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Abstract

In this thesis we study combinatorial and algorithmic problems for graphs and
partially ordered sets. The thesis is centered around four themes: planar graphs,
reachability, order dimension and special cases of NP-hard problems. The re-
sults presented are of both algorithmic and structural flavor. The thesis begins
with an overview of the problems considered and an introduction to the neces-
sary mathematical tools, whereafter the results are described in more detail.

Thorup proved that we can label the vertices in a planar directed n-vertex
graph with labels of size O(logn), such that reachability queries can be an-
swered in constant time by inspecting only the labels of the two vertices in the
query. In Chapter 2 we generalize Thorup’s labeling scheme to a setting where
only a subset of the vertices are labeled. We prove that if the set of vertices
we are interested in is a subset of the union of f faces, we can label the inter-
esting vertices with labels of size O(log f), while still supporting constant time
reachability queries. In particular, this yields an optimal labeling scheme for
reachability in k-outerplanar digraphs for constant k.

In Chapter 3 we study the combinatorial problem of replacing a directed
graph and a set of interesting vertices with a graph of smaller size while preserv-
ing the existence of paths between the interesting vertices. We call such a new
graph a reachability substitute, and we prove that finding a reachability sub-
stitute of minimum size is NP-hard. Furthermore, we show that for almost all
graphs and sets of interesting vertices, no planar reachability substitute exists,
not of any size.

The dimension of a partially ordered set P is the minimum number of linear
orders whose intersection is P, and the vertex-edge-face poset Pj; of a planar
map M is the poset on the vertices, edges and faces of M ordered by inclusion.
Brightwell and Trotter proved that dim(Pjs) < 4. In Chapter 4 we investigate
the cases where dim(Pj;) < 3 and where dim(Qj) < 3; here Qj; denotes the
vertex-face poset of M, which is the subposet of Pj; induced by the vertices
and faces of M.

We show that a map M with dim(P ;) < 3 must be outerplanar and have an
outerplanar dual. We concentrate on the simplest class of such maps and prove
that within this class dim(Pys) < 3 is equivalent to the existence of a certain
oriented coloring of a subset of the edges. This condition is easily checked and
can be turned into a linear time algorithm returning a 3-realizer.

Additionally, we prove that if M is 2-connected and M and M™* are out-
erplanar, then dim(Qpys) < 3. There are, however, outerplanar maps with
dim(Qps) = 4. We construct the first such example.



Finally, in Chapter 5 we consider some classic NP-hard graph optimization
problems, e.g., maximum independent set. Using a simple partitioning lemma,
we extend algorithms that give exact solutions to these problem for graphs with
small treewidth, to approximation algorithms for graphs with larger treewidth.

vi



Acknowledgements

I would like to thank everyone who has helped and supported me during my
PhD studies. First of all, I am grateful to my advisor Gerth Stglting Brodal.
Although our interests didn’t always match, he always provided good advice
and encouraged me. One could not ask for a better advisor.

A special thanks goes to Stefan Felsner, who invited me to Technische Uni-
versitat Berlin, and with whom I thoroughly enjoyed collaborating. I would
also like to thank Irit Katriel, who introduced me to reachability problems, and
all my other coauthors: Artur Czumaj, Magnus Halldérsson, Andrzej Lingas,
Martin Kutz and Martin Skutella.

Thanks to the people in the Discrete Mathematics group at TU Berlin, who
made my stay there very enjoyable: Florian, Conny, Sarah and Mareike. I have
been lucky to share offices with some great people in Arhus: Chris, Rune, Mirka,
Troels, Claudio and Gabi. A big thank you also goes to all of the other BRICS
PhD students who have helped making the last three years a fun experience, as
well as to the administrative and technical staff at the Department of Computer
Science who has solved every practical problem swiftly.

Finally, I acknowledge generous financial support from the BRICS research
school and the Marie Curie Research Training Network COMBSTRU.

Johan Nilsson,
Arhus, August 2, 2007.

vii






Contents

Abstract v
Acknowledgements vii
List of figures xii
1 Introduction 1
1.1 Definitions . . . . . . . . ... 2
1.1.1 Graphs . . . .. .. 2

1.1.2  Partially Ordered Sets . . . . . .. .. ... ... ..... 4

1.2 Reachability Oracles . . . . ... ... ... ... ... ...... 6
1.2.1 Reachability oracles for planar digraphs . . . .. ... .. 7

1.2.2  Labeling schemes . . . . . . . ... ... ... ... ..., 8

1.2.3 Thorup’s oracle construction . . . . ... ... .. .... 8

1.2.4 Contributions . . . . . . . . .. ... ... 9

1.3 Reachability substitutes . . . . ... ... .. ... ... ..... 9
1.3.1 Steiner graphs and spanners . . . . . . .. .. .. .. ... 10

1.3.2  Reachability substitutes for planar digraphs . . . . . . . . 11

1.3.3 Contributions . . . . . . . . .. .. ... ... ..o 11

1.4 Dimension . . . . . . . . . .. 11
1.4.1  Schnyder’s Theorem and the dimension of graphs . . . . . 12

1.4.2 Planar maps . . . . . . .. ... 13

1.4.3 Contributions . . . . . . .. ... ... ... 13

1.5 Large treewidth . . . . . .. .. .. oo o 14
1.5.1 Contributions . . . . . . . .. ... .. ... 14

1.6 Outline of the thesis . . . . . .. ... ... ... .. ....... 15

2 Reachability oracles 17
2.0.1 Contributions . . . . . . ... ... L 18

2.1 Thorup’s oracle construction . . . . ... ... ... ... .... 18
2.1.1 Recursive framed separators . . . . . . . . ... ... ... 19

2.1.2  Bounding the number of frame paths . . . . . . .. .. .. 20

2.1.3 Indexing with frames . . . . . . .. . ... ... ... ... 20

2.1.4 Distributing the oracle . . . . . .. . ... ... ... ... 21

2.2 An improved labeling scheme . . . . . ... ... ... ... .. 21
2.2.1 Labelsof size O(JF|) . . . . . . ... .. . ... ... . 23

2.3 Concluding remarks . . . . ... ... 0oL 25

ix



3 Reachability substitutes
3.1 Imtroduction. . . . ... .. ... ...
3.2 The complexity of reachability substitutes . . . . ... .. ...
3.2.1 NP-hardness . . ... ... ... ... ... .. ...
3.2.2 Incompressibility of almost all digraphs . . . . . . ...
3.2.3 A lower bound for planar outputs. . . . . ... .. ...
3.3 An O(klog k)-size substitute for planar digraphs . . . . . . ..
3.4 Planarly induced graphs . . . . . . ... ... ... ... ... .
3.5 Further open problems . . . . . . ... ... ...

The order dimension of planar maps

4.1 Introduction . . . . . . . . . ...

4.1.1 Our contributions . . . . .. ... ... ... ... ...
4.2 Vertex-edge-face posets of dimension at most 3 . . . . . .. ..
4.3 Path-like maps and permissible colorings . . . . . . .. ... ..

4.3.1 Algorithmic aspects . . . .. . ... ... ... .. ...
4.4  Vertex-face posets of dimension at most 3 . . . . . .. .. ...
4.5 Concluding remarks . . . . .. ... ... oL

Approximation algorithms for graphs with large treewidth

5.1 Introduction. . . . . . . . . ... . ... ...

5.1.1 New contribution . . . . . .. ... ... ... ......
5.2 Preliminaries . . . . . . . ... ... ...
5.3 Approximation of maximum independent set . . . . . ... ..
5.4 Extensions of the approximation method . . . . . . .. .. ...

Notation
Bibliography

Index

27
27
28
28
30
31
32
33
34

37
37
39
39
43
50
o1
95

59
99
60
60
61
62

65

67

73



List of figures

1.1
1.2

1.3

2.1

2.2
2.3
2.4

2.5

3.1

3.2

3.3

4.1
4.2

4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16
4.17

A subdivision of Ko3. . . . ...
The map M is strongly outerplanar, while the map M’ is weakly

outerplanar. . . . . . .. ...
A Hasse diagram of a 3-dimensional poset of height 3. . . . . . .

A planar digraph G with 56 vertices such that Sg is a subposet

Of PV(G)' ...............................
The first four layers. . . . . . . . .. ..o oL
The face vertex vp is split if it is contained in the separator. . . .
The vertex w cannot reach any vertex to the right of u without

reaching t. . . . . . . ... L
The vertex v cannot reach any vertex in Fy\ {t} without reaching ¢.

A minimum substitute for the graph corresponding to the Mini-

mum Hitting Set instance {{z,y},{z, 2}, {y,2}}. . . .. ... ..
A planar acyclic digraph with no planar substitute of sub-quadratic
SIZE. .« . o
A directed K3 3-subdivision that is not planarly induced. . . . . .

A planar map. Two faces are labeled, F, is the outer face.

The vertex-face and the vertex-edge-face posets of the map from
Figure 4.1. . . . . . . .. . L
The forbidden posets B, A3, CXy and EXy. . .. ... ... ..
Removing a separating pair. . . . . . . .. ... ...
The three paths P, P, and P; partitions the map into 3 regions.
The fence of the path Py and Ls. . . . .. ... .. ... .....
Crossing shortcuts. . . . . . . . . .. ... ...
The common face F of w andw. . . .. ... ... ... .....
The map M/ is constructed by adding ¢’ to M;. . . . . ... ...
The critical pairs of a triangle. . . . . .. .. ... ... .....
Colors and critical pairs around a chordal edge. . . . . . . . . ..
The triangles must have the same orientation. . . . . . . . .. ..
A vertex must be either a sink or a source. . . . . ... ... ..
No two outgoing edges can have the same color. . . . . . . .. ..
The canonical map. . . . . . . . . . . . ... ... ...
A planar map with vertex-face poset dimension 4. . . . . .. ..
Moving the dashed edge from the inside to the outside. . . . . . .

xi

29

32
34

37



4.18
4.19

4.20
4.21
4.22

An outerplanar map with dim(Qu) =4. . . . . . . . ... .. ..
Having fixed the colors of some critical pairs, we concentrate on

asubmap M’ of M. . . . . .. ... ... ...
Colored critical pairson M’.. . . . . . . . . . ... ... ... ..
A 2-connected outerplanar map with vertex-face dimension 3. . .
A map M with dim(Qjas) = 4, where each 2-connected compo-

nent C' has dim(Qe) =3 . . . . . . . . ... Lo

xii



Chapter 1

Introduction

Many interesting and important problems lie in the intersection of graph theory
and the theory of finite partially ordered sets. Studying those problems from a
structural perspective leads to both new combinatorial and algorithmic insights.

Perhaps the most fundamental algorithmic graph problem is the reachability
problem: given two vertices u and v in a graph G, is there a path from the u to
v in G?7 Two problems related to reachability in directed graphs are considered.
If we want to answer many reachability queries for the same graph, it makes
sense to pre-compute the answers in order to improve the speed with which
the queries can be answered. The result of such a pre-computation is called
a reachability oracle.Of course, we could just store the answers to all possible
queries in an n X n matrix, where n is the number of vertices in the graph,
but ideally, we want a more compact data structure that still can provide quick
answers to queries. In general, this is unfortunately not possible, but we will
see that for planar graphs, we can do much better than storing the adjacency
matrix.

Every acyclic digraph induces a poset on its vertices. There is a path from
the vertex u to the vertex v in the graph if and only if u < v in the corresponding
poset. Hence, a reachability oracle for an acyclic graph is also a representation
of some poset. It turns out that cycles are very easy to handle, so we can view
the reachability oracle problem as the problem of efficiently representing posets.

If we have a graph were only some of the vertices are interesting, it would
be nice if we could replace it with a smaller graph that preserves the existence
of paths between interesting vertices. Here too we only have to consider acyclic
graphs. We will see that this problem can also be formulated as the problem
of finding a superposet with a cover graph of small size.

Every finite partially ordered set P is the intersection of finitely many lin-
ear orders. The minimum number of linear orders on the same ground set
whose intersection is P is called the dimension of P. Dimension has, since its
introduction in 1941 [24], become a significant topic of research in combina-
torics. There are many connections and analogies between dimension and the
chromatic number of graphs and hypergraphs. Whereas the chromatic number
in some sense measures how close to being a independent set a graph is, the
dimension of a poset measures how close to being a linear order the poset is.

The posets induced by the incidence structures of graphs have attracted a
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lot of attention in the last two decades. Schnyder proved that the dimension
of the poset induced by the incidences of vertices and edges of a graph has
dimension at most 3 if and only if the graph is planar [53]. For planar maps,
the dimension of the posets induced by the incidences of vertices and faces and
vertices, edges and faces have also been studied. This is the problem considered
in this thesis.

There is an interesting analogy between the chromatic number of planar
graphs and the dimension of the vertex-face poset of planar maps. Every planar
graph has chromatic number at most four, and every planar map has vertex-
face dimension at most 4. Planar graphs with chromatic number 2 and planar
maps with vertex-face dimension 2 has relatively simple structures. On the
other hand, the maps with dimension 3 and the 3-colorable graphs do not seem
to have nice characterizations. The latter case is NP-complete to recognize,
while the complexity of the former case is still unknown. It is connected to a
major open problem in dimension theory.

Finally, we study some special cases of NP-hard graph problems. Treewidth
is a central concept in modern graph theory. It is also a very successful param-
eterization of graphs — many intractable problems become tractable in graphs
with bounded treewidth. We introduce a scheme to produce approximation
algorithms for graphs with larger treewidth.

1.1 Definitions

Before we proceed with the discussion of the contents of the thesis, we recall
some definitions about graphs and partially ordered sets, and introduce some
tools from dimension theory.

1.1.1 Graphs

We start by stating definitions of some basic graph theoretic terms relevant to
this thesis. For a lengthier introduction, we refer to e.g. Diestel’s excellent
textbook [21].

An undirected graph G = (V, E) is a pair of a set of vertices V' and set
of unordered pairs E of vertices. The vertices and edges of the graph G are
also denoted V(G) and E(G), respectively. An undirected edge containing the
vertices v and v is denoted {u,v}, and uw and v are the endpoints of {u,v}. The
vertices u and v are adjacent, and the edge {u,v} is incident on u and v. The
number of edges incident on a vertex v is called the degree of v. A multigraph is
a graph where we allow multiple edges between the same endpoints, and edges
with the two endpoints being identical (loops).

Directed graphs, also called digraphs, are pairs of sets of vertices and sets
of ordered pairs of vertices. A directed edge (u,v) is an edge from the vertex
u to the vertex v. We say that (u,v) has the head v and the tail u. The edge
(u,v) is outgoing from u and incoming into v. The number of incoming edges
into a vertex v is called the indegree of v and the number of outgoing edges
is called the outdegree of v. Vertices with outdegree 0 are called sinks and a
vertices with indegree 0 are called sources.
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A graph H = (V',E') is a subgraph of the graph G if V' C V(G) and
E’' C E(G). If G’ contains all the edges of G between the vertices in V', G’ is
said to be an induced subgraph of GG. The subgraph of GG induced by the vertex
set V' is written G[V].

A bipartite graph is a graph G = (AU B, FE), such that all edges in E have
one endpoint in A and one in B. The vertex sets A and B are called bipartitions.
We call a graph with the maximum number of edges is a complete graph, and
is denoted K, if it has n vertices. A complete graph is also called a clique.
A complete bipartite graph is a bipartite graph with the maximum number of
edges. The complete bipartite graph with m vertices in one bipartition and n
vertices in the other is denoted K, ,,.

Paths and cycles

A path is a graph of the form V' = {vy,v9,v3,..., 01}, E = {{v1,v2},{va,v3},...,
{vp_1,vk}}. If k> 3 and we add the edge {vg,v1}, we get a cycle. The length
of a path is the number of edges in it. The distance dg(u,v) from the vertex u
to the vertex v in the graph G, is the length of the shortest path from u to v
in G. A graph with no cycles in it is called acyclic.

Minors and subdivisions

We contract an edge e = {u,v} in a graph G by removing e and identifying the
vertices u and v. Contractions of directed edges are defined in the same way.
A graph H is a minor of GG if H can be obtained by contracting some of the
edges of a subgraph of G.

A subdivision of an edge e is path of length at length at least 2 between
the endpoints of e replacing it. A subdivision of a graph G is a graph obtained
from G by subdividing one or more of the edges in F(G). See Figure 1.1 for an

example.

Figure 1.1: A subdivision of K3 3.

Connectivity

An undirected graph G is connected if there is a path from each vertex to every
other vertex, and it is k-connected if it still connected after any k — 1 vertices
has been removed. A graph that is not connected is disconnected. Note that
1-connected just means connected. The maximal k-connected subgraphs of G
are called the k-connected components. Sometimes, the connected components
of GG are just called the components of G.
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If G is 1-connected or 2-connected, some vertices are of special interest. A
cutvertex in a graph is a vertex whose removal makes the graph disconnected,
while a separating pair is a pair of vertices who does the same. An edge whose
removal disconnects the graph is called a bridge.

For directed graphs we have additional terms for connectivity. We say that
a directed graph G is strongly connected if there is a directed path from each
vertex v € V(G) to all the vertices in V(G) \ {v}, and it is weakly connected if
the underlying undirected graph is connected.

Trees

An undirected acyclic graph is called a tree. If a specific vertex is designated
root of a tree, the tree is said to be rooted. In this case, non-root vertices of
degree 1 are called leaves. A root path is a path that ends in the root.

Planarity and planar maps

A plane drawing D of a graph G is a representation of G by points and arcs in
the Euclidean plane in which two arcs meet only at common vertices. We say
that a graph is planar if it has a plane drawing.

The regions of the plane that we get when we remove a plane drawing of G
are called the faces of G. There is exactly one face which is unbounded, this
is called the outer face If there is a set of faces F and a set of vertices U in a
plane drawing of G such that U C UF, we say that F covers U.

A graph G is outerplanar if it has a plane drawing where all vertices are
on the unbounded face. Alternatively, we say that G is l-outerplanar. We
inductively define k-outerplanarity: G is k-outerplanar if it has a drawing where
removing all the vertices on the unbounded face results in a k — 1-outerplanar
graph.

A planar map M = (G, D) consists of a finite planar multigraph G and a
plane drawing D of G. In this thesis a planar map M we will be understood as
the combinatorial data given by the set V' of vertices, the set F of edges, the
set I of faces of M and the incidence relations between these sets. The dual
map M* of M is defined as follows: there is a vertex F™ in M* for each face
F in M, and an edge ¢* in M™ for each edge e of M, joining the dual vertices
corresponding to the faces in M separated by e (if e is a bridge, e* is a loop).
Fach vertex in M will then correspond to a face of M*.

Many of the maps we consider in the thesis are outerplanar. We differentiate
between two notions of outerplanar maps. A planar map M = (G, D) is weakly
outerplanar if G is outerplanar, and strongly outerplanar if G is outerplanar
and D is an outerplane drawing of G, i.e., a plane drawing of G where all the
vertices are on the boundary of the outer face (see Figure 1.2). When it is clear
from the context, the qualifiers weakly and strongly will be omitted.

1.1.2 Partially Ordered Sets

Finite partially ordered sets are basic combinatoric objects. Following Trot-
ter [58], we introduce some basic terms in the partially ordered set literature.
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Figure 1.2: The map M is strongly outerplanar, while the map M’ is weakly
outerplanar.

A partially ordered set (poset) P is a pair (X, P), where X is a set (the
ground set) and P is a reflexive, antisymmetric, and transitive binary relation
on X. The relation P is then a partial order on X. We often do not distinguish
between posets and partial orders when the ground set is clear from the context.

Throughout the thesis, the notations * <y in P,y > x in P and (z,y) € P
are used interchangeably. We say x < y in P and y > x in P when z < y
in Pand x # y. When z,y € X, (z,y) € P and (y,z) ¢ P, x and y are
incomparable. Furthermore, if z < y in P, and there is no z € X \ {z,y} such
that ¢ < z < y in P, y is said to cover = in P.

When Y is a subset of the ground set X, the restriction P(Y') of the partial
order P on X to Y is a partial order on Y. The poset (Y, P(Y)) is then called
a subposet of (X, P), and (X, P) is called a superposet of (Y, P(Y')). The order
P?={(y,x) | (z,y) € P} is called the dual of the partial order P.

A poset is called a chain if all elements are comparable, and an antichain if
no two elements are comparable. If (X, P) is a chain, then P is called a linear
order. The maximum cardinality of a chain in a poset P is called the height of
P.

The cover graph of a poset (X, P) is a graph G = (X, E), where {z,y} € E
if and only if y covers x or x covers y in P. A poset is often represented by
an upward, straight line drawing the Euclidean plane of the directed graph
obtained from the cover graph by orienting each edge towards the endpoint
that covers the other endpoint. Such a drawing is called a Hasse diagram, or
just a diagram.

Figure 1.3: A Hasse diagram of a 3-dimensional poset of height 3.

A linear order L on X is called a linear extension of the partial order P on
X when x < y in L for all z,y € X with z < y in P. A family R of linear
extensions of P is called a realizer of P when P = (R, i.e., for all z,y € X,
x <y in P if and only if z < y in every L € R. The dimension of P, denoted
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dim(P), is the minimum cardinality of a realizer of P.

After seeing the definition of dimension, it is not immediately clear that
there are posets of unbounded dimension. The example below shows that this
is the case.

Let S,, = (X, P) be the poset with ground set X = {aj,as9,...,a,} U
{b1,b2,...,b,}, where for all i, € {1,2,...,n}, ailja; and b;||b;, and a; < b;
iff and only if ¢ # j. The posets S,, are called the standard examples, and
dim(S,) = n.

To see that dim(S,,) < n, for each : = 1,2,...,n, let L; be a linear extension
of Sy with a; > b; in L;. It follows that {L1, Lo, ..., Ly} is a realizer. On the
other hand, suppose dim(S,,) =t and {Lq, Lo, ..., L;} is a realizer. Then, for
each i = 1,2,...,n, there is an integer j; € {1,2,...,t} so that a; > b; in L;,.
Now, for two integers ¢ and k where 1 <i <k < n, ap < b; < a; < by in Lj,,
and j; # jr. Hence t > n.

Tools from dimension theory

In this section we recall some facts from the dimension theory of finite posets.
Again, the reader is referred to Trotter’s monograph [58] for additional back-
ground and references.

A critical pair is a pair of incomparable elements (a,b) such that x < b if
r <aandy>aify>bforall z,y € P. A family of linear extensions R of P
is a realizer of P if and only if each critical pair (a,b) is reversed in some linear
extension L € R, i.e., b < ain L. An incomparable min-max pair, i.e., a pair of
incomparable elements (a,b) where a is a minimal element and b is a maximal
element of P, is always critical.

An alternating cycle in P is a sequence of critical pair (ag, bo), ..., (ak, bx)
such that a; < b(i41 mod (k+1)) for all i =0,..., k. A fundamental result is that
dim(P) <t if and only if there exists a t-coloring of the critical pairs of P such
that no alternating cycle is monochromatic.

In the following example we illustrate how these facts can be combined to
determine the dimension of a specific incidence order.

Example: Let M be the planar map of the complete graph K4, and let Qs be
the poset on the vertices and faces of M ordered by inclusion. Every vertex has
a single non-incident face, hence, there are four incomparable min-max pairs in
Qps. These are all the critical pairs. Any two of these critical pairs form an
alternating cycle. Therefore, the hypergraph of alternating cycles is again a K4
and has chromatic number 4. This shows that dim(Qas) = 4.

1.2 Reachability Oracles

Reachability is a classic algorithmic graph problem. It asks if there exists a
path between two given vertices in the input graph. In some settings an actual
path connecting the given vertices is also wanted. The question ”Is there a
path in from the vertex u to the vertex v in the graph G = (V, E)?” is called
a reachability query. If the answer to the query is affirmative, we say that u
reaches v (and v is reached by u).
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In the simplest case, where only one query has to be answered, and no
pre-computation is done, the reachability problem is solved by breadth-first
search or depth-first search with u as starting vertex. This takes O(|V| + |E|)
time and uses O(|V| + |E|) space. Reachability can, however, be solved using
much less space: for directed graphs O(log|V|?) space is sufficient [52], and
recently Reingold proved that undirected reachability can be solved using just
O(log |V'|) space [49]. Reachability arises as a subproblem to be solved in many
basic graph algorithms, e.g., in topological sorting, Ford-Fulkersons max-flow
algorithm etc. (see [20] for further examples).

Suppose we instead want a data structure that can answer repeated reach-
ability queries. Such a data structure is called a reachability oracle. For an
undirected graph, it is easy to construct a reachability oracle that uses lin-
ear space and supports constant time queries: just label each vertex with the
connected component it is in. In the rest of this section we will only discuss
directed graphs. In fact, we only have to consider acyclic digraphs. Since each
vertex in a strongly connected component (SCC) reaches and is reached by the
same vertices, we can contract each SCC to a single vertex. Every acyclic di-
graph G induces a poset Py(¢) on the vertices V(G) in G where u < v iff there
is a path from w to v. Hence, we can formulate the problem of constructing
a reachability oracle for the graph G as the problem of efficiently representing
Py (). For convenience, let n be the number of vertices in all graphs mentioned
below, unless otherwise mentioned.

The traditional way to construct a reachability oracle is to compute the
transitive closure of G and represent it as a matrix of size n x n. Using such a
matrix allows constant query time. However, the matrix representation requires
O(n?) bits. Unfortunately, in general Q(n?) bits are required, as we will see in
Chapter 2. However, if we restrict the input to special classes of graphs, the
situation is entirely different.

Note that if the dimension of the poset Py (g) is low, G has a small reacha-
bility oracle supporting fast query time. More precisely, if dim(Py(g)) = ¢, then
G has an O(t) time O(tn) space reachability oracle. Let {Lq,...,L;} be a real-
izer of Py (q). Label each element x in Py (g) with a t-tuple (1,...,x), where
x; is the position of z in L;. Now z <y in Py (q) iff z; < y; fori =1,...,¢,
i.e., we use the standard dominance order.

Computational model The measure of space in the reachability oracle re-
sults above is words, unless explicitly stated otherwise. The word size is as-
sumed to be just large enough to hold a vertex identifier, i.e., O(log n) bits for
an n-vertex graph. Our computational model is thus the word RAM model [2].
Instructions like addition and multiplication operate on a constant number of
words in a single time unit. This models what can be done in a standard
programming language fairly well.

1.2.1 Reachability oracles for planar digraphs

Many of the previous oracles for reachability in planar digraphs work for dis-
tances as well. The first approach to reachability oracles for planar digraphs was
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to use the Lipton-Tarjan Separator Theorem [44], which says that for any pla-
nar graph G, there is a set of vertices S of size O(y/n) such that no component
of G\ S contains more than 2|V |/3 vertices. Arikati et al. [5] and Djidjev [22]
constructed distance oracles with a space-time product of O(n?). More pre-
cisely, if their distance oracle uses space s, they can answer reachability queries
in O(n?/s) time.

Djidjev [22] proved that with space s € [n*/3,n3/2], the query time can be
improved to O((n/+/s)logn) using the topology of planar graphs. For space
s = O(n*/3), this gives a query time of O(n'/?logn) and a space-time product
of O(n°/3logn). Later, Chen and Xu [17] generalized this bound to space
s € [n*3,n?], achieving a distance query time of O((n//3)log(n/\/s) + a(n)).

Significant progress was made when Thorup 2001 presented a O(nlogn)
space reachability oracle with constant query time [57]. His reachability result
can also be generalized to approximate distances. Before his result, no o(n?)
bit oracle was known that could answer reachability queries in constant time.
We will return to this result shortly, but first we discuss some special classes of
planar graphs and distributed oracles.

A planar acyclic digraph G is spherical s-t planar if s is the only sink and
t is the only source in G [55]. If we can add an edge from s to t in G while
maintaining planarity, GG is said to be s-t planar. It is well known that there
are reachability oracles for s-t planar and s-t spherical graphs that use only
linear space while still supporting constant query time [37,55]. In the case of
s-t planar graphs, this follows from the fact that the dimension of Py (¢ is 2.

Djidjev et al. [22] proved that if G is k-outerplanar, there is an O(nlogn +
k?)-space distance oracle with query time O(log n). For outerplanar graphs, this
can be improved to oracle space O(nloglogn) and query time O(loglogn) [23].

1.2.2 Labeling schemes

A special kind of reachability oracle is the labeling scheme [47]. Here, the
oracle distributes perfectly: each vertex v gets a label D(v), and to answer
the reachability query ”Does u reach v?”, we only have to inspect the labels
D(u) and D(v). Such a labeling scheme is a called a reachability labeling of the
vertices.

Gavoille et al. [34] proved that planar graphs admit a distance labeling
with labels of size O(y/n) supporting distance (and hence reachability) queries
in time O(y/n) using the Lipton-Tarjan Separator Theorem. They provide an
almost matching lower-bound showing that even for undirected graphs, we need
Q(y/n)-bit labels to support exact distance queries, no matter the time available
to compute the distances.

1.2.3 Thorup’s oracle construction

Thorup’s oracle can also be implemented as a labeling scheme. The main idea
is to construct a series of digraphs, such that any reachability query can be
answered by considering a two of them, and such that each graph admits sep-
arators consisting of a constant number of directed paths.
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Thorup first shows that any planar digraph G can be transformed into a
series of digraphs Gy, ..., Gy such that (i) the total sizes of the Gs is linear in
the size of G, (ii) every vertex u has an index ¢(u) such there is a path in G
from u to v if and only if there is a path in G,(,) or G- from u to v, (iii)
each (G; has a spanning tree where each root path is the concatenation of two
directed paths, and (iv) each G; is an (undirected) minor of G. Thus, it suffices
to find reachability oracles for the G;s.

Then, it is shown that in every such graph G;, it is possible to find a set
of vertices that induce a constant number of directed paths and whose removal
separates the graph into connected component of balanced sizes in linear time
using a component of the proof of the Lipton-Tarjan Separator Theorem.

It is then sufficient to store for each of the other vertices v the vertices in the
separator paths that reaches or is reached by v. This can be done recursively.

1.2.4 Contributions

Now, what if we only care about a subset U of the vertices? This corresponds
to a representation of the subposet Py of Py (. It is fairly straightforward
to change Thorup’s labeling of the vertices in U to a reachability labeling with
labels of size O(log|U]) in this case. However, we can do better.

If the set U is covered by f faces in a plane drawing of the input graph G,
we prove that U has a reachability labeling with labels of size O(f) and con-
stant query time. With a different vertex weighting in the separator algorithm
Thorup uses, we can change the recursion from the vertices in U to the faces
that cover U. Using the O(f)-labeling as base case we thus get a reachability
labeling of U with labels of size O(log f) supporting constant query time. For
k-outerplanar digraphs (with U = V'), this yields a r