ref for
this example), the semantics of which are as follows:

to_int(n ∈ Z) pure
⇝ Somen to_int(v /∈ Z) pure

⇝ None

Restricted wait-freedom is stated as a variant of Definition 10, with changes
highlighted:6

6Note that below we assume that Thread ≜ N and that a thread pool can be treated as a list of
expressions.
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(* Node = {val: Value; next: pointer to Node} *)
(* OldHeadVal: Value *)
(* Head, Tail, BeingRead, FreeLater: pointer to Node *)
(* methods of enqueuer thread: *)

let read_head_e () =
let cur_head = !Head in
if (cur_head == !Tail)
then None
else
BeingRead := cur_head;
let v =
if (cur_head == !Head)
then
cur_head.val

else
!OldHeadVal

in Some v

let enqueue v =
let dummy =
Node {val: 0, next: null} in

let new_tail = ref dummy in
let cur_tail = !Tail in
cur_tail.val := v;
cur_tail.next := new_tail;
Tail := new_tail

(* methods of dequeuer thread: *)

let deque () =
let cur_head = !Head in
if (cur_head == !Tail)
then None
else
let v = cur_head.val in
OldHeadVal := v;
Head := cur_head.next;
let to_free =
if (cur_head == !BeingRead)
then
let old = !FreeLater in
FreeLater := cur_head;
old

else cur_head
in free to_free; Some v

let read_head_d () =
let cur_head = !Head in
if (cur_head == !Tail)
then None
else Some cur_head.val

(a) Original implementation by Jayanti and Petrovic [57] expressed in λ conc
ref

let enqueuer v =
if (v == ()) then
Some (read_head_e ())

else
match (to_int v) with
| Some n => Some (enqueue n)
| None => None
end

let dequeuer v =
if (v == true) then
Some (read_head_d ())

else if (v == false) then
Some (dequeue ())

else
None

(b) Wrappers to be verified

Figure 5.7: Single-enqueuer, single-dequeuer queue

Definition 13 (Restricted wait-freedom). Given a set of initialized configurations
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C ⊆ Config, we define restricted wait-freedom of list of operations ops : List(Val) as

waitFreeRestrC(ops)≜

∀etr. length(etr[0].1) = length(ops)∧( ∧
τ 7→e∈etr[0].1

∃e′. etr[0].1[τ] = e′[ops[τ]/x]∧noLocs(e′)∧noForks(e′)
)
∧

etr[0] ∈C ⇒∀τ. alwaysReturnsInTrace(ops[τ],etr,τ)

This definition establishes a property of a list of methods—one operation may
appear multiple times in this list. Initially (at the start of etr), we have length(ops)
many threads, and the ith thread is a client of the ith method in ops. Importantly, none
of the threads should fork any other threads—otherwise the restriction on the number
of concurrent operations might be violated. The alwaysReturnsInTrace conclusion
states that every thread’s calls to its operation must always return.

For example, restricted wait-freedom of the algorithm in Figure 5.7b is stated
using Definition 13 by taking ops≜ [enqueuer,dequeuer]. A more complicated n-
enqueuer, single-dequeuer algorithm (also presented in [57]) requires using a list
consisting of n enqueuer methods and a single dequeuer method, i.e., ops ≜
dequeuer :: repeat(n,enqueuer).

Verifying restricted wait-freedom requires changes to the specification we had
given in Definition 11. We will first give the formal definition and explain the details
afterwards.

Definition 14 (Lawyer specification of restricted wait-freedom). For a set of initial-
ized configurations C ⊆ Config, we define the Lawyer specification of ops : List(Val)
restricted wait-freedom as follows, for some F : N:

WaitFreeRestrSpecC(ops)≜ ∀c ∈C. heap_repr(c)⇛ mtoks(ops)∗

∗
op∈ops

(
∀τ,π,a. {F·bar◦π ∗ph◦τ π∗mtok(op)} op a {ph◦τ π∗mtok(op)}τ

)
∗

∗
op∈ops

(
∀τ,a. {mtok(op)} op a {v.isGroundVal(v)∗mtok(op)}τ

)
where mtoks(l : List(Val))≜ toksops(l) and mtok(m :Val)≜mtoks([m])

In the definition above, isGroundVal(v :Val) states that the value v does not contain
any locations or lambda functions. This is related to the restriction where we require
the queue to only store integers which we will discuss in Section 5.7. The proposition
mtoks(l) (an abbreviation for toksops(l)7) asserts ownership of the list l of method
tokens. Similarly to the tokens used in Section 5.3, these are created upon the module
initialization and have to be provided upon every call to the corresponding operation;
the difference is that a method token is given back after the return to allow subsequent

7In fact, the tokens resource toksN(k) from Figure 5.4 can be defined for any type of k and N that
defines (disjoint) composition and the corresponding inclusion order.
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calls. Method tokens satisfy the following laws similar to (tokens-sep) and (tokens-le);
here, count(m, l) counts occurrences of m in l:

mtoks(l1)∗mtoks(l2) ⊣⊢ mtoks(l1++ l2)

mtoks(l) ⊢ ∀m ∈ l. count(m, l)≤ count(m,ops)

Finally, the adequacy theorem for restricted wait-freedom is similar to Theorem 4:

Theorem 5 (Adequacy for restricted wait-freedom). If WaitFreeRestrSpecC(ops) is
provable in Lawyer, then waitFreeRestrC(ops) holds in the meta-logic.

We use Theorem 5 to establish waitFreeRestrCQ([enqueuer,dequeuer]) (where
CQ is some set of allowed initial states for the queue in Figure 5.7a) by verifying
the wrappers in Figure 5.7b. We note that despite the fact that termination of queue
methods follows almost immediately—they all terminate in constant time—proving
their safety is highly non-trivial: reading of the head node might execute concurrently
with dequeueing that involves freeing the head. We refer the reader to our Rocq
development for the details of the proof.

5.6 Proving the Wait-Freedom Adequacy Theorem

As Section 5.4 demonstrates, proving the specification in Definition 11 for a given
operation is relatively straightforward. Indeed, a wait-free operation cannot block, or
be delayed by other operations running concurrently, thus it must terminate in a finite
number of steps. To account for this, the rules of Lawyer logic simply consume one
fuel resource upon every step; essentially, the user is mainly responsible for providing
enough fuel initially. This applies both to the original specification in Definition 11,
and its variants described in Section 5.5. Thus, the non-trivial parts of the proof might
only concern safety of the operation.

However, showing that the specification in Definition 11 implies wait-freedom,
i.e. proving Theorem 4, is quite challenging. Ideally, we would just reuse the existing
work on termination verification in Lawyer for proving wait-freedom. That is, we
would ideally reuse Lawyer’s proof that verifying a program in Lawyer establishes a
refinement between the program and an always terminating transition system, which
then guarantees that the program terminates. We might hope that this would help
us derive termination of all calls to our wait-free operation. However, we face the
following challenges:

(C1) The property established by Lawyer’s adequacy theorem is termination of closed
programs, i.e., in our case the client program together with the wait-free data
structure. In our case, we aim to prove termination of each individual call to
the wait-free operation. The latter property would follow from the former, if
the client program is terminating, but the client program does not have to be
terminating in general.
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(C2) Lawyer (and Trillium in general) requires the entire closed program to be verified
for the adequacy theorem to apply, and to allow us to derive a property of its
execution traces. For wait-freedom, we are given an arbitrary client program
(that uses the wait-free operation) and cannot verify it directly.

(C3) The Lawyer logic does not contain rules that support verifying non-terminating
programs. In particular, verifying such programs requires infinite amount of
fuel, but there are no rules that allow generating fuel indefinitely long.

We address these challenges as follows. First, in Section 5.6 we reduce the
problem of proving wait-freedom to showing termination of the closed program.
With that, we are able to reuse the Lawyer’s adequacy theorem, thus addressing the
Challenge 1. Then, in Section 5.6 we employ the well-known method of logical
relations to establish “robust safety” of the wait-free operation, i.e., we prove that
an arbitrary client does not violate operation’s internal invariants. This solves the
Challenge 2. Finally, in Section 5.6 we show that the aforementioned reduction in
fact allows us to apply the Lawyer logic to generate fuel consumed by an infinitely
running program. Together with the robust safety result, it allows us to verify a
non-terminating program, which solves Challenge 3.

Finally, we note that Theorem 4 and its variants for possibly-stuck wait-freedom
from Section 5.5 are proven in the same way with minimal variations. However,
proving Theorem 5 requires non-trivial changes to the logical relation and the way it
is used. For space reasons, we refer the reader to technical Rocq development for that.
Therefore, the rest of the section only explains how the original Theorem 4 is proven.

Reducing Wait-Freedom to Termination

The first step in proving the wait-freedom adequacy theorem is to reduce proving
wait-freedom to showing termination of the closed program. For that, the proof of
Theorem 4 proceeds via a proof by contradiction. Namely, for the operation op and
some set of initialized configurations C ⊆ Config we assume there exist an execution
trace etr, evaluation context E, thread τ , and trace index i such that:

• WaitFreeSpecC(op) is provable in Lawyer.

• The premises of both waitFreeC(op) and alwaysReturnsInTrace(op,etr,τ) hold.
In particular, a call to op occurs in etr at index i, thread τ , under evaluation
context E.

• Yet, the conclusion of alwaysReturnsInTrace(op,etr,τ) does not hold, i.e.
¬(∃ j ≥ i. Ret(etr[ j].1,τ,E)).

Note that the only way this is possible is in the case where etr is infinite. Indeed, if the
call to op never returns, then by the schedUntilRet assumption of
alwaysReturnsInTrace the calling thread τ is always eventually scheduled. We will
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prove the contradiction by showing that the same set of assumptions simultaneously
implies that etr must terminate.

To prove that etr terminates, we refine it to a trace of the Obligations Model of
Lawyer; the adequacy theorem of Lawyer implies the finiteness of both traces. For
establishing the refinement, we need to verify the program (i.e., each element of the
expressions in the starting thread pool, etr[0].1). As mentioned in Challenge 2 and
Challenge 3, the Lawyer logic can only support terminating programs, whereas we
already concluded above that etr is infinite, and moreover we cannot apply the rules
of Lawyer directly, as the program to verify (a client of the wait-free operation) is
universally quantified over.

The key to establishing the refinement is exploiting the assumptions above. Indeed,
in Section 5.6 we show how to reuse Lawyer logic and construct a refinement assuming
the premises above and given the specification for the wait-free operation. In other
words, we establish the refinement only for execution traces that satisfy the premises
above. This is in contrast with the adequacy theorem of Lawyer (and Trillium) which
establish the refinement for all execution traces. Therefore, we need to generalize the
adequacy theorem of Trillium to establish a refinement only when some condition
on execution holds. In turn, the fact that this condition holds is propagated to the
refinement construction via user-provided “progress resource” described in more
detail in Section 5.6. Below, we provide the generalized adequacy theorem of Trillium
and highlight the main changes compared to the original theorem.

Theorem 6 (Conditional adequacy theorem of Trillium). Consider a transition system
M and a relative image-finite relation ξ on finite traces of λ conc

ref and the model. Then,
consider TI : FinTrace(λ conc

ref )→ FinTrace(M )→ iProp — a representation of the
aforementioned finite traces in the Iris logic. Then, consider a predicate F on finite
execution traces. Finally, consider a “progress resource” PRF : FinTrace(λ conc

ref )→
iProp that satisfies a number of laws described in appendix[91].

Let etr be an execution trace and m a state of M . If ξ (etr[0],m) holds (treating
its arguments as singleton traces), F(etr′) holds for any finite prefix etr′ of etr, and
furthermore we have (again, treating etr[0] and m as singleton traces)

⊢ |⇛TI(etr[0],m)∗AlwaysHolds(ξ ,etr[0],m)∗PRF(etr[0])

then there exists such model trace mtr that mtr[0] =m and ξ̂ (etr,mtr) holds.

We refer the reader to Trillium [118] for definitions of AlwaysHolds and ξ̂ ; the
latter is essentially the refinement we are looking for. Intuitively, the three resources
in the Iris premise of Theorem 6 correspondingly describe what is the current state of
the execution, why this state representation implies refinement at the meta-level, and
how this representation is preserved on every step of the execution.

We prove the finiteness of our etr by applying Theorem 6 and establishing the
refinement to the Obligations Model. For that, we choose the trace interpretation,
the starting model state m, and the refinement relation that the Lawyer’s adequacy
theorem does when it uses Trillium’s adequacy theorem (the latter being slightly
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adjusted — see our Rocq implementation for details). We defer the choice of the
predicate F and the progress resource to Section 5.6; we only note that the chosen
F indeed holds for all prefixes of etr. Thus, it remains to prove the Iris premise of
Theorem 6. There, TI(etr[0],m) and AlwaysHolds(ξ ,etr[0],m) are proved similarly
to how it is done in Lawyer. We will explain how to establish the progress resource in
Section 5.6. Thus, using the Trillium’s adequacy theorem we prove that etr is finite,
and thus derive a contradiction.

Logical Relation for Ensuring “Robust Safety” of a Wait-Free Operation

As the Challenge 2 states, using a Lawyer-based approach requires us to verify the
entire program under consideration, including the arbitrary and thus unknown client
of the operation. Moreover, as the Challenge 3 states, the Lawyer logic in general
does not support verification of non-terminating programs which we would like to
consider as clients of wait-free operations.

However, it turns out that verifying the operation’s client can be split into two
steps. The first step is proving the robust safety of the operation, i.e. the fact that any
operation’s client preserves operation’s internal invariants. The next step, described
further in Section 5.6, is showing that any execution of a client refines the Obligations
Model of Lawyer.

To prove robust safety, we employ the well-known idea of logical relations [34,
116]. This approach is based on proving, for a given expression e, an Iris proposition
RSE(e); the predicate RSE(·) is called the expression relation. The expression relation
intuitively captures that any execution of e preserves all invariants in the system
(including those of the wait-free operation), but it may get stuck. Crucially, the
expression relation is proven to be closed under program compositions, e.g., if both
e1 and e2 are in the expression relation, so is the expression e1 e2, i.e., calling the
function e1 with argument e2—intuitively, the worst that can happen here is that e1 is
not a function, in which case e1 e2 gets stuck, which is allowed. This compositionality
of the expression relation is the reason why, to establish robust safety of the operation,
it is sufficient to prove RSE(e) for all clients e of the operation. In Section 5.4 we
described a PresInv Hoare triple that states a property similar to RSE(·). Indeed,
expression relation is defined similarly to PresInv (we explain RSV(v) below):

RSE(e)≜ ∀τ. {True} e {v.RSV(v)}τ

To understand how RSE(e) is proven, first consider some e that does not actually
call the wait-free operation. The potentially unsafe steps of e’s execution are writing to
a memory location (or freeing it) or evaluating an arbitrary, potentially unsafe lambda
expression. For these steps to be safe, we need to ensure that the corresponding
location or lambda expression is also “safe to use”. More generally, we introduce the
following value relation RSV(v):8

8The resource freed(ℓ) is obtained after executing freeℓ and is irrelevant for the rest of the paper.
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Definition 15 (Value relation).

RSV(())≜ RSV(b : B)≜ RSV(n : Z)≜ True
RSV(inlv)≜ RSV(inrv)≜ RSV(v)

RSV((v1,v2))≜ RSV(v1)∗RSV(v2)

RSV(ℓ : Loc)≜ (∃v :Val. ℓ 7→ v∗RSV(v))∨ freed(ℓ)
RSV(rec f x := e)≜ ∀τ,v. {RSV(v)} (rec f x := e)v {r.RSV(r)}τ

Note that the last two cases of this definition reference RSV(v′) for some value v′

which might be structurally larger than the one being considered. The soundness of
such definitions is guaranteed by the guarded recursion of Iris; we refer the reader to
[63] for more details.

Thus, proving RSE(e) for an expression e that does not call the wait-free operation
involves keeping track of the values produced by executing e so far and making sure
they all satisfy the value relation. With that, if e does not contain hard-coded locations
initially and does not use pointer arithmetic, we can indeed prove RSE(e) by structural
induction9, showing that evaluating its sub-expressions produce values that can be
safely used afterwards.

However, an e that actually calls a wait-free operation op requires some extra
work. Indeed, values produced during op’s execution might not satisfy the value
relation (e.g. locations used by op internally are covered by op’s own invariants), and
also op might use pointer arithmetic (e.g. the queue in Figure 5.7a uses it for accessing
Node structure fields). Thus, we cannot automatically derive expression relation for
calls to op—instead, the user must show it. And indeed, the PresInv(op) part of op’s
wait-free specification is exactly the lambda-expression case of Definition 15, stating
that it is always safe to call op with any argument. Another way to think about this is
that showing PresInv(op) is also required because it ensures that the operation does
not expose its own internal state, which would of course not be safe.

A more general fact is stated by the “fundamental theorem” of logical relations.
Namely, that the expression relation holds for any expressions whose free variables
are substituted with values that are themselves in the value relation:

Theorem 7 (Fundamental theorem). Let e be an expression that contains neither any
Loc literals nor any pointer arithmetic, and whose free variables are #»xs. Given any
list of values #»vs such that | #»vs|= | #»xs|. Then the following holds:(

∗
v∈ #»vs

RSV(v)

)
⊢ RSE(e[ #»vs/ #»xs])

An op’s client can be represented as a thread pool made of expressions into which
op is substituted (see the first premise of Definition 10). To prove robust safety of

9For lambda expressions, it also involves so-called Löb induction available in Iris-like step-indexed
logics.
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op, we apply Theorem 7 and provide PresInv(op) to satisfy its premise. Thus, we
establish the following:

Theorem 8 (Robust safety of the wait-free operation). Let E be a thread pool such
that its every element e has a single free variable x, and contains neither Loc literals,
nor any pointer arithmetic. Assume that WaitFreeSpecC(op) holds for some C. Then
the following holds:

⊢∗
e∈E

RSE(e[op/x])

Refining an Infinite Execution to a Trace of Obligations Model

In Section 5.6, we have reduced proving wait-freedom to that of termination, which
we establish by applying Theorem 6 and refining a given execution to a trace of the
Obligations Model of Lawyer. However, that reduction, by contradiction, considers an
infinite execution, whereas the main property of the Obligations Model is the finiteness
of its traces. As the Challenge 3 states, the Lawyer logic that establishes refinement to
the Obligations Model was designed to only verify terminating programs. Here, we
briefly describe the solution that allows us to repurpose the Lawyer logic for verifying
non-terminating programs. Due to lack of space we refer the reader to our Rocq
formalization [93] for the details.

The central part in establishing refinement with Theorem 6 is the progress re-
source. Intuitively, the resource PRF(etr) means that if the finite execution trace etr
is currently refined by some trace of the Obligations Model, and if it takes a step into
a new trace etr′ such that F(etr′) holds, then etr′ will also refine some Obligations
Model trace, all the invariants are preserved, and PRF(etr′) is reestablished. Thus, the
progress resource for a singleton trace PRF(c) essentially means that any execution
starting from the configuration c is refined by a trace of the Obligations Model, as
long as it does not violate the predicate F .

Crucially, the user is free to choose an arbitrary progress resource, as long as it
satisfies a number of laws listed in the appendix [91]. The original adequacy theorem
of Lawyer can be stated as a corollary of Theorem 6 where the progress resource
ignores the predicate F , and for the starting configuration it consists of Hoare triples
for every thread present in that configuration. In our case, we cannot prove such triples,
as we consider non-terminating client programs, and the Lawyer logic is designed to
establish termination.

Thus, the progress resource for wait-freedom consists of two parts: one that
guarantees preservation of invariants and another that ensures the refinement of the
Obligations Model. The former is given by the robust safety result of Theorem 8; the
latter is more elaborate.

The main part for establishing a refinement of the Obligations Model is providing
a barrel of fuel on every execution step. For that, we exploit the assumptions on the
execution that were obtained during the reduction in Section 5.6. Namely, that our
progress resource is defined as F(etr) ≜ infCallPrefix(E,τ, i,etr), where E,τ and i
are fixed during the reduction. We refer the reader to Rocq development [93] for its
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formal definition. Intuitively, this predicate means that etr is a possible finite prefix
of some infinite trace in which thread τ has an infinite call to op under evaluation
context E at index i. Now, knowing i, we can pre-allocate i barrels of fuel in the initial
progress resource, so that the refinement can be preserved for the first i steps before
the infinite call.

To provide fuel for the rest of execution, we first note that the thread τ that runs
that call does not need infinite fuel: the specification NoInfExec(op) states that any
call to op refines a trace of the Obligations Model, as long as a fixed amount of fuel is
provided to satisfy the precondition of that specification. Therefore, we add this fuel
to the initial progress resource.

To provide fuel to all other threads, we employ a trick that allows us to generate
fuel indefinitely. That is, we use the Lawyer logic’s obligations mechanism originally
designed for verifying blocking concurrency. We refer the reader to Lawyer [94] for
more details; in short, threads can wait for other threads’ actions by generating fuel,
as long as this waiting is not circular. In our case, we can assign the calling thread
τ an obligation that is never fulfilled which does not correspond to any action, but
merely enables the fuel generation mechanism. This lets all other threads to wait
for this obligation to be fulfilled. By assumption, τ never terminates, and thus the
other threads can always receive fuel. Of course, this trick is only possible because
we started the proof in Section 5.6 by contradiction—under normal circumstances, a
thread with an obligation eventually fulfills it, which disables fuel generation.

5.7 Discussion and Limitations

Restricting the content of wait-free data structures

When verifying the queue implementation in Section 5.5, we introduced a seemingly
unnecessary constraint. Namely, the wrapper enqueuer in Figure 5.7b only allows
the integer values to be enqueued. Note that the original implementation in Figure 5.7a
never inspects the enqueued values and thus does not rely on this constraint. Yet, in
short, lifting this constraint would imply adding an extra premise to the precondition
of NoInfExec which must hold for the argument — but since we show termination of
calls to an operation with any argument, we would not be able to prove it when using
NoInfExec in the adequacy proof.

Before proceeding to details of this constraint, we explain its scope. Despite
arising when verifying restricted wait-freedom in Section 5.5, the issue is not related
to tokens, or the restricted wait-freedom in general. However, it arises with all data
structures that contain methods that return values previously stored by other methods
(queues, stacks, linked lists etc.). In our context, such structures happen to be restricted
wait-free.

Recall that establishing robust safety of dequeuer in Figure 5.7a using Theo-
rem 8 requires proving the PresInv(dequeuer) specification, which is the lambda-
expression case of Definition 15. (For technical reasons, Definition 14 requires a
stronger specification from which PresInv(dequeuer) is derivable, but the issue
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would still hold without this stronger specification.) Note that when dequeuer returns
a dequeued value, it cannot, by itself, prove that it is safe-to-use. For this to hold,
the queue invariant must enforce that all values stored are safe-to-use by storing the
RSV(v) resources for every stored value v. To maintain this invariant, enqueuer must
only call enqueue with safe-to-use values — and it indeed does, as only integers are
being enqueued.

If we remove the only-integers constraint, the specifications for enqueuer would
have to include the RSV(v) premise in the precondition. In particular, it would appear
in the precondition of NoInfExec(enqueuer). When proving wait-freedom, we con-
sider a potentially non-terminating call to enqueuer with some argument a. Internally,
the adequacy theorem uses (the token-based version of) NoInfExec(enqueuer) to
verify the call enqueuera. Since RSV(a) is not provable in general for arbitrary a,
we would not be able to use this specification.

To lift this limitation, one has to exploit the fact that a client program satisfying
the conditions of Theorem 8 can only produce safe-to-use values as it executes (except
when the wait-free operation is in progress). We leave establishing this formally to
future work.

Proving linearizability of wait-free data structures

An important criteria for the correctness of a concurrent data structure is linearizability
[46]. A data structure is linearizable if whenever operations on that structure are run
concurrently, each of them appears to take effect atomically, even if they actually
take multiple steps to finish. Linearizability makes it easier to reason about the
data structure as one does not have to consider all possible interleavings of the
operations—one can simply reason as though these operations happen one after
another. It is thus not surprising that many wait-free data structures are designed to be
linearizable [35, 57, 70, 119]. Therefore, it is desirable to verify both wait-freedom
and linearizability for wait-free data structure.

In fact, proving linearizability with program logics is well-studied [13, 53, 62,
100]. Birkedal et al. [13] have formally shown that linearizability is internalized
by specifications given in terms of the so-called logically atomic Hoare triples [62].
Moreover, the Lawyer approach [94] that we build upon provides a liveness-aware
version of the logically atomic specification. However, even simple wait-free im-
plementations contain what is known as future-dependent linearization points [122]
where the point at which linearization takes place within an operation can depend on
how the other operations that started afterwards execute. Moreover, the linearization
point of an operation might happen inside another operation that runs concurrently
with it in a different thread. It is the case for the queue in Figure 5.7a. Consider the
scenario where the dequeuer thread runs a number of dequeue operations one by one,
while the enqueuer thread is running the single read_head_e operation. In that case,
the linearization point of read_head_e, if the comparison after the second read of
Head fails, will occur when the last dequeue operation writes to OldHeadVal.
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Iris supports verifying future-dependent linearizability using so-called
prophecy variables [64]. However, as is, Lawyer does not support prophecy variables
because Trillium [118] does not. Thus, verifying both wait-freedom and linearizability
in our framework would require extending the Lawyer logic and the Trillium logic
first.

Wait-free operations of a lock-free data structure

Some data structures provide both lock-free and wait-free methods. For example, an
implementation of a counter can include a lock-free increment from Figure 5.1b and
a wait-free read method that simply reads the current counter value in a single step.
Thus, in general, wait-freedom is a property of a single method, not an entire data
structure. Our approach could also be used for verifying wait-freedom in such a setting
as well. First, the meta-level definition of wait-freedom should mention both a wait-
free operation, and a number of lock-free operations that may run concurrently with it
(similarly to how Definition 13 applies to the list of wait-free operations). As for the
specifications, the approach suggested by Total TaDA [101] applies: the operations
running concurrently with the wait-free one only need to preserve invariants. With
that, we can prove a generalization of Theorem 4 that establishes wait-freedom of an
operation op given WaitFreeSpec(op) and proofs of PresInv(op′) for every lock-free
operation op′ running concurrently with op.

5.8 Related Work

All prior solutions verify wait-freedom for first-order languages. These solutions
assume, in one way or another, that the client of a wait-free operation is safe, i.e. that
it does not violate the data structure’s internal invariants. Instead, we prove once and
for all that all possible clients in our higher-order programming language satisfy this
property via a logical relations argument as explained in Section 5.6. Moreover, most
of the prior solutions only support unrestricted wait-freedom, lack case studies, and
are not mechanized.

Program Logics for Wait-Freedom

Total TaDA The program logic of [101] supports verification of non-blocking
program properties, including unrestricted wait-freedom. Proving a program spec-
ification in that logic establishes a meta-level judgement about program execution.
This judgement is defined as a least fixed point and thus guarantees the program’s
termination. The non-trivial (from liveness perspective) rules of the Total TaDA logic
allow verification of while loops and recursive functions by choosing a decreasing
measure of termination. Moreover, their specifications are capable of expressing
linearizability, which we do not consider. This approach is demonstrated by verifying
wait-freedom of read operation of a counter.
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Total TaDA assumes that the operation’s client is safe by incorporating a rely
relation [61] into the aforementioned meta-level judgement established for the op-
eration. The only way to ensure that the client respects the rely relation is to verify
it; thus their definition of wait-freedom does not quantify over arbitrary clients as
ours does. However, they support clients verified with the non-total TaDA [100] logic.
Contrary to that, our approach supports arbitrary client programs (up to assumptions
of Theorem 7). Total TaDA is not mechanized.

Lili The approach of [80] verifies liveness of both blocking and non-blocking
operations of concurrent objects, as well as their linearizability. In that work, (unre-
stricted) wait-freedom is treated as starvation-freedom (a property usually applied
to blocking algorithms) without the fair scheduling assumption. The Lili logic is
parametric, and by instantiating it in a specific way one can exclude rules that justify
threads being delayed and/or blocked by each other. This is similar to how Lawyer
proves e.g. termination under an unfair scheduler with a more restrictive instantiation
of the Obligations Model.

The adequacy statement of Lili is similar to ours. It states that for an arbitrary
execution trace starting from an arbitrary client program configuration, and an “appro-
priate” state, all calls to the object’s methods terminate. However, the major difference
compared to our approach is that the physical state of the concurrent object and its
client are explicitly separated. That way, in Lili the invariants of the concurrent object
are trivially preserved by its clients who do not have access to them at all. In our work,
our higher-order language does not allow us to easily state and use such a separation,
and thus we use our logical relations model to prove safety of an arbitrary client.

The Lili logic is neither higher-order nor mechanized. Moreover, neither Lili, nor
the lock-free fragment of its predecessor [81] has any case studies on wait-freedom
verification.

Automatic tool for verifying non-blocking algorithms The work of [36]
verifies progress properties of non-blocking algorithms. They notice that progress of
these algorithms can be established by identifying a set of ordered abstract actions.
An action at a higher level cannot be executed infinitely often unless there is an action
of a lower level which is also executed infinitely often. In this setting, (unrestricted)
wait-freedom corresponds to discrete orders, i.e. no action can ever be executed
infinitely often. In the absence of non-trivial orders between actions and unbounded
while loops, Gotsman et al. [36] reduce verifying wait-freedom to verifying safety.

This solution relies on an automatic tool that establishes safety of a given operation.
Moreover, it establishes the rely relation that the operation’s client is expected to
preserve. Similarly to Total TaDA, this means that wait-freedom is only established
for verified clients.

Gotsman et al. [36] present no wait-freedom case studies. They explain that their
approach might not apply to non-trivial wait-free operations due to the limitations
of their tool. As an example, they mention the wait-free contains operation of the
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concurrent set algorithm by [124]. The while loop in that operation traverses a sorted
list of integers up to a given number. As the list can be concurrently modified during
the traversal, termination of such a loop relies on the list being sorted. The tool by
[36] cannot exploit this fact, whereas in our approach the termination of such loops
can be shown by providing the amount of fuel proportional to the given number.

Moreover, their tool has limited safety reasoning capabilities and thus cannot
verify examples like Figure 5.7a where the safety argument is highly non-trivial. The
tool is automated, but the presented theory is not mechanized in a proof assistant.

Wait-freedom of “fast-path-slow-path” in VST The work of [99] considers
non-blocking algorithms that are instances of a specific variation of the “fast-path-
slow-path” approach [70]. This approach aims to design efficient wait-free data
structures by combining a lock-free implementation (which is often faster, but does
not have a wait-free progress guarantee) and a wait-free implementation (slower, but
has guaranteed progress).

The authors of [99] establish a pen-and-paper proof that such algorithms, if safe,
are indeed wait-free, and provide an extension of the VST logic [11] to verify their
safety, and thus also wait-freedom. This approach limits the number of concurrent
threads, and therefore it can only be used to establish restricted wait-freedom. Similar
to Total TaDA and Gotsman et al. [36], such approach requires the user to verify the
entire program.

As a case study, Peterson et al. [99] verify wait-freedom of the queue by Kogan
and Petrank [70], which is in turn an optimization of the queue by Kogan and Petrank
[69]. In the implementation by [70], a thread helps up to N other concurrent operations
before performing its own operation (where N is the maximal number of threads). We
believe that our approach can also support verifying this case study by requiring an
amount of fuel proportional to N.

Universal Constructions

Designing a wait-free implementation for every possible data structure is tedious,
and therefore a question arises as to whether it is possible to design a universal wait-
free construction. And indeed, that is possible. These are algorithms that turn any
sequential data structure implementation into a (restricted) wait-free one. The early
universal constructions such as [45] are considered impractical due to their high time
and space complexity of the resulting wait-free implementations. Luckily, this is less
of an issue for more recent constructions mentioned below. However, none of these
constructions has a mechanized proof of wait-freedom.

Therefore, it is interesting whether our solution can be used to verify such con-
structions. To do so, we would need to prove a specification for the sequential
implementation, and use it together with a general proof of the universal construction
in question — a process similar to how we verified possibly-stuck wait-freedom of
list_map(incr l) in Section 5.5. Therefore, we believe that our approach can be
applied to universal constructions as well.
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Examples of modern wait-free universal constructions include P-Sim [29] (along
with its extensions such as [30]) and CX [19]. The time complexity of these approaches
is proportional to the number of concurrent operations, and the execution time of
the provided sequential implementation. Given that these parameters are known,
we believe that our approach can verify restricted wait-freedom of the resulting
implementations, as the required amount of fuel is known in advance.

5.9 Conclusion and Future Work

In this work, we have presented the first solution to verifying wait-freedom in a
higher-order language. The key idea is internalizing the notion of wait-freedom in
the Lawyer separation logic with a particular specification pattern. To establish this
connection formally we presented a new adequacy theorem for Lawyer specifically for
programs proven against a specification in the aforementioned pattern. We also used a
logical relations model to prove that a wait-free operation can be safely used by an
arbitrary, higher-order client. We demonstrated our approach by verifying a number
of examples, with the more complicated of them requiring a slightly different notion
of wait-freedom which we call restricted wait-freedom, and accordingly adjusting the
wait-freedom specification pattern. Our solution and case studies are all mechanized
in the Rocq Prover.

There are multiple notable directions of future work. First, we aim to extend
our approach to verify related properties, such as linearizability and bounded wait-
freedom [17]. It would also be interesting to verify one of the state-of-the-art universal
constructions for wait-freedom. Finally, we hope to be able to improve the usability
of our approach by deriving the two specifications needed by Definition 11 from a
single, stronger specification that implies both.

5.10 Appendix

Lawyer Specifications of Non-Blocking Properties

In Section 5.4, we claimed that the specification NoInfExec(op) captures that all calls
to op must terminate. We furthermore claimed that PresInv(op) implies that op does
not rely on any invariants that involve Lawyer resources. Thus, according to Liang and
Feng [80], these conditions together imply that op is wait-free as it must never block
itself, nor can it delay other threads. Below we will explain how these specifications
prohibit blocking and delaying, and discuss the changes needed in our approach in
order to support other non-blocking properties.

To understand why NoInfExec(op) prohibits blocking, we need to explain what
this specification does not include. Remember that it is defined as follows, for some
fixed F : N:

∀τ : Thread,π : Phase,a :Val. {F·bar◦π ∗ph◦τ π} op a {ph◦τ π}τ



5.10. APPENDIX 109

Neither its precondition nor its postcondition mentions any obligation resource
oblsτ O of Lawyer. This resource indicates that the thread τ holds a set O of obliga-
tions that it must fulfill, e.g., setting a shared flag that other threads can wait for. In
Lawyer, a thread having an obligation allows the other threads to busy-wait for this
obligation to be fulfilled. In practice, waiting on another thread’s obligation means
that the waiting thread can generate fuel to be spent during its busy-waiting. To
prevent circular waiting, a thread can only generate fuel by presenting its own set
of obligations, and crucially proving that all its obligations are “ordered after” the
obligation (of the other thread) that it waits for.10 Thus, NoInfExec(op) not including
obligations resources means that it is non-blocking, because it cannot generate fuel
by waiting for other threads’ obligations, and thus it can only spend the fuel that is
explicitly provided to it in NoInfExec(op).

A delay in a lock-free algorithm is a situation when the successful completion of
one operation makes another operation running concurrently with it fail and have to
retry. An example of it can be seen in Figure 5.1b where a successful CAS in one thread
can cause another thread to fail its own CAS which forces it to attempt to increment
again by making a recursive call. To prohibit delays, our approach disables the fuel
sharing mechanism of Lawyer. This mechanism, introduced by [52], requires a thread
that delays others to provide them with extra fuel: since the delayed thread will retry
its operation, it will need more fuel. In Lawyer (see [94, Delaying example]), the
fuel is shared via an invariant that is accessible by both the delaying thread, and
the delayed thread. To disable fuel sharing, we simply require that invariants of the
wait-free operation do not contain any Lawyer resources.11

Besides wait-freedom, there are two other non-blocking properties: obstruction-
freedom [44] and lock-freedom. The former only requires an operation to progress
if it is delayed by other operations a finite number of times. When this condition is
violated, an obstruction-free operation might block. Thus, we believe that adapting
our approach to verifying obstruction-freedom could be achieved by adding obligation
resources to the specification. For lock-freedom, one could follow the approach of
Lawyer and enable fuel sharing, i.e. by lifting the aforementioned restriction on
invariants. However, the soundness of fuel sharing in Lawyer relies on the “phases”
mechanism [52], which only allows sharing fuel among the threads that have the
same ancestor in the fork tree. The definition of lock-freedom does not place any
restrictions on threads’ ancestry, and therefore this restriction too must be lifted from
the fuel sharing mechanism.

Definitions Used in the Conditional Adequacy Theorem

In Section 5.6, we used the notion of a progress resource. Below, we define it formally.
In the Rocq development, we provide a slightly more general version which accounts
for threads getting stuck and/or forking. Also, note that in Section 5.6 we treated

10For more details of what this “ordered after” relation is see the Lawyer paper. We only emphasize
here that this order is well-founded.

11More formally, we require that the invariant can be defined in non-Lawyer instantiations of Trillium.
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progress resource as a predicate with one argument, as its second argument was not
relevant for the discussion.

Definition 16 (Progress resource). Consider a labeled transition system M . For it,
consider a trace interpretation predicate and a trace invariant predicate

TI,TrInv : FinTrace(λ conc
ref )→ FinTrace(M )→ iProp

where the latter is persistent. Then, consider a postcondition predicate

Post : Thread→Val → iProp

Finally, consider a predicate on finite execution traces

F : FinTrace(λ conc
ref )→ Prop

With that, we call any

PRF : FinTrace(λ conc
ref )→ List(Val → iProp)→ iProp

a progress resource if it satisfies the two following laws:

∀etr : FinTrace(λ conc
ref ),mtr : FinTrace(M ),Φs : List(Val → iProp).

F(etr)−∗ PRF(etr,Φs)−∗ TI(etr,mtr)⇛ (prPosts)

postsOf(etr.last.1)∗TI(etr,mtr)∗ (postsOf(etr.last.1)−∗ PRF(etr,Φs))

∀etr : FinTrace(λ conc
ref ),mtr : FinTrace(M ),Φs : List(Val → iProp),

c′ : Config,τ : Thread.

etr.last τ→ c′ −∗ TI(etr,mtr)−∗ TrInv(etr)−∗ PRF(etr,Φs)−∗ F(etr
τ
:: c′)

⇛⊤ /0 (⇛ /0 ▷)
|etr|+1 ⇛/0 ⊤ (prTakeStep)

∃δ : State(M ), ℓ : Label(M ). TI(etr
τ
:: c′,mtr

ℓ
:: δ )∗TrInv(etr

τ
:: c′,mtr

ℓ
:: δ )∗

PRF(etr
τ
:: c′,Φs++newPosts(etr.last.1,c′.1))

Above, tr
y
:: x denotes extending a finite trace tr with a label y and state x.

The two definitions related to postconditions are formally defined in the Rocq
development:

• postsOf(E : T hreadPool) gives postconditions of threads of E that have termi-
nated,

• newPosts(E1,E2) adds postcondition predicates to threads forked when thread
pool E1 has stepped into E2
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