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Abstract. The king of refinements of Nash equilibrium is trembling
hand perfection. We show that it is NP-hard and SQRrRT-SUM-hard to
decide if a given pure strategy Nash equilibrium of a given three-player
game in strategic form with integer payoffs is trembling hand perfect.
Analogous results are shown for a number of other solution concepts, in-
cluding proper equilibrium, (the strategy part of) sequential equilibrium,
quasi-perfect equilibrium and CURB.

The proofs all use a reduction from the problem of comparing the min-
max value of a three-player game in strategic form to a given rational
number. This problem was previously shown to be NP-hard by Borgs et
al., while a SQRT-SUM hardness result is given in this paper. The latter
proof yields bounds on the algebraic degree of the minmax value of a
three-player game that may be of independent interest.

1 Introduction

Celebrated recent results [LOJ6IT3] concern the computational hardness of finding
a Nash equilibrium of a given finite game in strategic form, i.e., a game given
by a finite payoff matrix for each of the players. In contrast, the problem of
deciding whether a given strategy profile of a game in strategic form is a Nash
equilibrium is trivial to solve efficiently. This latter fact can be regarded as an
important feature of Nash equilibrium as a scientific concept: It is feasible to
verify or falsify that a particular pure strategy profile we observe “in nature” is
in equilibrium. The main message of the present paper is that this feature is not
shared by standard refinements of Nash equilibrium.
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Arguably [9], the most important refinement of Nash equilibrium for games
in strategic form is Selten’s [25] notion of trembling hand perfection. The set of
trembling hand perfect equilibria is in general a subset of the Nash equilibria
of a game and many “unreasonable” Nash equilibria are not trembling hand
perfect, thus justifying the notion. However, we prove that this added degree
of rationality of the solution concept comes at a cost. We prove: It is NP-hard
to decide if a given pure strategy Nash equilibrium of a given three-player game
in strategic form is trembling hand perfect. In particular, unless P=NP, there
is no polynomial time algorithm for deciding if a given equilibrium of a given
three-player game in strategic form is trembling hand perfect. In contrast to the
above hardness result, one may efficiently determine if a given equilibrium of a
two-player game is trembling hand perfect. Indeed, for the two-player case, an
equilibrium is trembling hand perfect if and only if it is undominated [9] and
this can be checked by linear programming in polynomial time.

The hardness result is extended to a number of other refinements, including
properness [24], sequential equilibriumﬁ [21] and quasi-perfect equilibrium [§] of
extensive form games, and the discrete solution concept CURB (Closed Under
Rational Behavior) [I], where the proof yields coNP-hardness. In all cases, the
hardness result is shown for games with three players. As is the case with trem-
bling hand perfection, CURB sets of two-player game can be verified and found
in polynomial time, using linear programming techniques [3].In contrast, we do
not know if the two-player case is easy for properness and quasi-perfection, and
leave this as an open problem.

After establishing the NP-hardness result, we next ask if the problem of
deciding whether an equilibrium is trembling hand perfect (or satisfies any of
the other refinements notions we consider) is even in NP. An NP-membership
result would be somewhat beneficial for the status of an equilibrium concept as
a useful scientific concept, as it would mean that we can at least, with some
ingenuity, verify that a situation is in equilibrium, even if we can not in general
falsify this efficiently. For deciding trembling hand perfection, it seems that an
obvious nondeterministic algorithm would be to guess and verify a lexicographic
belief structure and appeal to the characterizations of Blume et al [4] and Govin-
dan and Klumpp [15] of trembling hand perfection in terms of these. However,
it is not clear if the real numbers involved in such a belief structure can be
represented as polynomial length strings over a finite alphabet in a way that
yields to efficient verification. To argue that it is fact not possible to do so using
current knowledge, we apply the notion of SQRT-SUM hardness introduced by
Etessami and Yannakakis [12]. In particular, we show that deciding trembling
hand perfection (and all the other refinements considered) is SQRT-SUM hard
and therefore not in NP unless SQRT-SUM is in NP. Hence, devising a compact
representation of belief structures witnessing trembling hand perfection would
solve a long standing open problem of numerical analysis.

The hardness proofs all use a reduction from the problem of comparing the
minmax value of a game in a strategic form to a given rational number. This

3 To be precise, the “strategy part” of a sequential equilibrium.



problem was previously shown to be NP-hard by Borgs et al., [5], while the
SQRT-SUM hardness result is given in this paper. The latter proof yields bounds
on the algebraic degree of the minmax value of a three-player game that may be
of independent interest.

1.1 Related work

As mentioned, there is a lot of work on hardness of finding equilibria when the
game is given as input, or checking whether equilibria with certain properties
exists when the game is given as input. In contrast, we are not aware of much
previous work on the complexity of determining whether a given equilibrium
satisfies a refined stability notion. An exception is Etessami and Lochbihler [T1]
who show that it is NP-hard to determine if a given strategy in a symmetric
game in strategic form is an evolutionarily stable strategy.

2 NP-hardness of trembling hand perfect and proper
equilibrium

We recall the definitions of Selten [25]. For a motivation and discussion of the
solution concept, we refer to the excellent monograph of van Damme [9].

Definition 1 (e-perfect equilibrium). A strategy profile o is an e-perfect
equilibrium iff it assigns strictly positive probability to all pure strategies, and
only pure strategies that are best replies get probability more than €.

Definition 2 (Trembling hand perfect equilibrium). A strategy profile o
is a trembling hand perfect equilibrium iff is the limit point of a sequence of
e-perfect equilibria with ¢ — 0+.

Theorem 1. It is NP-hard to decide if a given pure strategy Nash equilibrium
of a given three-player game in strategic form is trembling hand perfect.

Proof. Our proof is a reduction from the problem of approximately computing
minmax values of 3-player games with 0-1 payoffs. The minmax value of a 3-
player game is the smallest number v so that player 2 and player 3 can guarantee,
using uncorrelated mixed strategies, that player 1 does not get an expected payoff
larger than v. The problem of approximately computing this value was recently
shown to be NP-hard by Borgs et al [5]. In particular, it follows from Borgs et
al. that the following promise problem MINMAX is NP-hard:

MINMAX:

1. YES-instances: Pairs (G, r) for which the minmax value for Player 1 in the
3-player game G is strictly smaller than the rational number r.

2. NO-instances: Pairs (G, r) for which the minmax value for Player 1 in G is
strictly greater than r.



In fact, by multiplying the payoffs of the game with the denominator of r,
we can without loss of generality assume that r is an integer. We now reduce
MINMAX to deciding trembling hand perfection.

Let G be a three-player game in strategic form and let r be an integer. We
define G’ be the game where the strategy space of each player is as in G, except
that it is extended by a single pure strategy, L. The payoffs of G’ are defined
as follow. The payoff to Players 2 and 3 are 0 for all strategy combinations.
The payoff to Player 1 is r for all strategy combinations where at least one
player plays 1. For those strategy combinations where no player plays 1, the
payoff to player 1 is the same as it would have been in the game G. Obviously,
pw= (L, 1, 1) is a Nash equilibrium of G'.

We claim that if the minmax value for Player 1 in G is strictly smaller than
r, then u is a trembling hand perfect equilibrium of G’. Indeed, let (72, 73) be a
minmax strategy profile of Players 2 and 3 in G. Let 7 be any profile of G’ where
Players 2 and 3 play (72, 73). Also, let u be the strategy profile of G’ where each
player mixes all pure strategies uniformly. Now define

1 1 1 1
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We have that oy is a fully mixed strategy profile of G’ converging to u as
k — oo. Also, for sufficiently large k, the strategies of u are best replies to
ok. This follows from the fact that Players 2 and 3 are indifferent about the
outcome and the fact that Player 1 gets payoff r by playing L while he gets a
payoff strictly smaller than r for large values of k by playing any other strategy.
We conclude, using Theorem 2.2.5 in van Damme [9], that u is trembling hand
perfect, as desired.

On the other hand, we claim that if the minmax value for Player 1 in G is
strictly greater than r, then u is a not a trembling hand perfect equilibrium of
G'. Indeed, let (ok,1,0%,2, 0k,3)k be any sequence of fully mixed strategy profiles
converging to (L, L, L). Since oy 2 and o 3 do not put all their probability mass
on L, Player 1 has a reply to (0,2, 0%,3) with an expected payoff strictly greater
than r. Therefore, L is not a best reply of Player 1 to (o 2, 0k 3) and we conclude
that (L, L, 1) is not trembling hand perfect.

That is, we have reduced the promise problem MINMAX to deciding trem-
bling hand perfection and are done. a

o= (1—

We now refine the proof so that it applies to proper equilibrium. Proper equi-
librium was introduced by Myerson [24] as a further refinement of trembling
hand perfect equilibrium. For a motivation and discussion of the solution con-
cept, we refer to the excellent monograph of van Damme [9] or the survey of
Hillas and Kohlberg [I§].

Definition 3 (e-proper equilibrium). A strategy profile o is an e-proper equi-
librium iff it assigns strictly positive probability to all pure strategies, and the fol-
lowing condition holds: Given two pure strategies, p; and p;, of the same player.
If p; is a worse reply against o than p;, then o must assign a probability to p;
that is at most € times the probability it assign to p;.



Definition 4 (Proper equilibrium). A strategy profile o is a proper equilib-
rium iff is the limit point of a sequence of e-proper equilibria with ¢ — 0+.

Theorem 2. It is NP-hard to decide if a given pure strategy Nash equilibrium
of a given three-player game in strategic form is proper.

Proof. We only need to make minor changes to the proof of NP-hardness of
trembling hand perfection to get the same result for proper equilibria. Construct
the game in the same way, with a new strategy L for each player. Define the strat-
egy 71, for Player 1 to be a permutation of (1 — >, k=% k=1 k=2, ... k=),
such that worse replies against (72, 73) get more negative powers of k. In case two
pure strategies are equal against (72, 73), compare against the uniform mix u of
Players 2 and 3, again with the worse reply getting the more negative powers of
k. This can be achieved by sorting the strategies of Player 1 lexicographically on
payoff against (7o, 73) and the uniform strategy w, and then assigning powers in
decreasing order to the lower indices. Define 7, = (71, 72, 73), V& = (T1k, U, u),
and p= (L, L, 1). Now define
1 1 1 1
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oy, is fully mixed of all finite k. Furthermore, if the minmax value for Player 1
in G is less than r, then for any sufficiently large k, better replies of Player 1 gets
k' times higher probability than worse replies, thus satisfying the condition for
being a 27-proper equilibrium, with & = k/(1—3, k™). Since o}, tends towards
it as k — oo, we therefore have that p is a proper equilibrium. If the minmax
value for Player 1 in G is greater than r, u is not even trembling hand perfect,
and therefore not proper either. u is therefore proper if and only if the minmax
value for Player 1 in G is less than r. O

3 NP-hardness of refinements of Nash equilibria for
extensive form games

An extensive form game is given by a finite tree with payoffs for each player at
the leaves, information sets partitioning nodes of the tree and with some of the
nodes having predefined moves of chance. An information set is a collection of
nodes of the same player, where the player cannot distinguish between them.
This can be used to model information hidden from the player, both as actively
hidden information in a game over time, and as a way of modelling simultaneous
moves. A player is said to have perfect recall if for each of the player’s information
sets, all nodes in the set share the same sequence of actions and information sets
of the player on the path from the root to the nodes. A game is said to be of
perfect recall, if all players have perfect recall. This is a standard assumption to
make, and one that the game produced by our reduction will satisfy.

Actions of a player are denoted by labels on edges of the tree. A behavior
strategy assigns probabilities to actions such that it forms probability distribu-
tions over the actions for each of the information sets. A Nash equilibrium in



behavior strategies is a profile of behavior strategies so that no player wants to
deviate, given that other players play according to the profile. As is the case of
games in strategic form, it is straightforward to verify in polynomial time that
a given profile is a Nash equilibrium. For details, see e.g., Koller, Megiddo and
von Stengel [20] or any textbook on game theory.

The most important refinement of Nash equilibrium for game in sequential
form is the notion of sequential equilibrium due to Kreps and Wilson [21] is based
on the notion of beliefs. Formally, a belief of a player is a probability distribution
on each of his information sets. Intuitively, the belief should indicate the sub-
jective probability of the player of being in each of the nodes in the information
set, given that he has arrived at this information set. An assessment (p, 1) is a
strategy profile p, and a belief profile u: a belief for each of the players. A se-
quential equilibrium is an assessment which is (1) consistent and (2) a sequential
best reply against itself, the former notion capturing that the beliefs are sensi-
ble given the strategies, and the latter notion capturing that the strategies are
sensible given the beliefs. We define these two notions formally next.

We first define consistency for fully mized strategy profiles, i.e., ones where
every action in every information set has a strictly positive probability of be-
ing taken. For such a strategy profile, the induced belief profile is the unique one
consistent with the strategy profile: The strategies being played out against each
other induces a probability distribution on possible plays; the induced belief as-
signs to information set u the conditional probability distribution on w derived
from this probability distribution. This is well-defined as at most one node in
u may be reached during each particular play (due to the perfect recall prop-
erty) and u has a non-zero probability of being reached (as the strategies are
fully mixed). The contribution of Kreps and Wilson is a generalization of this
consistency notion to strategy profiles where some of the information sets may
be reached with probability 0: For this general case, we say that an assessment
is consistent if it is the limit point of a sequence of consistent assessments with
fully mixed strategy profiles.

We next define what it means to be a sequential best reply against itself.
For each player, a strategy profile will assign an expected value to each node of
the tree, which is the expectation over the leaves given than play starts at that
node and follows the given probabilities of play. Given a belief as well, we can
assign an expected value to each action, being the expected value of the node
reached by taking the action for each node, weighted by the probability given
by the belief. An assessment is said to be a sequential best reply against itself,
if all players only assign positive probability to actions with maximal expected
payoff, given the strategy profile and belief.

Note that a sequential equilibrium is an assessment, i.e., a behavior strategy
profile and a belief profile. Our NP-hardness result applies when the input is the
“strategy-part” only.

Theorem 3. Given a pure strategy profile of an extensive form three-player
game, it is NP-hard to decide if it is part of an assessment that is a sequential
equilibrium.



Proof. The reduction is again similar to that of trembling hand perfection. Given
a game G in strategic form, construct an extensive form game G’ where the
players choose an action of G in turn, but without revealing the choice to the
other players. Player 2 chooses first, then Player 3, and finally Player 1. Each
Player now has a single information set, and the game is strategically equivalent
to G. Now give each player a new action L. If this action is chosen, the game
ends immediately without having the remaining players choose and action. If L
is chosen by either player, the payoff to Player 1 is r, otherwise it is simply the
payoff from G.

A e ———
——————

r u(l,1,1) u(n,1,1) r “u(l,n,n) u(n,n,n)
Fig. 1. The extensive form game G’

We now argue that g = (L, L, 1) is part of a sequential equilibrium iff the
minmax value of Player 1 in G is less than r.

Define 7 to be some strategy profile where Players 2 and 3 play minmax
against Player 1, and let u be the strategy profile with all players playing the
uniform distribution. As in the previous proofs, let

1 1 1 1
=gt T
o is fully mixed of all finite k. Furthermore, if the minmax value for Player 1
in G is less than r, then for any sufficiently large k, L will be the unique best
reply of Player 1 against 0. This also means that the expected value for Player
1 of choosing L given the induced belief of o, will be strictly higher than for all
other actions, and this will also hold for the limit.

On the other hand, if the minmax value is greater than 7, no strategy of
Players 2 and 3 will make | be the best reply of Player 1. Therefore, no belief
(consistent with a strategy of Players 2 and 3) will give a maximal expected
payoff to Player 1 playing L.

1 is therefore part of a sequential equilibrium if and only if the minmax value
for Player 1 in G is less than r. a

Theorem [3| begs the following question: Can one check in polynomial time if
an entire assessment (a strategy profile and a belief profile) given as input is a



sequential equilibrium? Kohlberg and Reny [19] present a finite-step algorithm
performing this task, but as they state it, their algorithm is exponential. It is
not clear to us if this problem is in P or if it is NP-hard and we consider this an
interesting open problem. It is interesting to note that this is in some contrast
with the situation for strategic form games: Perfect and proper equilibrium of
strategic form games can also be “backed up” by belief structures [4/I5] and if a
rational-valued belief structure is given as part of the input, it is straightforward
to verify the equilibrium condition (however, as we argue in Section 5|, a given
perfect strategy profile may require belief structures with no polynomial-size
representation - in particular, using algebraic numbers of very high degree may
be necessary).

A refinement of (the strategy part of) sequential equilibrium is quasi-perfect
equilibrium [§]. Despite the fact that quasi-perfect equilibrium is a lesser known
refinement that sequential equilibrium, it has been argued strongly by Mertens
[22] (see also [18]) that quasi-perfect equilibrium is the “right” equilibrium no-
tion of extensive form games. We omit the technically involved definition of
quasi-perfection, but note that it is straightforward to check that the reduction
in the proof of Theorem [3]maps “yes”-instance to equilibria that are not only se-
quential but also quasi-perfect. Since quasi-perfect equilibrium refines sequential
equilibrium, we also have that the reduction maps “no”-instances to equilibria
that are not quasi-perfect. Therefore we have the following corollary.

Corollary 1. It is NP-hard to decide if a given pure strategy Nash equilibrium
of a given three-player game in extensive form is quasi-perfect.

4 coNP-hardness of CURB sets

A set valued solution concept is Strategy Sets Closed Under Rational Behavior
(CURB) [1].

Definition 5 (CURB set). In an m-player game, a family of sets of pure
strategies, S1,S52, ..., Sm with S; being a subset of the strategy set of player i, is
closed under rational behavior (CURB) iff for all pure strategies x of Player i
so that x is a best reply to some product distribution on Sy X Sy X -+- x §;_1 X
Sit1 X -++ X Sy, we have that x € S;.

CURB sets are guaranteed always to exist, as the set of all pure strategies
is trivially CURB, as there are no pure strategies outside the set. The CURB
condition is usually paired with a minimality condition, so as not to get unnec-
essarily large solutions. This minimality condition would be the obvious place
to look for coNP-hardness, but we show here that simply checking the CURB
condition is coNP-hard. This also implies that it is not obvious that minimality
should even be contained in coNP.

Theorem 4. It is coNP-hard to check whether a set of n pure strategies of each
player is CURB in an (n+ 1) X n X n strategic form game with integer payoffs.



Proof. We again reduce from MINMAX, so let G be a three-player game in
strategic form and let r be an integer. We define G’ be the game where the
strategy space of each player is as in G, except that Player 1 gets an additional
strategy, L. The payoffs of G’ are defined as follow. The payoff to Players 2 and
3 are 0 for all strategy combinations. The payoff to Player 1 is r, if he plays L,
and otherwise the payoff to player 1 is the same as it would have been in the
game G.

Now, the minmax value of G is less than r iff the set of all pure strategies
except L is CURB in G’. Indeed, if the minmax value of G is less than 7, then
Player 1’s best reply to the optimal treat of Players 2 and 3 is L in G’. The set
of all pure strategies except L is therefore not CURB. If the minmax value of
G is greater than r, then | is never a best reply in GG, and the set of all other
strategies is CURB. a

5 Sqrt-Sum-hardness

SQRT-SUM is the following decision problem [I6/14]: Given positive integers
ai,as, ..., an, k, decide whether 7" | \/a; < k.

Though it is not unlikely that this problem is in P, we do not even know
if it is in NP at the moment. A decision problem is called SQRT-SUM-hard if
SQRT-SUM reduces to it by a polynomial time many-one reduction. Etessami and
Yannakakis [I2] pioneered the use of SQRT-SUM-hardness to argue that certain
problems are hard “given current state of the art”. It is important to notice that
unlike NP-hardness, SQRT-SUM-hardness should not be used as an indication
that a problem is actually hard, only as an indication that we do not know if it
is easy. In this section we show SQRT-SUM-hardness of the minmax value of a 3-
player game and thus by the previously described reductions give evidence that
it is not possible to decide the refined solution concepts in NP “given current
state of the art”.

Lemma 1. For every pair of probability distributions z and y on {1,...,n}
there exists another probability distribution z such that x;y; < z2 for all i.

Proof. If x;y; = 0 for all i we may pick z arbitrarily. Otherwise, define w; =
/z;y; for all i. By the Cauchy-Schwarz inequality we have

We may thus obtain the required z by letting z; = w; /(3 i, w;). O

Given positive numbers a1, . .., a, define the payoff to player 1 in an nxnxn
game G(aq,...,a,) by letting u;(i,4,k) = —1/a; if i = j =k and uy(4,4,k) =0
otherwise.

Proposition 1. The minmax value for player 1 in the game G(ay,...,an) is

_1/(2?:1 a;)?.



Proof. If player 2 and player 3 play strategies p and ¢, player 1 may obtain payoff
max; —p;¢;/a;. Let v be the minmax value for player 1. For optimal strategies
for player 2 and 3 we may assume by Lemma [I] that p = ¢, and furthermore
we must then have that v = —p?/q; for all i, and thus p; = v/—v,/a; for all i.
Summing over i gives

1=ZP¢=Z\/—7U\/GT‘=\/?UZ\/G7-

Squaring and rearranging gives

1
V= ———mn

(i vai)? '
as stated. O

Theorem 5. Deciding whether the minmaz value for player 1 in a n X n xn
game is less than a given rational k is SQRT-SUM hard.

Proof. Deciding whether >, v/a; < k reduces to decide for the minmax value
v for player 1 in the game G(a1,...,a,) whether v < —,712 by Proposition a

Corollary 2. It is SQRT-SUM hard to determine whether a given pure equilib-
rium in a 3-player game in strategic form with integer payoffs is trembling-hand
perfect or proper and whether a given pure equilibrium in a 3-player game in
extensive form with integer payoffs is quasi-perfect or the strategy part of a se-
quential equilibrium. It is also SQRT-SUM hard to test whether a given set of
pure strategies is not CURB. In particular, neither of these problems are in NP
unless SQRT-SUM is in NP.

Finally, we show that our reduction can also be used to give lower bounds
on the algebraic degree of the minmax value of a 3-player game. Such a result is
interesting for computational reasons: They indicate that if we want to compute
the eract minmax value of a 3-player game and want to represent the exact
irrational but algebraic answer in, say, a standard representation such as Thom
encoding [7], exponential space is needed even to represent the output.

For providing the lower bound of the algebraic degree of the minmax value
we use basic results from the theory of field extensions.

Proposition 2. The algebraic degree of the minmaz value for player 1 in a
nxnxn game can be 271,

Proof. Let ay,...,a, be arbitrary relatively prime positive integers, and let v
be the minmax value of the game G(ay,...,a,). We shall calculate the degree
[Q(v) : Q] of the field extension Q(v) of Q. It is well known that for relatively
prime positive integers a1, ..., a, we have [Q(\/a1,...,/a,) : Q] = 2" (e.g. [23,
Example 11.5]). Furthermore, we have Q(y/a1 +---+/an) = Q(\/a1, - .., /an).
By Propositionwe have that —1//v = Y7 | \/a;, and thus [Q(y/v) : Q] = 2.
Finally using [Q(v7) : Q] = [Q(v2) : Q()][Q(v) : Q] < 2(Q(v) : Q] the result

follows. 0



One can give an almost matching upper bound using the general tool of
quantifier elimination for the first order theory of the reals.

Proposition 3. The algebraic degree of the minmazx value for player 1 in a
nxn xn game is 200"

Proof. We may describe the minmax value by a first order formula P(v) with
free variable v, as P(v) := A(v) A B(v), where

n
> wi(i g k)par < v | AC(pq)
1 k=1

>:
NgE

A(v) :== (3p,qg € R")

=1 j

3

B(U) = (vpa S Rn ul 1 ]a p]qk Z v /\C(pa Q) )

1 k=1

\<:
M:

= J

and C(p,q) = (A\i_1pi 2 0) A (i pi = DA AL 6 2 0N (L ¢ =1).
We note that the degree of each polynomial in the formula is at most 2.
Thus applying the quantifier elimination procedure of Basu, Pollack and Roy [2]
to each of the formulas A(v) and B(v) yields equivalent quantifier free formu-
las A’(v) and B’(v) wherein each polynomial is of degree 2°(™). Tt follows that
A’(v) A B'(v) is quantifier free formula equivalent to P(v) wherein each poly-
nomial are univariate polynomials in v of degree 2°("). Now, since the actual
minmax value v is an isolated solution to this formula, it must satisfy one of the
polynomial equations involving a nonconstant polynomial with equality. We can
thus conclude it must be a root of a polynomial of degree 20 a

Remark 1. The above bound is especially relevant for the special case of kxnxn
games, where k is considered a constant [I7]. For this case one may find the
minmax value by considering all k£ x k x k subgames and the minmax value of
those. This also means that for fixed k one can in polynomial time compute
the Thom encoding of the minmax value of a given k X n x n game, employing
general algorithms for the first-order theory of the reals [2].
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