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Abstract

We revisit the computational power of constant width
polynomial size planar nondeterministic branching pro-
grams. We show that they are capable of computing any
function computed by a II, o CC® o ACP circuit in poly-
nomial size. In the quasipolynomial size setting we obtain
a characterization of ACCP by constant width planar non-
deterministic branching programs.

1 Introduction

In this paper we revisit the computational power of
constant polynomial size and quasipolynomial size planar
branching programs. These are equivalent to constant width
cylindrical branching programs [8], which were introduced
and studied in [9].

The present work, as well as the previous work, belong
to the study of the relationship between the computational
power of width restricted circuits and depth restricted cir-
cuits. There is a strong relationship between the classes of
functions computed by circuits under these two restrictions.
Quantifying this relationship can provide great insight into
both classes. Sometimes it is even possible to show an
equivalence between two such classes. A good example of
this is that the class of functions computed by quasipolyno-
mial size circuits of polylogarithmic depth is equal to the
class of functions computed by quasipolynomial size cir-
cuits of polylogarithmic width.

A surprising and beautiful connection in the lower level
circuit classes was found by Barrington [4], namely that the
class of functions computed by constant width circuits of
polynomial size is exactly the class of functions computed
by logarithmic depth AND/OR circuits of constant fanin
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(NC! circuits). Thus there is a provable difference between
the class of functions computed by unbounded fanin con-
stant depth AND/OR circuits (AC? circuits) and the class
of functions computed by constant width circuits.

Barrington et al. [6] showed that by placed a geometric
restriction on constant width circuits one obtains a charac-
terization of AC®. Namely, the class of functions computed
by polynomial size upward planar constant width circuits is
exactly ACY. We say that a circuit is upward planar, if it
as a digraph can be drawn in the plane with no arcs cross-
ing, and such that all arcs are monotonically increasing in a
common (upward, say) direction.

Recently a characterization of the class of constant
depth circuits AND/OR circuits augmented with modular
counting (MOD) gates (ACC? circuits) was proved [8].
Namely, the class of functions computed by polynomial size
planar constant width circuits is exactly ACC?Y. Naturally,
a circuit is said to be planar, if it as a digraph can be drawn
in the plane with no arcs crossing. Allender et al. [2] ex-
tended this characterization of ACC?, by showing that also
constant width, polynomial size circuits of polylogarithmic
genus only compute functions in ACC?.

Thus in terms of circuits we have a complete charac-
terization of the three important classes of circuits ACP,
ACC? and NC! in terms of geometric restrictions of poly-
nomial size constant width circuits.

In the present work we consider the (nondeterministic)
branching program model. The characterization of NC?
by Barrington also holds for polynomial size constant width
branching programs. Similarly, for AC® we also have a
characterization in terms of branching programs. Barring-
ton et al. [5] proved that the class of functions computed by
constant width upward planar nondeterministic branching
programs is exactly ACY.

Thus far we have no similar result for ACC?. Here we
come very close, and show that in the quasipolynomial size
setting we can indeed obtain a characterization of ACCY
in terms of branching programs.



Theorem 1 Constant width quasipolynomial size planar
nondeterministic branching programs compute exactly
quasipolynomial size ACCP,

One part of this theorem was obtained in [9]. More pre-
cisely the following upper bound was shown.

Theorem 2 (Hansen, Miltersen and Vinay) Every func-
tion computed by a constant width polynomial size planar
nondeterministic branching program is in ACCP.

By a simple translation, this result also holds in the
quasipolynomial size setting. For the other part of Theorem
1 we use the method of approximation due to Razborov [10]
and Smolensky [11] to reduce the simulation of ACCP cir-
cuits to a specific type of circuits. These are included in the
simulation by our next result.

Theorem 3 Any function computed by a constant depth
II,0CC 0 ACP circuit of polynomial size is also computed
by a constant width planar nondeterministic branching pro-
gram of polynomial size.

By aIl, o CC® o ACP° we mean a circuit with an AND
gate at the output, OR gates at the next level, then an arbi-
trary constant number of levels consisting of MOD gates,
and finally an arbitrary number of levels consisting of AND
and OR gates.

Previously only a simulation of a single layer of MOD
gates by planar branching programs was known [9].

Theorem 4 (Hansen, Miltersen and Vinay) Any function
computed by a constant depth TI, o MOD o ACO circuit of
polynomial size is also computed by a constant width planar
nondeterministic branching program of polynomial size.

In fact here, the MOD can be so-called generalized MOD
gates. When we as in the present work consider an arbitrary
number of levels of MOD gates this presents no additional
generality.

A key ingredient to being able to simulate more than one
layer of MOD gates is the modulus-amplifying polynomials
introduced by Toda [14].

As noted previously, the class of constant width planar
branching programs is equivalent to the class of constant
width cylindrical branching programs. We say that a con-
stant width branching program is cylindrical if it can be em-
bedded on a cylinder surface with no arcs crossing in such
a way that all arcs are monotonically increasing in the di-
rection of the axis of the cylinder. While we have stated
our results above in the presumably more familiar notion of
planarity, we will in the remainder of the paper work with
the notion of cylindricality, since this is more convenient to
work with.

Similarly to constant width cylindrical branching pro-
grams one can consider constant width cylindrical circuits
[9], and Theorem 2 and Theorem 4 holds also with “circuit”
substituted for “nondeterministic branching program”. This
played an important role in the characterization of ACCP°
in terms of constant width planar circuits.

Since cylindrical circuits can simulate cylindrical
branching programs, Theorem 3 and Theorem 1 also holds
with “cylindrical circuit” substituted for “planar nondeter-
ministic branching program”.

1.1 Organization of Paper

In Section 2 we define the notions of branching programs
and circuits we consider in this paper. In Section 3 we will
simulate a special case of the circuits of Theorem 3. The
proof is concluded in Section 4 by showing that we can as-
sume the special case without loss of generality. Finally in
Section 5 we give the remaining proofs needed for our main
result, Theorem 1.

2 Preliminaries
2.1 Constant Depth Circuits

A MOD,, takes n boolean inputs x1, . . . , x,, and outputs
Lif >, 2; # 0 (mod m) and 0 otherwise.

We let MOD,,, denote the family of MOD,,, gates. Sim-
ilarly let AND and OR denote the family of unbounded
fanin AND and OR gates.

We will indicate restrictions on the fanin of AND and
OR gates by a subscribt.

If G is a family of boolean gates and C is a family of
circuits we let G o C denote the class of polynomial size
circuit families consisting of a G gate taking circuits from
C as inputs.

ACD? is the class of functions computed by constant
depth circuits built from unbounded fanin AND and OR
gates.

CCP is the class of functions computed by constant
depth circuits built entirely from MOD,,, gates for constants
m.

ACC? is the class of functions computed by constant
depth circuits built from unbounded fanin AND, OR. and
MOD,,, gates for constants m.

2.2 Cylindrical Branching Programs

A digraph D = (V, A) is called layered if there is a par-
tition V = Vo U Vi U - -- U V}, such that all arcs of A goes
from layer V; to the next layer Vi1 for some i. We call h
the depth of D, |V;| the width of layer ¢ and k£ = max |V}]
the width of D.



A nondeterministic branching program is an acyclic di-
graph where all arcs are labeled by either a literal, i.e. a
variable or a negated variable, or a boolean constant, and
an initial and a terminal node. An input is accepted if and
only if there is a path from the initial node to the terminal
node in the digraph that results from substituting constants
for the literals according to the input and then deleting arcs
labeled by 0.

We only consider branching programs in layered form,
i.e. we assume that when viewed as a digraph they are lay-
ered. This translates the definition of size and width from
layered digraphs to branching programs.

To make the informal definition of cylindricality defined
earlier a little more precise, we say that a layered digraph
is cylindrical if every layer can be placed on a cross section
of the cylinder, and all arcs between layers only travel be-
tween two adjacent cross sections with no intersections. For
a more precise combinatorial definition we refer to [9].

3 Improved Simulation of Constant Depth
Circuits by Cylindrical Branching Pro-
grams

Our starting point is the simulation of a single MOD,,
gate as done in [9]. The construction there is essentially
as the example illustrated in Figure 1 (with an added twist
allowing simulation of a layer of OR gates on top). The
general construction is as follows. The branching program
will have n + 3 layers. The first and last layer containing a
single node and the middle layers containing m nodes. The
node in the first layer has an arc to node 1 in the second
layer. Every node in the next-to-last layer except node 1 has
an arc to the node in the last layer. The nodes in the middle
layers represent the sum of a prefix of the input modulo m
in the obvious way.

For simulating a MOD,,, gate in general, all the arcs
from the next-to-last layer to the last layer are necessary,
since in the case that the MOD,,, gate evaluates to 1, we
only know that the sum of the inputs modulo m is nonzero.

The key to simulating an arbitrary number of MOD gates
is to only consider circuits on a very special form. In the re-
mainder of this section we will give the simulation proving
the following.

Proposition 5 Any function computed by a constant depth
II,0MOD,,, o---oMOD,,, o ACP circuit of polynomial
size is also computed by a constant width nondeterministic
cylindrical branching program of polynomial size, provided
the following two condition holds.

o my < - < my,.

o The sum of the inputs of every MOD,,,, gate always
evaluate to 0 or 1 modulo m;.
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Figure 1. A cylindrical branching program
computing MOD,. The dashed arcs indicate
a cylindrical embedding.

Suppose we want to simulate a MOD,,,, o- - -oMOD,,,
circuit satisfying the conditions of Proposition 5, by a cylin-
drical branching program.

Consider the branching program fragment obtained by
removing the first and last layer of the branching program
described for computing MOD,,,. We can view it as com-
puting a relation on [m]. The relation computed describes
exactly the paths from a node in the first layer to a node in
the last layer in the digraph obtained by substituting con-
stants for the literals according to a given input and delet-
ing arcs labeled with 0. Under our assumption, exactly two
possible such relations can be computed, namely the iden-
tity relation and the relation sending 7 to ¢ + 1 (where we
count modulo m).

We can convert such a branching program fragment, into
another branching program fragment computing this rela-
tion for a given m’ < m. This is done by adding a new
layer before the first layer and adding a new layer after the
last layer. From the first layer we have m’ arcs from the first
m' nodes to the corresponding nodes in the old first layer.
Similarly, from the old last layer we will have m’ arcs from
the first m’ nodes to the corresponding nodes in the new
last layer, but additionally we will have an arc from node
m’ + 1 in the old last layer to node 1 in the new old layer.
An example of this construction is shown in Figure 2.

We can then construct a cylindrical branching program
fora MOD,,,, o --- o MOD,,,, circuit satisfying the con-
ditions of Proposition 5, as follows. By induction we can
assume that we have constructed branching program frag-
ments computing the relation for MOD,,,, corresponding
to the outputs of every MOD,,,, o --- o MOD,,,, subcir-
cuit. We then convert all these into computing the relation
for MOD,,,, as described above. Then by simply concate-
nating these fragments we obtain a branching program frag-
ment computing the relation for MOD,,,, that corresponds
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Figure 2. Converting a fragment for MOD,
into a fragment for MOD;

to the output of the entire circuit, thereby completing the
construction.

The rest of the simulation is essentially as in [9]. For
completeness we give the full construction of the parts that
are slightly changed.

We will now show that we can combine the fragments
constructed above to compute the OR function of such
MOD,,, o--- o MOD,,, circuits. The starting point is
first to transform these fragments to compute the relation for
MODs, described above, as illustrated in Figure 3 (alterna-
tively, we could simply assume without loss of generality
that my = 2).
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Figure 3. Preparing a fragment for MOD, to
compute OR.

Consider now the relations over {1, 2} as shown in Fig-
ure 4. The branching program fragment we have con-
structed computes the relation (a) if the output is 0 and com-
putes the relation (b) if the output is 1. The construction for
simulating an OR gate at the output is now done by inter-
leaving branching program fragments computing the rela-
tion (c) between the fragments computing the relations cor-
responding to the inputs to the OR gate.
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Figure 4. Some elements of M.

This construction is a way of “short circuiting” the
branching program in the case that one of the MOD,,,, gates
that are inputs to the OR gate in fact evaluates to 1. Finally
we add layers at both ends, connecting the bottom node in
the previous first layer and to the top node in the previous
layer. The entire construction is shown in Figure 5.
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Figure 5. A cylindrical branching program
computing ORoMOD o - - - o MOD.
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This establishes that we can simulate OR o MOD,,,, o
-+ 0 MOD,,,, circuits satisfying the conditions of Propo-
sition 5 by cylindrical branching programs.

For the remaining parts we refer to the following results.
First as we need the fact that we can compute ACP by up-
ward planar branching programs, being one part of the fol-
lowing theorem due to Vinay [15] and Barrington et al. [5].

Theorem 6 A language is in ACC if and only if it is ac-
cepted by a polynomial size, constant width upward planar
branching program.

And for making using these upward planar branching
programs we make use of the following substitution lemma
from [9].

Lemma?7 If f(x1,...,x,) is computed by a cylindrical

branching program of size s1 and width wy and g1, ..., gn
and Gy, . ..,g, are computed by upward planar branching
programs, each of size so and width wo then f(g1, ..., gn)

is computed by a cylindrical branching program of size

O(s182) and width O(wyws).

Thus by combining Theorem 6 with Lemma 7 and the
above constructions we can simulate ORoMOD,,,, o-- -0
MOD,,,, o ACP circuits satisfying the conditions of Propo-
sition 5 by cylindrical branching programs, and using the
fact that branching programs are closed under AND sim-
ply by concatenation we obtain the full construction for the
proof of Proposition 5

4 Transformation of CC° Circuits

In this section we show that without loss of generality
IT, o CC° o ACY can be assumed to satisfy the require-
ments of Proposition 5, and thereby complete the proof of
Theorem 3.



The key ingredient is the modulus-amplifying polynomi-
als introduced by Toda [14].

We say that a single-variate integer polynomial A is
degree-d modulus amplifying if for all integers n and m
we have the following property.

n=0 (modm)= A(n)=0
n=1 (modm)= A(n)=1

(mod m?)
(mod m?)

Optimal constructions of these polynomials was pro-
vided by Beigel and Tarui [7]. Previous use of these poly-
nomials in circuit complexity have used these polynomials
where the degree d is polylogarithmic. What distinguishes
our use here is that we only make use of the polynomials
for constant d.

Theorem 8 (Toda, Beigel and Tarui) For every d > 1,
there is a unique degree 2d — 1 polynomial that is degree-d
modulus amplifying.

The polynomial constructed by Beigel and Tarui can in fact
be explicitly described by the following formula.

d—1 .
d+j—1\ .
— 1) Z( +j, )nﬂ 1.

Jj=0

Ag(n) = (1) (n

We will first by standard means obtain the second condi-
tion of Proposition 5, at the expense of introducing constant
fanin AND gates in the circuit. We will then use modulus
amplifying polynomials to enforce the first condition and fi-
nally bring the AND gates to the bottom. By this we will
obtain the following result.

Proposition 9 Any function computed by a constant depth
CC?O circuit of polynomial size is also computed by a con-
stant depth MOD,,, o --- o MOD,;,, o AND gy circuit
of polynomial size satisfying the condition of Proposition 5.
Furtermore my, is a constant depending on the depth and
the moduli m of the CCP circuit.

We will need the following standard simulation of a
MOD,. gate by a MOD,, o ANDgy) circuit (see e.g [7]
for a proof).

Lemma 10 Let ¢ = p® for a prime p. Then the MOD,
Sfunction is computed by a MOD,, 0 AND,_; circuit. Fur-
thermore the circuit satisfies that the sum of the inputs to
the MOD,, gate is always 0 or 1 modulo p.

To bring the AND gates to the bottom of the circuit we
will use the following.

Lemma 11 Let C be a AND; o (MOD,,,), o AND,
circuit, satisfying that the sum of the inputs to every
MOD,,, gate is always 0 or 1 modulo m. Then there is
a (MOD,,,),s o ANDy, circuit computing the same func-
tion as C' satisfying that the sum of the inputs to the MOD,,,
gate is always 0 or 1 modulo m.

Proof Let P,...,Ps be polynomials of degree ¢ with
r terms corresponding to each of the subcircuits with a
MOD,,, gate at the output. Define P(z) = [[_, Pi(z).
Since each P; is always 0 or 1 modulo m, we have P(z) =
C(z) (mod m). Note also that P has degree st and r*
terms. Thus the desired circuit is given by P. (]

Proof (Proposition 9) Let C' be a CCP circuit of depth h
consisting of MOD,,, gates and let m = p{* - - - p}* be the
prime factorization of m. Since ¢ = 0 (mod m) if and
only if a = 0 (mod p;*) for all ¢, we can compute MOD,,,
by an OR of MOD: gates. This OR gate can be replaced
by a MOD,, gate for p > k. By the above lemma we can
convert all MODP? gates into MOD,,, gates at the expense
of introducing AND,,, gates.

By introducing dummy nodes we can thus get an equiv-
alent polynomial size circuit on the form

1\/IODp/1 oAND,,0---0 MODP/M o AND,,

having the property that the sum of the inputs to every
MOD,,,, gate is always O or 1 modulo m;.

Define the numbers my, ..., my and dy, . .., dys induc-
tively as follows. Let my = p) and d; = 1. Now assuming
m;—1 and d;_1 has been defined, pick d; minimal such that
p’f" > m;_1 and define m; = p’f". Note that my, is a
constant only depending on h and m.

Next we use the modulus amplifying polynomials for all
MOD gates, converting a MOD,,; gate into a MOD,,, gate.
Consider a MOD,, ;0 AND,, subcircuit C' and let P be
the corresponding polynomlal of degree m over Z,,, in the
inputs y; of the subcircuit. Let Q(y) = Aq, (P(y). Then we
have

C'y)=0=Qy) =0
C'y) =1=Qy) =

We now interpret () as a MOD,,,, o AND,, 4, circuit and
substitute it for C’.

Having done this for every MOD,, gate we have ob-
tained an equivalent polynomial size circuit of the form

MOD,,,, o AND,;4, 0--- 0 MODmh/ © ANDmdh/

of alternating AND and MOD gates, where h' = O(h) and
p; < m for all 4, having the property that the sum of the
inputs to every MOD,/ gate is always 0 or 1 modulo Dl

We now finally proceed from the top to the bottom, mov-
ing the AND gates to the bottom of the circuit by use of
Lemma 11 thereby obtaining an equivalent polynomial size
circuit of the form

MOD,,, o MOD,,, o

(mod m;)

(mod m;)

..o MOD,, , o AND,

where s = Hfil md; and mj, are constants depending
only on A’ and m, satisfying the condition of Proposition
5 thereby completing the proof. (]



5 Transformation of ACCP° Circuits

In this section we provide a proof of the fact that ACC°
circuits of quasipolynomial size can be computed by prob-
abilistic CCP circuits of quasipolynomial size. These can
then be converted into deterministic IIs o CCP circuits of
quasipolynomial size computing the same function.

Theorem 12 Let k be any integer. Then any function com-
puted by an ACCP circuit on n inputs of quasipolynomial
size is also computed by a probabilistic CCO° circuit of
quasipolynomial size on n inputs with error less than n%

We will use the method of approximation of OR (and
AND) gates due to Razborov [10] and Smolensky [11] (cf.
[3D.

Theorem 13 (Razborov, Smolensky) For any prime p and
any epsilon there is a probabilistic MODpoANDO(IOg(%)
circuit that computes the OR. function with error less than
€. Furthermore the circuit satisfies that the sum of its inputs
is always 0 or 1 modulo p.

This will allow us to reduce the fanin of the AND and
OR gates sufficiently (to polylogarithmic fanin) to be able
to move them to the bottom of the circuit without increasing
the size of the circuit beyond quasipolynomial. To get the
even cleaner statement described above we need the follow-
ing observation implicit in a result by Straubing and Thérien
[12].

Proposition 14 (Straubing and Thérien) Let p be a prime
not dividing m. Then any function computed by a MOD,, o
AND, o MOD,, circuit of size S is also computed by a
MOD,, c MOD,, circuit of size S,

We will instantiate this result with S being quasipolynomial
and d polylogarithmic, thus implying that S? is quasipoly-
nomial.

Proof (Theorem 12) Let C' be any quasipolynomial size
ACC? circuit of depth h consisting of AND, OR and
MOD,,, gates. As in the proof of Proposition 9 we can
assume that all MOD gates are on the form MOD,,, for
some prime divisor p; of m. Next by Theorem 13 we can
replace all AND and OR gates by probabilistic MOD), o
ANDO(logk/ ) circuit for an arbitrary prime p and a suit-
able large k’. By a union bound the resulting circuit will
then compute the correct output with error less than —. By
possible introduction of dummy gates we can now assume
that the circuit is on the form

MOD,, o AND
AND

’

o MOD ,20...0
o MOD,,

TL) h!

O(log*’ n)

’

O(log*

where i’ = O(h), and the sum of the inputs to every
MOD,, gate is always 0 or 1 modulo p;. We can then sim-
ply proceed from the top to the bottom, moving the AND
gates to the bottom of the circuit (by multiplying linear
polynomials corresponding to the inputs of an AND gate)
obtaining a

1\/IODp/1 o MODpé O---0 MODP;/ o ANDO(log n)k/h'/

circuit of quasipolynomial size. We can then introduce a
new layer of MOD,,, gates at the bottom of the circuit to be
absorb the AND gates using Proposition 14, thereby com-
pleting the proof. O

We can convert the probabilistic circuit of Theorem 12
into a deterministic circuit using the technique of Ajtai and
Ben-Or [1].

Theorem 15 Any function computed by an ACCP circuit
on of quasipolynomial size is also computed by a TIy 0 CC°
circuit of quasipolynomial size.

Proof Let f be a Boolean function computed by an ACC°
circuit and let C’ be the probabilistic CCP circuit given by
Theorem 12 computing f with error less than ﬁ

Take n? independent copies of C’ and take the OR. of
these. This decreases the error on the positive side to less

than Cn 2) ——= and keeps the error on the negative side less
than - W = f. Now take n independent copies of this cir-
cuit and take the AND of these This decreases the error on
the negative side to less than and keeps the error on the

positive side less than 2,L. Thus there is a fixed

2n

(2n 2)"
setting of the random bits that always computes the correct
result. ([

Combining this theorem with Proposition 5 concludes
the proof of Theorem 1.

6 Concluding Remarks

We have shown that constant width cylindrical nondeter-
ministic branching programs are (presumably) significantly
more powerful than previously suggested [9]. Here we can
only say presumably, since we still have no separation be-
tween the class of circuits ITs o MOD o AC® and ACCP.

We have obtained a characterization of ACC? in the
quasipolynomial size setting by cylindrical nondeterminis-
tic branching programs and circuits. Naturally, the main
open question is now whether a characterization can be ob-
tained in the polynomial size setting.

In [9], the question of the relationship between the
class of constant width cylindrical nondeterministic branch-
ing programs and constant width cylindrical circuits was
raised. We now know that they have equivalent power in
the quasipolynomial size setting.



Another question is whether the class of functions
computed by constant width cylindrical nondeterministic
branching programs is closed under complementation. We
now know that the answer is yes in the quasipolynomial size
setting.
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