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Abstract. We give a Natural Deduction formulation of an adaptation of
Gödel’s functional (Dialectica) interpretation to the extraction of (more)
eﬃcient programs from (classical) proofs. We adapt Jørgensen’s formulation of pure Dialectica translation by eliminating his “Contraction
Lemma” and allowing free variables in the extracted terms (which is more
suitable in a Natural Deduction setting). We also adapt Berger’s uniform
existential and universal quantiﬁers to the Dialectica-extraction context.
The use of such quantiﬁers without computational meaning permits the
identiﬁcation and isolation of contraction formulas which would otherwise be redundantly included in the pure-Dialectica extracted terms. In
the end we sketch the possible combination of our reﬁnement of Gödel’s
Dialectica interpretation with its adaptation to the extraction of bounds
due to Kohlenbach into a light monotone functional interpretation.
Keywords: Program extraction from (classical) proofs, Complexity of
extracted programs, Berger’s uniform quantiﬁers, Gödel’s Functional interpretation, Proof-Carrying Code, Proof Mining.

1

Introduction

Important practical results have been obtained in recent years in the ﬁeld of
extractive Proof Theory (also dubbed proof mining [22]). The implemented algorithms coming from metamathematical research have yielded interesting and
in many cases quite unexpected programs [7, 15, 31, 32]. Various approaches
to program extraction from classical 1 proofs have been developed over years of
research [1, 3, 6, 8, 9, 21, 24, 25, 27–30, 32]. The use of proof interpretations
instead of the direct application of cut-elimination has opened the path to the
obtention of better practical results by means of such modular techniques (see
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[15] for a discussion on this). Gödel’s functional (Dialectica) interpretation [2, 13]
directly applies to (far) more complex proofs than (its weaker form) Kreisel’s
Modiﬁed Realizability [23]. Reﬁnements [1, 6, 9] of the latter’s combination with
Friedman’s A-translation [12] only partly repair this disparity (see [15] or [20]
for discussions on this issue). However, the (rough) exact realizers yielded by the
Dialectica interpretation are generally (far) more complex than those produced
by, e.g., the technique of Berger, Buchholz and Schwichtenberg [6]. The main
reason for such a situation seems to be the inclusion of contraction formulas in
the rough Dialectica realizing terms. Even though in some cases the primary
realizers extracted via the two techniques normalize to basically the same programs (see [15] for such an example), the normalization of programs extracted
by proof interpretations is generally far more expensive than their synthesis (see
[16] for a detailed complexity exposition). The simpler the rough extracted term
is, the lower the overall cost of producing the ﬁnal normalized realizer becomes.
In order to handle this contraction problem of the Dialectica interpretation,
Kohlenbach [21] devised the monotone functional interpretation, an adaptation
of Gödel’s technique to the extraction of uniform bounds for the exact realizers
(see also [11] for the more recent bounded functional interpretation of Ferreira
and Oliva). While so proliﬁc (see [20] or [22]) in the context of mathematical
Analysis, the monotone functional interpretation, used alone, is generally not as
practically useful for the synthesis of exact realizers in discrete mathematics.
We propose in this paper a diﬀerent kind of optimization of Gödel’s functional
interpretation by the elimination already from the primary extracted terms of a
number of contraction formulas which are identiﬁed as computationally redundant by means of an adaptation of Berger’s uniform quantiﬁers from [5] to the
Dialectica-extraction context. These are called “quantiﬁers without computational content” in [34] and we will here call them quantiﬁers without computational meaning (abbreviated ncm, with n from non). We will here denote by ∀
the ncm universal quantiﬁer and by ∃ the ncm existential quantiﬁer. While our
∃ is identical2 to Berger’s {∃}, our ∀ requires a further strengthening of the restriction set by Berger on his {∀}+ rule – we must take into account the inclusion
of the computationally relevant contractions into the Dialectica realizing terms.
We build on top of Jørgensen’s [19] Natural Deduction formulation of pure
Dialectica interpretation which we transform by eliminating his “Contraction
Lemma”3 and by allowing free variables in the extracted terms4 . We call light 5
functional interpretation this reﬁnement of Gödel’s Dialectica technique for the
extraction of more eﬃcient programs from (classical) proofs. We generally abbreviate (both regular and ncm) quantifier free by qfr. We will use expressions like
“qfr formula”, “ncm variable” or “ncm quantiﬁers” with the obvious meanings.

2
3
4
5

Modulo the formulation as axioms like in [34] of Berger’s rules for {∃} from [5].
Which we ﬁnd too complicated for a computer-implemented Dialectica extraction.
Which is more suitable in a Natural Deduction context (see [16] for a discussion).
Where “light” is to be understood as the opposite of “heavy” and not otherwise.
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An Arithmetic for Gödel Functionals

We devise a weakly extensional variant WE−Z of the intuitionistic arithmetical system Z of Berger, Buchholz and Schwichtenberg [6] which restricts extensionality
and adds the elements peculiar to Gödel’s Dialectica interpretation [2, 13]. It
moreover integrates the non-computational-meaning (abbreviated ncm) quantiﬁers mentioned in Section 1 above . System (WE−)Z is an extension of Gödel’s T
with the logical and arithmetical apparatus which renders it suitable to the
applied program extraction from (classical) proofs (by means of Dialectica interpretation and its variants), see [6, 34, 36].
Finite types are inductively generated from base types by the rule that if σ
and τ are types then (στ ) is a type. For simplicity we take as base types only
the type ι for natural numbers and o for booleans. We make the convention that
concatenation is right associative and consequently omit unnecessary parenthesis, writing δ σ τ instead of (δ(στ )). We denote tuples of types by σ :≡ σ1 , . . . , σn .
We abbreviate by στ the type σ1 . . . σn τ. It is immediate that every type τ can
be written as either τ ≡ σι or τ ≡ σo .
The term system is a variant of Gödel’s T formulated over the ﬁnite types
with λ-abstraction as primitive. This is most appropriate in a Natural Deduction context. Terms are hence built from variables and term constants by
λ-abstraction and application. We represent the latter as concatenation and we
agree that it is left-associative in order to avoid excessive parenthesizing. All
variables and constants have an a priori ﬁxed type and terms have a type ﬁxed
by their formation. Written term expressions are always assumed to be wellformed in the sense that types match in all applications between sub-terms. As
particular (term) constants we distinguish the following:
– tto and ffo which denote boolean truth and falsity;
– for each type τ the selector Ifτ of type o τ τ τ which denotes choice according
to a boolean condition with the usual if-then-else semantics;
– 0ι (zero), Sι (successor) and Gödel’s recursor Rτ of type τ (ι τ τ ) ι τ ;
– equality = ι ι o – a functional constant and not predicate in our system.
Variables are denoted by a, b, c, p, q, u, v, x, y, z, U, V, X, Y, Z such that, if not
otherwise speciﬁed, a, b, c are free and u, v, x, y, z are bound variables of type ι.
Also p, q denote variables of type o (be them free or bound) and U, V, X, Y, Z are
functional variables (i.e., not of base type). We denote terms by r, s, t, S, T . We
use sub- or super- scripts to enlarge the classes of symbols. We use underlined letters to denote tuples of corresponding objects. Tuples are just comma-separated
lists of objects. If t ≡ t1 , . . . , tn we denote by s(t) or even st the term st1 . . . tn ,
i.e., ((st1 ) . . .)tn by the left-associativity convention. Also s(t) and s t denote the
tuple s1 (t), . . . , sm (t). As particular terms we distinguish the following:
– Boolean conjunction and implication (with their usual semantics):
Andooo :≡ λp, q. Ifo p q ff
Impooo :≡ λp, q. Ifo p q tt
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– For each higher-order type τ ≡ σι or τ ≡ σo we deﬁne the zero term Oτ of
type τ . We also let Oι :≡ 0 and Oo :≡ ff and thus every type is inhabited by
a zero term (since we consider only ι and o as base types).
– For each positive integer n and type τ we deﬁne the n-selector Ifnτ of
n
n
     
type o . . . o τ . . . τ τ τ by Ifτ :≡ Ifτ and for n ≥ 2 the deﬁnition of Ifnτ
is λp1 , . . . , pn , xn+1 , xn , . . . , x1 . Ifτ p1 (Ifn−
p2 . . . pn xn+1 xn . . . x2 ) x1 s.t.
τ
Ifnτ (r1 , . . . , rn , tn+1 , tn , . . . , t1 ) selects the ﬁrst ti with i ∈ 1, n for which ri is
false, if it exists, otherwise tn+1 – if all {ri }ni=1 are true.
The base logical system is a Natural Deduction formulation (see [6] and [34])
of Intuitionistic Logic6 . We use ∧ (logical conjunction), → (logical implication),
∀ (forall) and ∃ (strong, intuitionistic exists) as base logical constants. The only
predicate symbol is the unary at which takes a single boolean argument. If to is
a boolean term then at(t) is the atomic formula which (informally) denotes the
fact that t is true. We define the logical falsum in terms of boolean falsity by
⊥ :≡ at(ff). The weak (classical) existential quantiﬁer ∃cl is deﬁned in terms of ∀
by ∃cl x A(x) :≡ (∀x. A(x) → ⊥) → ⊥. Negation ¬ and equivalence ↔ are deﬁned
as usual, i.e., ¬A :≡ A → ⊥ and A ↔ B :≡ ((A → B) ∧ (B → A)). Disjunction
is deﬁned by A ∨ B :≡ ∃po ((at(p) → A) ∧ ((¬at(p)) → B)).
Predicate equality at base types is deﬁned for boolean terms s and t by
s =o t :≡ at(s) ↔ at(t) and for natural terms s and t by s =ι t :≡ at(= s t).
Equality between terms s and t of type τ ≡ σ1 . . . σn σ, with σ ∈ {o, ι}, is extensionally deﬁned as s =τ t :≡ ∀xσ1 1 , . . . , xσnn (s x1 . . . xn =σ t x1 . . . xn ). For any
type τ we denote by s =τ t :≡ ¬(s =τ t) non-equality between the terms sτ and
tτ . If non-ambiguous, we often omit to specify the type τ of (non-)equality.
We also introduce in our system an adaptation of Berger’s [5] uniform quantiﬁers, here denoted ∀ (forall ncm) and ∃ (exists ncm) to the extraction of (more)
eﬃcient programs by Gödel’s Dialectica interpretation. From a logic viewpoint ∀
and ∃ behave exactly like ∀ and ∃ – a theorem stating that “the (purely syntactic) replacement of ∀ and ∃ with their computationally meaningful 7 (or regular )
correspondents in a proof P yields a(nother) proof in the corresponding system
without ncm quantiﬁers” can easily be established. However, the converse to this
(meta)theorem does not hold (in general) because of the (necessary) restriction
which is set on the introduction rules for the ncm-universal quantiﬁer and implication (see Sections 2.1 and 2.2 below). The special rôle of ∀ and ∃ is played in
the program-extraction process only. There they act like some kind of labels for
parts of the proof at input which are to be ignored since they are a priory (i.e.,
at the proof-building stage) distinguished as having no computational content.
They also bring an important optimization with respect to the maximal type
degree of programs extracted from those proofs for which the use of the com6
7

The prominent place Johansson’s Minimal Logic [18] has in the presentation of system Z in [6] or [34] is no longer needed for our (light) Dialectica-extraction exposition.
Notice that ∀ is as computationally meaningful as ∃ in the context of program
extraction by (light) Dialectica interpretation, see Deﬁnition 31 and Theorem 34.
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putationally meaningful correspondents would have just brought an unjustiﬁed
increase of this maximal type degree8 .
In order to avoid excessive parenthesizing we make the usual conventions that
∀,∀,∃cl ,∃,∃,¬,∧,∨,→,↔ is the decreasing order of precedence and → is right
associative. For (more eﬃcient) program-extraction purposes we impose that all
axioms are closed formulas and for optimization purposes – at the example of
Schwichtenberg’s Minlog system [34, 36] – their closure is ensured with ∀ rather
than ∀. The only exception9 to this rule is the Induction Axiom IA, see Section
2.2 for the various deﬁnitions of induction within system WE−Z. Therefore it will
be understood that even though a formula presented below as axiom is literally
open, in fact the axiom it denotes is the ∀ closure of the respective formula.
2.1

The Logical Axioms and Rules of System WE−Z

We begin by adapting the set of rules for Minimal Logic from [34] to the setting
of program-extraction by the light Dialectica interpretation (deﬁned in Section
3). First of all we deﬁne the following two variable conditions which will be used
to constrain the rules concerning the (ncm-)universal quantiﬁer:
– VC (z) : the variable z does not occur free in any of the undischarged assumptions of the proof of the premise of the rule;
– VC (z, t) : the term t is “free for” z in the conclusion, i.e., no free variable of
t gets quantiﬁed after substituting {z ← t} in the conclusion.
We also deﬁne an ncm - formula condition which is required to constrain the rule
of implication introduction with contraction (see below) in order to attain the
soundness theorem for the light Dialectica interpretation. For a formula A, the
condition ncm-FC(A) says that if A contains (at least) a positive universal or
a negative existential (regular) quantiﬁer10 , then A must not contain any ncm
quantiﬁer11 . The logical rules of our system WE−Z are then as follows:
– Deduction from an (arbitrary, undischarged) assumption: A A .
A∧B −
∧l , conjunction elimination
– Conjunction elimination left:
A
A∧B −
A, B
right:
∧r and conjunction introduction:
∧+ .
B
A∧B
A, A → B
– Implication elimination:
→− (Modus Ponens).
B
8
9

10
11

Upon which the run-time complexity of the normalization algorithm directly depends, regardless of the reduction strategy, see Berger’s paper [5] for more on this.
This notable exception is necessary only in the context of Dialectica extraction because the Dialectica realizers of IA integrate the induction formula via an →+ with
contraction, see Section 2 of [14], Section 2.2 and the proof of Theorem 34 below.
Which means that A is computationally relevant, see “Implication introduction”.
So that the light D-interpretation of A has a qfr base formula AD , see Deﬁnition 31.
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[A] . . . /B
→+ , where some particular (possibly
A→B
empty) class of instances of the formula A among the undischarged assumptions of the proof of B gets discharged. If at least two instances of A get
discharged (i.e., the →+ is with contraction) then the ncm-FC(A) restriction
applies. If moreover the premise of ncm-FC(A) holds, then A is named computationally relevant, otherwise A is a computationally irrelevant (redundant
for Dialectica) contraction formula.
∀z A(z) − ∀z A(z) −
∀z,t , s.t. VC (z, t).
∀z,t ]
– [ncm-]ForAll elimination: [
A(t)
A(t)
A(z)
∀ + , such that VC (z).
– ForAll introduction:
∀z A(z) z
P: A(z) +
∀ , such that VC (z) and VC (z, P). The
– ncm-ForAll introduction:
∀z A(z) z
latter (third) variable condition applies to the ∀-quantiﬁed variables only.
Although basically the same as the pre-condition set by Berger on his {∀}+
rule in [5], a strengthening peculiar to light-Dialectica extraction is necessary:
– Implication introduction:

– VC (z, P) : the variable z does not occur free in any of the instantiating
−
terms t involved by a ∀•,t
in the proof P (so far Berger’s restriction) and
z is also not free in the computationally relevant contraction formulas
of P (deﬁned above at the Implication Introduction item).
Intuitionistic Logic is then obtained by adding the axioms deﬁning ∃ and ∃:
Ax∃− :
+

Ax∃

Ax∃
Ax∃

−
+

∃z1 A(z1 ) ∧ ∀z2 [ A(z2 ) → B ] → B

:

∀z1 [ A(z1 ) → ∃z2 A(z2 ) ]

:

∃z1 A(z1 ) ∧ ∀z2 [ A(z2 ) → B ] → B

:

∀z1 [ A(z1 ) → ∃z2 A(z2 ) ]

(∃ elimination)
(∃ introduction)
(∃ elimination)
(∃ introduction)

with the usual restriction that z2 is not free in B and, most important,
AxEFQ :

⊥→A

(Ex-Falso-Quodlibet)

Notice that Intuitionistic Logic could have equally been formulated with rules
for ∃ and ∨12 (instead of axioms), see [5, 38]. We here follow [34] in choosing a
formulation which is more suitable for computer-applied program-extraction.
2.2

Weakly Extensional Intuitionistic Arithmetic WE−Z

We now add the basic arithmetical apparatus to Intuitionistic Logic. We ﬁrst
introduce the axioms which give the (usual) behavior of (higher-order exten12

The Boolean Induction axiom AxBIA from Section 2.2 is strictly required for attaining
the usual logical behavior of ∨ in our formulation.
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sional) equality, stressing from the beginning that extensionality must13 be restricted in the context of Dialectica interpretation. The extensionality axiom
Eσ,τ : ∀z στ , xσ , y σ . x =σ y → zx =τ zy must not be derivable in our system. We
here deviate from system Z of [6, 34, 36] which derives Eσ,τ and therefore is fully
extensional. We ﬁrst present the more basic axioms of Reﬂexivity, Symmetry
and Transitivity which we retain (modulo our deﬁnition of higher-order equality, hence they are no longer quantiﬁer-free here) from system Z of [6, 34, 36] :
AxREFτ :

x =τ x

(Reﬂexivity)

AxSYMτ :
AxTRZτ :

x =τ y → y =τ x
x =τ y ∧ y =τ z → x =τ z

(Symmetry)
(Transitivity)

Notice that although AxSYMτ and AxTRZτ have no computational content under Modiﬁed Realizability, they must be provided with realizing terms under
(light) Dialectica interpretation for higher-order τ 14 . We thus stay as close as
possible to the axiomatic of system Z of [6, 34, 36], rendering easier the task
of implementing program-extraction by (light) Dialectica interpretation in Minlog [34, 36]. We do, however, have to deviate from system Z when it comes to
the Compatibility Axiom (which implies Eσ,τ ): x =σ y → B(x) → B(y), which
we replace by the following (strictly) weaker Compatibility Rule:
A0
..
.
COMPATσ :

x =σ y
B(x) → B(y)

with the restriction that
all undischarged assumptions used
in the proof of x =σ y (here denoted A0 )
are quantiﬁer-free

Had the above restriction15 not been present, the Compatibility Axiom would
be directly deducible by →+ , hence full extensionality would be derivable and
(light) Dialectica interpretation would fail to interpret all proofs of our system16 .
13

14

15

16

See, e.g., the chapter on Dialectica interpretation in [20] for detailed explanations.
Howard’s original counterexample to the Dialectica realizability of the extensionality
axiom Eιι,ι by Gödel primitive recursive functionals is exposed in [17]. See also
[35] for a counterexample to the Dialectica realizability of Eιι,ι by Van de Pol –
Schwichtenberg monotone majorizable functionals (a class of functionals intersecting
but independent of Gödel’s T) .
We could have used only AxREFι , AxSYMι and AxTRZι as axioms since higher-type
Reﬂexivity, Symmetry and Transitivity can be deduced in (pure) Minimal Logic
from the Reﬂexivity, Symmetry and respectively Transitivity of natural numbers.
The latter are quantiﬁer-free and hence realizer-free under both Realizability and
Dialectica interpretations. We however chose the above presentation for practical
reasons – proofs are shorter and the realizers for the (light) Dialectica interpretation
of higher-order Symmetry and Transitivity are immediate (see Section 3 of [14]).
This restriction is not only suﬃcient but also necessary. Already by allowing purely
universal undischarged assumptions in the proof of x =σ y we can deduce Eιι,ι in
our system and we therefore become subject to Howard’s counterexample [17].
Details of the fact that Dialectica is valid for COMPAT are given in Section 3 of [14].
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We now present the boolean axioms. While the desired behavior of ff is already given by AxEFQ, for tt we must introduce the Truth Axiom
AxTRH :

at(tt)

.

In order to attain the usual logical behavior of ∨ we must complement its deﬁnition with the following17
AxBIA :

A(tt) ∧ A(ff) → ∀po A(p)

(Boolean Induction Axiom)

and for the selectors Ifτ we introduce the following expected axioms:

Ifτ tt xτ y τ =τ x
AxIfτ :
.
Ifτ ff xτ y τ =τ y
Deﬁning axioms for the constants speciﬁc to natural numbers are as usual


Sz =ι 0
Rτ x y 0 =τ x
AxS :
AxRτ :
Rτ x y (Sz) =τ y(z, Rτ x y z)
Sx =ι Sy → x =ι y
We ﬁnally arrive at integrating Induction for natural numbers in WE−Z. There
are very simple realizing terms under Kreisel’s Modiﬁed Realizability for the
usual Induction Axiom IA : A(0) → ∀z (A(z) → A(Sz)) → ∀z A(z) – see [6, 34].
In contrast, the Dialectica realizing terms for IA are far more complicated because they include the Dialectica-translation of ∀z (A(z) → A(Sz)) – see Section
2 of [14], Footnote 9 and the proof of Theorem 34 below. We will therefore use
the following variant of the simpler induction rule employed by Jørgensen in [19]:
IR0 :

∅ · · · / A(0) , ∅ · · · / ∀z (A(z) → A(Sz))

∀z A(z)

If one ignores the ncm quantiﬁers (and hence also the ncm-FC restriction), this system of intuitionistic arithmetic is in fact the weakly extensional version of system
Z of [6, 34, 36], extended with ⊥ ↔ at(ff). We denote the system with the ncm
quantiﬁers by WE−Z and the system without the ncm quantiﬁers (hence without
the ncm-FC restriction) by WE−Z−. In WE−Z− there is a full equivalence between
IA, IR0 and the usual Induction Rule18 IR : A(0) , ∀z (A(z) → A(Sz)) ∀z A(z).
We denote deduction in systems WE−Z and WE−Z− by and respectively − .
Remark 21 The following lemmas hold in WE−Z− :
LmAND :

−

∀po , q o ( at(And p q) ↔ at(p) ∧ at(q) )

LmIMP :

−

∀po , q o ( at(Imp p q) ↔ at(p) → at(q) )

They establish the equivalence for terms of boolean and logical conjunction
and implication, fact which permits the treatment of qfr formulas as prime
(atomic) formulas, see Remark 22 and Section 1 of [14]. The WE−Z− lemmas
LmOι : − Oσι z σ =ι 0 and LmOo : − Oσo z σ =o ff describe the behavior of the
17

18

Only the “disjunction introduction” theorems  A → A ∨ B and  B → A ∨ B are
ensured by the deﬁnition of ∨. The “elimination of disjunction” requires AxBIA, see
Remark 22 below.
See Section 2 of [14] for details. The simulation of IR in terms of IR0 fails in WE−Z.
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zero terms. The expected behavior of the selector Ifnτ is given by the following
n + 1 lemmas of WE−Z− grouped under the name LmIfnτ :

n
n
{ − ∧i−1
j=1 at(pj ) ∧ ¬at(pi ) → Ifτ (p1 , . . . , pn , xn+1 , xn , . . . , x1 ) =τ xi }i=1
−

∧ni=1 at(pi ) → Ifnτ (p1 , . . . , pn , xn+1 , xn , . . . , x1 ) =τ xn+1

Remark 22 There exists a unique bijective association of boolean terms to
qfr formulas A0 → tA0 such that − A0 ↔ at(tA0 ) for all A0 . In particular
− (p =o tt) ↔ at(p) and − (p =o ff) ↔ ¬at(p) . It then follows that all qfr
formulas A0 of system WE−Z− are decidable in the sense that − A0 ∨ ¬A0 . Using
AxBIA it further follows that we can produce WE−Z− proofs by case distinction
over qfr formulas, i.e., − (A0 → A) ∧ (¬A0 → A) → A . More general, the
following schema of disjunction elimination 19 is deducible in system WE−Z− :
−

∧ni=1 (Ai → B) → (∨ni=1 Ai → B)

(1)

Stability for qfr formulas of WE−Z, i.e., − ¬¬A0 → A0 follows as an immediate
application of case distinction over qfr formulas with A :≡ ¬¬A0 → A0 20 .
2.3

The Semi-classical (Plus Choice) System WE−Z+

We present below the extension of WE−Z with three axioms which have simple
realizers directly under the (light) Dialectica interpretation (deﬁned in Section 3).
The ﬁrst two principles are (logically) deducible in the (fully) classical version
of WE−Z (obtained by adding full stability ¬¬A → A) but not in WE−Z. These
semi-classical (logical) axioms are Markov’s Principle21
AxMK :

∃cl z A0 (z) → ∃z A0 (z)

and Independence of premises for universal premises
AxIP∀ :

[ ∀x A0 (x) → ∃y B(y) ] → ∃y [ ∀x A0 (x) → B(y) ] .

System WE−Z+ is obtained by further adding to WE−Z (besides AxMK and AxIP∀)
the non-logical (i.e., not logically deducible in WE−Z) Axiom of Choice:
AxAC :

∀x ∃y B(x, y) → ∃Y ∀x B(x, Y (x)) .

We will denote deduction in WE−Z+ by

3

+.

The Light Functional (Light Dialectica) Interpretation

By LD-interpretation we call below our adaptation of Gödel’s functional (Dialectica) interpretation [2, 13] to the extraction of (more) eﬃcient programs
19
20
21

Very useful to prove soundness for the (light) D-interpretation of →+ , in Section 3.
Section 1 of [14] contains complete proofs of all the results stated above.
The usual formulation of Markov’s principle as AxMK : ¬¬ ∃z A0 (z) → ∃z A0 (z) is
equivalent over WE−Z to AxMK. Also the form AxMK : ¬¬ ∃z A0 (z) → ∃z ¬¬ A0 (z) ,
which was preferred by the authors of [16] because of complexity considerations.
Our choice of AxMK is motivated by the particularity of ∃cl in [6, 34].
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from (classical) proofs. It is a recursive syntactic translation from proofs in
WE−Z+ (or in WE−Zc+, after a double-negation translation, see Section 3.2) to
proofs in WE−Z− such that positive occurrences of ∃ and negative occurrences
of ∀ in the proof’s conclusion get actually realized by terms in Gödel’s T. These
realizing terms are also called the programs extracted by the LD-interpretation
and (if only the extracted programs are wanted) the translation process is also
referred to as program-extraction. The translated proof is also called the verifying
proof since it veriﬁes the fact that the extracted programs actually realize the
LD-interpretation of the conclusion of the proof at input. Gödel’s Dialectica interpretation (abbreviated D-interpretation) is relatively (far) more complicated
when it has to face contraction, which in Natural Deduction amounts to discharging more than one copy of an assumption in an Implication Introduction
→+ . Kohlenbach presents in [21] an elegant way of simplifying the treatment of
contraction when the goal is to extract Howard majorizing functionals for the
Dialectica realizers. He named “monotone functional interpretation” this variant of the D-interpretation which we here abbreviate by MD-interpretation. The
MD-interpretation has been used with great success over the last years for producing mathematical proofs to important new theorems in numerical functional
analysis22 .
However, when the extraction of exact realizers is concerned, the monotone
D-interpretation does not necessarily bring an eﬃcient answer. A diﬀerent kind
of optimization of Gödel’s D-interpretation appears to be necessary. We here
propose the LD-interpretation as a reﬁnement of Gödel’s technique which allows
for the extraction of more eﬃcient exact realizers. Moreover, the same reﬁnement
equally applies to the extraction of more eﬃcient bounds via what might be called
the light monotone 23 functional interpretation (abbreviated LMD-interpretation).
The D-interpretation was ﬁrst introduced in [13] for a Hilbert-style formulation of Arithmetic – see also [2, 10, 20, 26, 38] for other (more modern) formulations within Hilbert-style systems. Natural Deduction formulations of the
Diller-Nahm [10] variant of D-interpretation were provided by Diller’s students
Rath [33] and Stein [37]. Only in the year 2001 Jørgensen [19] provided a ﬁrst
Natural Deduction formulation of the original Gödel’s functional interpretation.
In the Diller-Nahm setting all choices between the potential realizers of a contraction are postponed to the very end by collecting all candidates and making
a single ﬁnal global choice. In contrast, Jørgensen’s formulation respects Gödel’s
original treatment of contraction by immediate (local) choices. Jørgensen devises
a so-called “Contraction Lemma” in order to handle (in the given Natural Deduction context) the discharging of more than one copy of an assumption in an
Implication Introduction →+ . If n + 1 undischarged occurrences of an assumption are to be canceled in an →+ , then Jørgensen uses his Contraction Lemma n
times, shifting partial results n times back and forth over the “proof gate” . We
consider this to be less eﬃcient from the applied program-extraction perspec22
23

Papers [22] and [20] contain comprehensive surveys of such to-day applications of
MD-interpretation to concrete mathematical proofs from the literature.
Or light bounded functional (Dialectica) interpretation, following [11] instead of [21].
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tive. We also think that the soundness proof for the (L)D-interpretation is thus
somewhat more complicated w.r.t. contraction. We will here use the n-selector
Ifnτ for equalizing in one single (composed) step all the (L)D-interpretations of
the n + 1 undischarged occurrences (see the proof of Theorem 34 below). While
technically impossible to have a direct n-selector available for all n ∈ IN, in actual optimizing implementations Ifnτ could be given a (more) direct deﬁnition
for n ≤ N for a certain convenient24 upper margin N instead of being simulated in terms of n times Ifτ . The practical gain w.r.t. Jørgensen’s solution is
that the handling of contraction is directly moved from the proof level to the
term level: back-and-forth shifting over is no longer required when building
the verifying proof. We also modify Jørgensen’s variant of D-interpretation by
allowing free variables in the extracted terms. This corresponds to the formulation of Gödel’s T with λ-abstraction as primitive and is more natural in a
Natural Deduction setting. In addition we include the treatment of our adaptation of Berger’s uniform existential and universal quantiﬁers from [5] to the
Dialectica-extraction context.
The light functional (Dialectica) interpretation/translation assigns a formula
AD (a) ≡ ∃x ∀y AD (x; y; a) with AD not necessarily quantiﬁer-free and x, y tuples
of fresh variables of ﬁnite type (such that {x, y, a} are all free variables of AD )
to each instance of the formula A(a) (with a all free variables of A). The types
of x, y depend only on the types of the regularly bound variables of A and on
the logical structure of A. We will also denote by B D (b) : ≡ ∃u ∀v BD (u; v; b) the
LD-interpretation of B(b). If non-ambiguous, we sometimes omit to display some
of the free variables of the LD-translated formulas.
Definition 31 (The light Dialectica interpretation of formulas)
AD :≡ (AD :≡ A) for prime formulas A
(A ∧ B)D :≡ ∃x, u ∀y, v [ (A ∧ B)D :≡ AD (x; y; a) ∧ BD (u; v; b) ]
(∃zA(z, a))D :≡ ∃z† , x ∀y [ (∃zA(z, a))D (z† , x; y; a) :≡ AD (x; y; z† , a) ]
(∀zA(z, a))D :≡ ∃X ∀z† , y [ (∀zA(z, a))D (X; z† , y; a) :≡ AD (X(z† ); y; z† , a) ]
(∃zA(z, a))D :≡ ∃x ∀y [ (∃zA(z, a))D (x; y; a) :≡ ∃z AD (x; y; z, a) ]
(∀zA(z, a))D :≡ ∃x ∀y [ (∀zA(z, a))D (x; y; a) :≡ ∀z AD (x; y; z, a) ]
(A → B)D :≡ ∃Y , U ∀x, v [ (A → B)D :≡ AD (x; Y (x, v)) → BD (U (x); v) ]
Here · → ·† is a mapping which assigns to every given variable z a completely new
variable z† which has the same type of z. Diﬀerent variables z† are returned for
diﬀerent applications on the same argument variable z when processing a given
formula A. This ensures that two nested quantiﬁcations of the same variable
in A are correctly distinguished in AD . The variables X, Y , U produced in the
treatment of → and ∀ are also completely new but in contrast to the variables
24

Only a certain limited number of n-selectors is needed for most practical applications.
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produced by ·† , their type is strictly more complex than the type of the original
variable. The free variables of AD are exactly the free variables of A. If A is
quantiﬁer-free then AD = AD = A.
Remark 32 By abuse of notation from now on we use non-underlined letters
also for tuples of objects (variables, terms, . . . ) and identify an individual object
with the tuple containing only that object.
Definition 33 (Dialectica terms) For every ncm-quantiﬁer free formula A(a)
we denote by tDA [x; y; a] the boolean term associated to (the quantiﬁer-free formula) AD (x; y; a) by the mapping from Remark 22. We call it “the Dialectica
term associated to” A(a). The following holds:
−

AD (x; y; a) ↔ at(tDA [x; y; a])

(2)

Theorem 34 (Exact realizer synthesis by the LD-interpretation) There
exists an algorithm which given at input a proof P : {C i }ni=1 + A produces at
output the tuples of terms {Ti }ni=1 and T , the tuples of variables {xi }ni=1 and y
all together with the verifying proof PD : {CDi (xi ; Ti (x, y))}ni=1 − AD (T (x); y) –
where x :≡ x1 , . . . , xn . Moreover,
1. the variables x and y do not occur in P (they are all completely new)
2. the free variables of T and {Ti }ni=1 are among the free variables of A and
{C i }ni=1 (we call this “the free variable condition (FVC) for programs extracted by the D-interpretation”)
hence x and y also do not occur free in the extracted terms {Ti }ni=1 and T .
Proof: The algorithm proceeds by recursion on the structure of the input proof
P. Realizing terms must be presented for all the axioms and then realizing terms
for the conclusion of a rule must be deduced from terms which realize the premise
of that rule. Since x, y are produced by the LD-interpretation of formulas (see
Deﬁnition 31) it is immediate that they do not occur in P. We present below
only the (sub)case of Implication Introduction →+ in which at least two copies
of the implicative assumption get canceled. Since it involves contraction, this
case is far more diﬃcult than all the other axioms and rules25 .
[A] . . . /B +
→
A→B

n+1

  
We are given, with n ≥ 1, z ≡ z, . . . , z and
x ≡ xn+2 , . . . , xm , that :

i
m
{AD (z; Ti (z, x, y))}n+1
i=1 , {CD (xi ; Ti (z, x, y))}i=n+2

−

BD (T (z, x); y)

(3)

It has been assumed that n + 1 ≤ m , where n + 1 is the number of copies of the
assumption A which get discharged in this →+ . Each of these n + 1 instances of
A produces the same tuple z of existential variables under the LD-interpretation,
see Deﬁnition 31. The ncm-FC(A) constraint ensures that the tuples {Ti }n+1
i=1 are
25

See the comments in the beginning of this section. A full proof is in Section 3 of [14].
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all of length 0 (denoted ), i.e., A is computationally irrelevant, orelse AD is qfr
(pre-condition for the association to A of Dialectica terms, see Deﬁnition 33).
Only in the former case can we directly discharge in a single →+ all n + 1 ≥ 2
copies of AD (z; ) in the LD-interpretation of the premise of this rule, see (3).
In contrast, for the latter case we must ﬁrst equalize the assumptions involving
n+1
the n + 1 terms {Ti }n+1
i=1 . This is because the terms {Ti }i=1 can be mutually
diﬀerent since they are extracted from diﬀerent sub-proofs which involve the
diﬀerent copies of A. We hereafter treat this case. We achieve the equalizing of
26
n
i
{Ti }n+1
i=1 in one single step , using the n-selector Ifτ . For all i ∈ 1, n let T
abbreviate Ti (z, x, y) and let
S :≡ λx, z, y. Ifnτ (tDA [z; T 1 ], . . . , tDA [z; T n], Tn+ (z, x, y), T n , . . . , T 1 )

(4)

−

By n applications of ∀ to LmIfnτ with {pi ← tDA [z; T i ]}ni=1 and (2) we get
i−1
j
i

− ∧j=1 AD (z; T ) ∧ ¬AD (z; T ) → S(x, z, y) = Ti (z, x, y) for all i ∈ 1, n and
n
i

− ∧i=1 AD (z; T ) → S(x, z, y) = Tn+ (z, x, y) from which we further obtain
−

n+1
j
i
k

[ ∧i−1
j=1 AD (z; T ) ∧ ¬AD (z; T ) ] → [AD (z; S(x, z, y)) → ∧k=1 AD (z; T )]

−

 z, y)) → ∧n+1 AD (z; T k )]
[ ∧nj=1 AD (z; T j ) ] → [AD (z; S(x,
k=1

for all i ∈ 1, n . We used one COMPAT27 in each of the n + 1 above deductions and
an AxEFQ in each of the the ﬁrst n of these. Due to the decidability of qfr formuj
i
n
j
las we have − ∨ni=1 [ ∧i−1
j=1 AD (z; T ) ∧ ¬AD (z; T ) ] ∨ [ ∧j=1 AD (z; T ) ] . It then
n+1
i
 z, y)) → ∧
follows by (1) that − AD (z; S(x,
i=1 AD (z; T ) , hence for all

i ∈ 1, n + 1 we obtain AD (z; S(x, z, y)) − AD (z; Ti (z, x, y)) . We then discharge
all assumptions AD of (3) in n + 1 applications of →+ and combine with the
previously obtained proofs of AD (z; Ti (z, x, y)) in n + 1 applications of →− to
conclude, with S :≡ λx, z. T (z, x) and {Si :≡ λx, z. Ti (z, x)}m
i=n+2 , that
 z, y))}n+1 , {CDi (xi ; Si (x, z, y))}m
{AD (z; S(x,
i=n+2
i=1

−

BD (S(x, z); y) .

 z, y))}n+1 in a single →+ and thus get
We can now cancel all {AD (z; S(x,
i=1
{CDi (xi ; Si (x, z, y))}m
i=n+2

−

 z, y)) → BD (S(x, z); y) .
AD (z; S(x,

Notice that tDA introduces in S new occurrences of the free variables of A. We
ﬁnally obtain, with the FVC obviously satisﬁed, that
{CDi (xi ; Si (x, z, y))}m
i=n+2

−


(A → B)D ( S(x),
S(x) ; z, y) .

2
Corollary 35 There exists an algorithm which from a given proof + A(a)
produces exact realizing terms T [a] with a verifying proof − ∀yAD (T ; y; a).
26
27

Jørgensen’s solution uses here n steps which correspond to the simulation of Ifn
τ in
terms of n instances of Ifτ , see also the comments in the preamble of Section 3.
Since AD is quantiﬁer-free, the restriction on undischarged assumptions is respected.
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The Light Monotone (or Light Bounded)
Functional Interpretation

We sketch below the combination of our reﬁnement of Goedel’s Dialectica interpretation [2, 13, 19] with its optimization for the extraction of bounds28 due
to Kohlenbach [21]. We add to systems WE−Z−, WE−Z and WE−Z+ a functional
inequality constant for naturals (of type ιιo), denoted ≥. We deﬁne predicate
inequality between terms sι and tι as an abbreviation for at(≥ s t), denoted
≥ι . Similar to equality, predicate inequality at higher types τ ≡ σ1 . . . σn ι is extensionally deﬁned as s ≥τ t :≡ ∀xσ1 1 , . . . , xσnn (s x1 . . . xn ≥ι t x1 . . . xn ). We also
deﬁne Howard’s majorization relation τ by ι :≡ ≥ι and
x στ y :≡ ∀z1σ , z2σ (z1 ≥σ z2 → xz1 ≥τ yz2 ) .
The monotonic systems WE−Z−m , WE−Zm and WE−Z+m are then obtained by further
adding the axioms deﬁning the usual behavior of predicate inequality on natum
m
m
rals: z ≥ι 0 , 0 ≥ι Sz → ⊥ and Sx ≥ι Sy → x ≥ι y. We denote by − , and +
−
+
deductions in WE−Zm , WE−Zm and respectively WE−Zm .
Conjecture 36 (Uniform bound synthesis by a LMD-interpretation)
m
There exists an algorithm which from a given proof + A(a) produces closed
m
uniform bounds T with a verifying proof − ∃x(T  x ∧ ∀a, yAD (x(a); y; a)).
Notice that the optimization brought by the light MD-interpretation does not
concern contraction (which is suﬃciently handled by the pure MD-interpretation)
as much as the diminishing of the maximal type degree of the extracted bounds.
3.2

Extensions of L(M)D-Interpretation to Extractions
from Fully Classical Proofs. Systems WE−Zc , WE−Zc+ and WE−Zcm+

The system WE−Zc of weakly extensional Classical Arithmetic is obtained by
adding to WE−Z the Stability principle:
AxSTAB :

¬¬ A → A

(Stability)

In fact it would be suﬃcient that AxSTAB replaces AxEFQ since the latter is
deducible from AxSTAB in Minimal Logic. However we keep AxEFQ as axiom of
WE−Zc since it has simple Dialectica realizers29. The problem of AxSTAB is that it
has no (direct) realizer under Dialectica interpretation – a preprocessing double
negation translation, denoted · → ·N will be necessary to interpret fully classical
systems (see, e.g., [16, 20, 22]).
We will denote by WE−Zc+ the system WE−Zc extended with AxAC (the quantiﬁer-free version of AxAC, obtained by restricting B to qfr formulas). We will
denote deductions in WE−Zc and WE−Zc+ by c and c+ respectively.
Conjecture 37 There exists an algorithm which from a given proof c+ A(a)
produces exact realizing terms T [a] with a verifying proof − ∀y(AN )D (T ; y; a).
28
29

See also [11] for a more recent adaptation of Dialectica to the extraction of bounds.
Input proofs to the Dialectica-extraction algorithm may thus become shorter.
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We denote by WE−Zc+
m ,

m
c+

the monotonic correspondents of WE−Zc+ and
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c+ .

Conjecture 38 There exists an algorithm which, given at input a proof
m
c+ A(a), produces at output closed uniform bounds T and the verifying proof
m
−

∃x(T  x ∧ ∀a, y(AN )D (x(a); y; a)).
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